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IIpOUUClEXMU JIaTHaCKUMU ~ Y K B ~ M U  A, B, C ,  . . .$  X ,  Y ,  . . , a 
UX X e M e H T b I  - CTpOT3bDLE JIaTHRCKUMU 6yKBaM.U a, b, C, . . . , X, 
y, . . . IIpu  TOM 6 y ~ e ~  mcaTb x E A, emu rureMeHT x npunaAne- 
X H T  MHOXeCTBY A, H X 6 A, eWIPI Xt?MeHT X H e  IIpUHaAJIeXUT 

wxoxecTay A. OTM~TI~M T ~ K  na3b IBaRMoe  nycmoe axoaree- 
emeo, ne coAepxaxqee nu oAnoro J n e M e n T a .  3 ~ 0  M m x e c T B o  

6 y ~ e ~  0 6 0 3 E I a Y a T b  CUMBMOM 0. 

~ Y C T ~  A a a O  HeKOTOpOe MHOXeCTBO A, COAepXatQt?e XOTX 6b1 

OAUH 3JIeMeHT. ~ J ' A ~ M  rOBOPUTb, ¶TO B MHOXeCTBe A OIlpC?,qWeFIa 

cwze6pauuec~a.a onepaqua, ecnn y r t w  ~ ~ K O H ,  no ~ompo- 
MY JtI0606 nape 3JIeMeATOB Q H b, B31ITWX 113 3 T O F 0  MHOXeCTBa B 

OUpeAWeHHOM IIOpaAKe, CTilBHTWI BO B3UfMHO OAH03HaSAOe COOT- 

BeTCTBAe H ~ K O T O P ~ ~ ~ I  3JKeMeHT C, TaKXe npUIia,l(JIe~aILlE& 3TOMy 

M H o x e c T B y .  km 3 ~ y  onepamm H ~ ~ I B ~ I O T  olorcexuem, TO 
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@ m e  wcrro sccrx qe-, a b - o61qee YHOIO ecex 

oms m n c n ~ ~ n o 8 .  B ~ax ,qo i  S ~ O B  uepe 
eM ~ p a m ( ; n o a m  nepsoro n nToporo cmmnon. 

Cite ~ F O ~ ~ ' I I ~ ~ O B K U  CT&HYT fle¶(?THhIMM 

ae 631;rI$r ~ W E W X .  O6rqee w u o  nonyqeaaba nepe- 
%CTBy ¶ ' ~ T A ~ M  IIt?pICTIWOBOK a. ~ O ~ T O M ) '  

nepecTanoerax, umyswn, vr?.o h < a. Hn 
FICTB n EI TOFO, ?TO o6uee wrwro acex nepemaaosoK 

xAeawe Teopew. 

B ~ ~ E M E O  o,qamaasaoe 0~06paXeIiZe moxemaa sn- 
a j & h  no~cmaxoamti n-ir c-reneaa. 

w,, at1 . . . mip 

H B UO&CTitBOBKe (1.1) COBepUIaTb TPBRCmWUH (nep* 
a 5  @opMa ~ a n ~ c u  

o m a e ~ w  TCM xe. 

. lIpe,q~~amemaze B T ~ K O M  enAe UOACT~OBKII n-ii cre~eaa OT- 
JSr¶m~c~l  TOJIhKO B T O P O ~  CTPOKO~~, KOTOQW @BKTX¶WI(H eCTb 
lrenecTaaoBxca m n CAMB~~OB. O ~ q a  caeAym, TO o6rqee me- 
no paanusma uo,qcTaaoBoK n-ii crenem p m o  n! IIO~,CT~HOBK~ 
aa7mmo~ uemnoti, e m  ee sepmm a irr;ar= c ~ p o ~ a  o n p w  
JIXST nepecTaaoeKa o p f  SeTaocrn (B  TOM W I ~ W  cyMw BWz 
-d D Y X  UepeCTaiHOBDK Y~THBB). EUIH UO&CTaHOBKa W- 

ols e a 1.9. Yuoro uem& nepecmwam u;, n cw- 
.kpr *a 2 ~ t ~ w p ~ - ~  ,m- nep-Xeem irrc 

& e 6 o . ~ ~ ~  a coemaxoew n!/Z. 

- 
cma B B q e  (1.1)~ TO ee YCTHOCTL eCTb Pe'mOCTg nePe-OBW 

~ n x c ~ &  mporce- O~cm,qa -KaeT, ¶TO WWJW 4eT- noA- 
C T ~ ~ O B O K  n-ii cTenearr p-0 742. 
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He%sseCPEoM, UpE KOTOPOM CTOET 3TOT K--. K* 
a= b ~ ,  b, . . ., b,,, ~ a 3 m a m ~ m  cso6oduarmu wenawu 
waenemit cuemema. Ecmr c~060pbxe - pan= ~ y -  

"7 UfcTeMa Ha3blBaeTC.R 0dn0p0dn0& B IIpOTaBEOM My¶% - 

pacwupenxoit uampuqeit cuemevw (2.1). 
erne c n n e ~ m  (2.1) - yro d o k  ynopaqonemd ~a6op  

1 = 2 2 =  ... =xn=o. 
Bqm,semm (@op~ym), CoRepxBnSBe HeEwsecTaue 21, 22,  

.. . . , 2, 53 H ~ K O T O P ~  &p ~OAJBCU%bHbD( IIOCTOIIAAbDf, E3 K@ 

dmpbIX XIpU COOTWTCTByXOmeM su6ope 3 E W I d  Ilp0m-m 

noc~on~wor  MOXHO IIQIIY'IHT~ d o e  KompeT8oe pemeaae cat- 

' h. -MU, Ea3u8aR)T 06tuu.u pewenuw cucmemw a n d o e  KOH- 

uperrroe pemerrae C E ~ M W  - ee uacmxbuc peurenuem. Ane 
C E m ~ 6 l  C OAEXME H TeMH xe FleYWBeCTabIMa 3tZBUBMeHmHM 
(pasnocwuw), e m  KaxAoe pemwe o~aok m HKX mmeTca 

PeUIeEEeM ~pyr06  EJIE 06e CUCTeMbl EeCOBMeCTHbI. 

Han ypasEeEnEMB CEGTeMIJ 06519~0 UpKXOAETCg IIPOBOfiEITb 

me,qmnpre 3~eaenmapn~e  npeobpwosaxur: 

1) VozeeHBe 06em S~CTS ~amro-m& ypm- ~8 =me- 
no, oTnasHoe OT nym; 

2) npn6ameme ( B m m m e )  K o ~ w  w e -  Apyroro, 
ya*~oxemoro aa xeKoTopoe PHW; 

3) UepeCTmOBKy ypa~s-; 





Xr+l = %+lr Xr+2 ='Yr+zr . . . , Xn =%, rde Yr+lr . . . , m - 
~~~ -, npose~s B m w ~ e  o 6 p a d  x o ~  
MWOAa raycCa, UOXJ%Bi (POpbfy~b~: 

%a = & + a2,r+i%+1+ . . . + cuan7* mpow 6- let~e~e~arr a a-aa mo-  nePBym . . . . . . . . . . . . . . . . . . . .  
Ha BTOPOI, YRBOWWO U~PBYEO C-WW TP-f 
, upwear K ~K-THO~~ ~ a ~ p a q e  

. . . . .  

o h e e  P-uease CEcTeyH (2.1). &I 06- 
1-0 (2.6) KO=WT= 3 ~ 9 -  ?,+I, +,+2, . . . , 
% 'w mu e e  cpC;re~bl (2.1). T ~ K  a B y ~ i i  ~ a ~ p ~ q e  BTOPP 

T P ~ T ~ &  a 

Kaac KaaAbe '~~ W ' d B b r e ~  trp&&a& Be&- ue crpotaa 6e3 ~ m - 3  ' V W -  MaTPH9Y 

M J I ~ ~ ~ W  3 + 9 d ,  caneraa' (2.1) npu r < n; T.e. B 

-9 =Ha - ~~ x z-pdlm-uy *, o h &  
d m  *- L I & ~ ~ ( ~ ~ S O M  *em&. 3m cupage- 
Aria COslceCTqaX CUCT~M, pMeromux Measme ypaemewir, &M H+ 

83-, H, B W O C n ,  ANI OWOpoAHbD(, smeIom,ux Memme 
Y P = ~ ,  .IW HeaaBeCmax. 

Aa npwm ,M~TOA raycca 06m~t0  peawapm B ~a~pH.rn0f 
(POPM~. Llaa ~ r o r o  --T p-ayw uaTpaqy ce- 
d i  B ~ p b i  ,@SX ?#%ma mpmxawgd yepws 

m A E i U X  -, it 1Q+3&5~0BaaBk WOEOW ,a- 
*t-=rrjItsef?,'r(a~e~ s~ nanpemoi u T.A. npu 3 ~ 1 6  m*- - -e OQT~MT ~KB-TEWS. 

x l - & 2 + 4 2 3 =  37 
ka - 7 x 3  = -7, 

x 1 -  2 x 2  +&.= 3, 
, . h 1 -  X2+&3= 2, 0-a, core.pmaa 06pa~abni XOA m A B  aeM 

%,-I- 9 4  s2=-1, 
a ~ ~ - & z 2 + % 3 =  1. = -1, xz =o, x 3  = 1. 





rn ham 2. Cat- & y p m a d .  O n p w ~ e a e  

B Jrurnro-ieHae cvr~enar, r ro  Mema I'aycca a em ~op i@u-  
rmw~ H ~ X O ~ T  cmoe ruupoKoe upmenerne B sm=iucnu~enbnoi! 
np8KTsme. &.a ero peaaDaqHn Ha 3BM MOXHO u c u a w o s i l ~ ~  
CTaEAapTRsIe IIpOPpaMMH, KOTOpbR BKnro¶eEbI IIPaXTUSeCKU B 

IIaKeT UpOrpaMM AlIJl PeIUeHHR MBTeMaTUYeCKEIX 3BAaY. 

0npede.aume.aem (demepmuxaxmw) n-ao typa&q CO- 

0 n r e ~ c ~ ~ y m u . m ~  ma,qpa~~oir MaTpHqe 

3m w e ~ m  npe,qmaBNnoT c060ir BcemlaosrabIe npoaaBeAem 
UO n 3JEMarrOB MaTPEW A, n0 O,l(EOMY E3 ~ a x ~ o i i  
c r p o ~ a  u ~ i ~ g ~ o r o  d q a  MaTpaqbL I I p o r n ~ q e m  6 e p p  
crr co aaaKoM rAe t - mmo uaaepcui B nepecramBKe 
a1 a2 ... a,, coc~aaoemiofi m ~ m p b n  ariAexcoB XeMeaToo 
MaTPEJW, B X O A q  B P&CCMaTpHBaRMOe IIPOR3BeAeHEe. owe- 
f ierram 06031i~%¶~~ O,~HHM ~3 mpy~~uprx CHMBMOB: 

] an1 .. . a,,,, 1 





pd B - WACTUOBKBX OT- Ha 
w M ~ H R ~ T  3 ~ .  W I ~  o n p q e n d  A a At p-sa- 

& ~ ~ C T B ~ T ~ E O ,  UYCTE. o n p e ~ w ~ a  

a11 a12 ... al,  
2.4. onpmew-, c o ~ e p x d  w OF=,-+ 

. . . . . . . . . .  
ail at2 ... 

A = . . . . . . . . . . , 110-e~ 3 ~ n  ~ O K H  M~CTBMH. Tor@ now- 
A ~ ,  mop&, c O A H O ~ ~  CTOP-, partea o w *  

. . . . . . . . . .  
41 %2 -.. a,, c~opoabx, no n p e , q w y m ( w '  CBO~~CTBY OnPeA-T- 

B HeM MemBMH CTPOKE c HoMep- i j, nMY- = o d  onpeAtmHTeJ5 

kTao 2.5. ~ u l a  B e e  mesaemm ae~o~opoir  CTPOKH 

a11 012 ... aln aa WC~IO k, TO o n p q e ~ -  Y D X B m w  Ha mo 
.'b. . . . , _ ,  . 

ajl ajz -.. aj, 
~ i r C T B 0  CJIeAyeT m Tom, Tm Ka;ar& = OnpeAM1.r- 

. ~ M H O ~ I ( ~ ~ T W  tia gaw k. 
ail a i2  ... 
. . . . . . . . . .  e 8, c T B IS e. O6@ MHOXHTBII~ *MearoB CTPom O w e  

MOXEO BbZEeCTE a& 3EW OW'%-. 

q o m ,  patlea ayJw. 

OT C - T B P ~ ~  ~ M - B  j-ir wolqr  OA- 

RaJaw q 0 I c a x a B  P83- C m n 6 s a ~ .  C - O B ~ ~ ~ O ,  an, T,-+ 
a - xe MEOXHTeneM. ' ~ i i ~ e a  k mo-, , 

g*qe'@Am -DM o n p e ~ ~ r e a a  AT. & + ~ o ~  onpq-- ~ e w ~ e r r r r ,  nanynwr OW- c PW o f l a K O =  

Ta* ~ A P ~ T  E3 Q&eaxaW x e  B onpeA- 
A ~ ~ ~ W ~ M O W  WHY C O O T B ~ T C T B ~ ~  noAmmoma 

f l  2 . . .  i ... j ... n \  

\a1 a 2  ..- cri ... (1> ... an)' , ~ . e .  
% = b j + c i j ,  j = 1 , 2  ,..., n, a 

O n p e A - ~ e  A1 - nO#?TaAOBKa 
m o n p e p m e a  pami cyMMe ~ s y x  o n p e w ,  Y g a p -  

1 2  . . . j  i . . .  ~ e e  CT~ORH, ~ p o ~ e  id, -e me, Kax H y nam,~oro  onp- 
Ql "2 .. . clg . . . LY~ . . . a, m, a i-a c ~ p o ~ a  a nepso~ &-OM coeTotrr a3 3JtW-B hj, 



a11 on1 ... a, ,~  
. . . . . . . . . . . . . . . . . . .  
612 + ~ 1 2  b 2 + ~ 2 2  ... bn2+cnZ = 
. . . . . . . . . . . . . . . . . . .  

a In % ... a, 

, a,, . 4 fla ... %I a11 a21 ... ir ApyrEor ero CTPOK, e a u  oqa npeAcTaQJIw8 B BnAe 
. . . . . . . . . .  . . .  . 4 . .  . . .  LTP~K, ~araonce- €IeKpTOpe =ma. 

. . . . . . . . . .  emo 2.9. E m  o p a  m C T ~ O K  b e n e w ~ e ~ a  R W ~ T W  . . . . . . . . . .  
a2n n aln fla unn 0 ~ 6 ~ I i a ~ e s  Apyl%iX elW CTP/OK, TO 3IQT OWeAe?Jf- ... ... 

wr w a e k o f i  ~ o ~ 6 m i w u e i i  ero hpyrm CTPOK. Torga 
a 1 ~ , a 2 ~ ~  ... (hi +kt). .. anan 

ncxo~aom, MOZIiO UpeACTaBEl'b B Bqqe Cy- 

bialaza2..ib* ,... a&, +al,,aa2...c.ini...a ,,=,,. 
8 8 

&4di~11re. k & c ~ s o  2.7 ~ ~ T - ~  Ha 

~ m d  3neuen~ xe~o~opoii mpom onpeilm- meTW! cwoc 

WAC& 2.8. OrrpaA& ~e ~ m - ,  I 
'4$x d A ~ ( i j ~  erb UpE&& coh-eTBywm 
*'*lUi, &olge~'&~ a orno n, %e =-. 

, . ,, , g*~.f TF'"~~, nYc?b K f-fi CTpoW OnpqMBrena A ~ ~ a 6 a -  nycT5 naa onpe,aemPrena n-ro n o p h a .  BHA- B HeM 

-.WO fi;i '&io~a, Y ~ ~ a x & a a  AB kOI0 a. ; aoBoM 
a p o u 3 ~ H o  k CTPOK B k C T O ~ ~ ~ O B .  p ~ g e n a r e w  k-ro no- 

I I .  i 
o h m e w k e  WM~ETM i-ii cTpoxu memT BRA: 

aij + w h j ,  j = I, 2, ... , n, 

p% % soy - SJIWWISI i 4  H k-i cvpox n ~ a -  
.ru. n o  nPwwv4w wircrey  m om- pmen CyMMe , . 



B ompemm- n-so r o n o p a ~ g a  ~ b l ~ a n a ~ b  k 

BHTb MHaOp M k-r0 nOpS,qKa, 3aTeM B H 4 e p K E y ~ b  B b Q  

CTpOK H k C T ~ R ~ U O B ,  M &? WTBBUmxix 3 d e M e m o B  MOIKEIO COCT 

BE- DU&)%- M' (n- k)-I'0 lIOp8&S&.  TOT O I I p q  

a a~mmo~ donoac~lmeur- vunopaw K m o p y  M. I O Y ~ ~ ~ A E O ,  ¶TO MRROp M1 ~ ~ T c x  & O ~ ~ . ~ T H E T ~ R ~ W  $ 
UHHopY M ,  To a, ~aobopcrr, hnnrOp  M SBlureTW &OX-- 

K MHBOPY M'. Aon~aa~wrbab6i MHHOp W M e H T a  & 06rn~ta¶arO~ 

Mh. Aaze6pauuecmu dono.anenuev M w r o p a  M Haamam 
erYl g 0 a - e  Mimop M', BxUThdi co 3aaKcua ( - 1 Y M ,  T.e. 
(-l)'MM', We SM - W W  HOMepOB mx?X CTpOX H C ~ W I ~ ~ O B ,  B 
m p b ~  pacn~araercs  M H H O ~  M .  B -acTriom, ~asame6pm- 
nemm AOIUMH- Aij  WETS ai3 n a ~ ~ ~ m c a  + o p ~ y m  

T e o p e  v a d.1. IIpowaedenue nro6ow wunopa M k-20 
hopadtea na ezo ~zebpauuemoe dono*rwertue A= (-l)'MM1 nped- 
crnaenaern c o 6 d  eymg k!(n - k)! pm~U%nwc vreHV6 onpedenu- 
mea A c mevu ane skarravu, e rcarwcu OHU exodrrn s onpede- 
nunaena A. 

~ ~ & l f ~ ~ ~ ~ ~ , , ~ q ~ c e ~ ~ ~ k , a ~ c e ~ ~ > / k + l a ~ ~ ~ ~ o ~ c ~ a i  
~ ~ ' ~ o x e ~ ' o 6 ~ 0 &  HBB~~~- 'RE c XW? d M , p j ;  %&TO 

I 

J 
1 =OB mAa (2.9) p-0 k!(n - k)! ~ T ~ A ~ K ~ ~ B H B  k 0 p k . B  

1 ( W a T p H e W M O M  YaCTlpM 'Gn-. 

' Tenepb p a c c ~ o ~ p m  06- cnynair, 
nwea B IIpOU38QIILJIbM. C HOId 

irqposl- c h q a r  c 
~ ( r s b , ~ ~ n o i ~ < i ~ . < . . : ~ < t k  P j1 <j%<.r-.r 

.'HO nepecr- orpaay e 

3J3rn 





PaBeJim (2.12) #nf(L3£alama a?fa?T3rPYae. . 
ueuur eomeemcmeyouruz ansuesmos dpvzd h p o m r  ( 
qa) paexa upmfo, m.e. 

n P e n c T m m  wir paammeme no k-i crpom aoeoro 0- 
A- A', icomprjir n m  onpe~twmwu A 3-4 b-ir 
CPPom 88 i-X) CTPOKY. O w -  A' wm We- 
A- C on-- i-li H k-l n p o r t ~ .  nmoq 

Tsapsroe  k l  (rneopeua J lannaca) .  Dpms 
a A h-80 t l o p h o  w~l(g~~cbno ew6pauw k mpos 
(W k a~onws), 1 4 k n - 1. To@& m a  np-esde- 
nud rwtcapos k-so noprdrrs, poenorwnemw e a ~ b p a x x w  

w CFPOrn ao c l w m  37 

A n-ro n o p ~ m  -30 dv 
2, . . . , ib. rfie i l  < ia < . . . 4 ik.  060- 

MXISOFW kro nQp=@a, pamm)=-e 
wpm MI, M2, . . . , Mt, a IDL -6~- 

- =wpm A,, Az, . .. , At. AOKBYM, .rro 

MIAI  +M2Aa+. . .+MtAt=A.  (2.10) 

2.1 KaStAOe npamnBeAeme M,At (i = 1,2, . . . , t) co- 
A c ~ e w  x e s ~ a ~ l w a n ,  c r t s ~ ~ u a  

n p a i # j ~ e ~ ~ e a r r ~ ~ ~  
e m  A, T ~ K  K ~ K   mop^ a Mf DT- 

0- ~ ~ 0 x 6 9 0 ~ .  Cne~o- 
6) cocrmsr aa p a m a  -0~ 

B nesp ¶am% mIY) paeen- 
A. npo-d - 

alnl atn, ... anan. (2.17) 

Q3TON)- 

F O ~ B ~ ~ A E O ,  sn, cur0 a~namea weaoM LdaBopa M, W e E -  
BOM B ~6- C T ~ O K ~ I  B B 4 4 8 ~  c B-BMI[ ail, 

I a,,, . . . , a,,. n p o a ~ ~ e ~ e a a e  oc~asnncrwr c o w o x n d  -em 
(2.17) onpeR- 6 y ~ e ~  l u l e ~ o ~  aare6pm9ecxo~ Ron-- 
A mops M, a Beth  we^ (2.17) o m -  co8epr"J B 

n p o m q e m a  MA. Cnqosa-0, --HO L W ~  sms8 
(2.17) o n p q a m e - ~  A corn- s nea05 m- 
(2.16), a cauo mo p a e a f i m  wmm. 





h 
: o p e .u a 3.1. Onpedenumedb npovrreedenzra noneunozo 

ampuq n-zo nopad~heo paeen npoweedenuw onpedenume- t rampuq. 





K O T O ~ E ~ ~  ~ M ~ S B ' ~ O T C ~ ~ ' T ~  ace irpeo6pmosasnraMH C T ~  

'kaMZ4%-0% ~aTp'&hl)71rr6 I~O&M,,@KB. 'Qe~b i?  teTaep7 
npeo6pa3o~a~aa aa,q (m x n)-naa~pllrl& ~ ~ B H O C ~ H U  pa101 

'A&' mo%. '~%TPEIJH ' cnpam Ha mweRTa~)&~ ~ & + D r n b ~  n- 

pwe3 P=Q$-Fy .Y?+yeHHIo ,, . ~ 

0 aopfl&K*. mexmapnwe mampuqh 
.,I . I* , .,,.. ewur B (3 x 2 ) - ~ a ~ p w e  

i 
t ' .',C;?, ,#,?, :' . ,, a,: 

(1  . ; , 0 ,  I. .? 

t - -  -- a 

- .  ) TpeTbeii CTpOKe, .TO UO~Y'IHM 9eu0'IKY 
1. 

, . :/ . . 
nopwKa, m o b m  U~Y.BK)TCB 

' '  nepe++hb~iia CTpm (m X h ) - k a ~ I j h  p ~ ~ b & & a  ee yMB 
xhiid'hne~a H& a & p ~  P, ~ ~ & w r o & , . e ~ o ~  Mi+6 
W m-ro nopflma'   TO^ x i ( e i n k w e c ~ ~ ~ 0 ~ ~ d p  

gar n-ro n o p q ~ a .  TO* ice tIepe&BHbB&g..weo$. , M~Q,&,& 
E Q H ~ J ~ B I C Y T  mamJjaq&* :&pe~m&~b&&, . , .  

A cran6qaMn - , n p e o 6 p a a o a ~ ,  KOTOPblM C O O T B m B Y -  

eTByloT m a - e , n r a ~ p ~  & ...= WTPH~H SL, 52, . . . , St, TO nWIyPHTCR MaTPHga * = R A S y  

.BiWly~aR%ix m r p ~ q a ,  ASIS2.. .S,. 









_______J__ 
ero B MaqwRon C$OPMe 

h a  +op~yna 110~1y9ae~ur, ecm ~ H C T B O  AX = b ywroWTb 
a aa ~ a ~ p w y  A-'. aop~yna o~a?HBWrn ~ f i o 6 ~ 0 &  Bo 

DEIX -am. Hanpmep, a3 nee nerw n-wf @oPMYm 
wepa. h p ~ y n a  nOiIana B ~eopeTWecKBX ~~CCYXA-. 
KS oGpamx MaTpma A-' aJBecTHa, TO C nOMOJl@D Wpm- 
$ mIX0 peIRKTb CUCTeMy AX = b. ~ H M W ,  PaCmTPm 
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1-8 aa3bma.m~ a~cuo-u auxeiiHozo npo- 
b , '  
,a X wad noaev P, none P - ocxoenawc noaerc 
 me^ nae 6yfie~ mTepecoBam  meh hoe I I ~ O C T ~ ~ ~ I C T B O  - 

n*; 
yqoxecm .... B C ~ X  Q , y d  gejic~~rnab~qro nepe~emroro, 

si r i e n p e P ~  Ha OTpe3Ke [a, b] ,  C O ~ ~ I P H ~ I M ~  
moxenm QI~HKQ& H ymoxexim EX Ha ,@~%iI?Ve)lb- 

E ymioxeHHR EX ua mcna Q UQNI P; 
$1 WQQHCeCTBO BCeX BOKTOPOB - p e m d  O A H O ~ O A H O ~  CECTe- 
@ m e w  y p m ~ e d  c K O ~ $ @ ~ ~ ~ H T & M H  ~3 n0.m P O T H O ~ -  t"" 

~ H O  CaOXeHHa BeKTOPOB H yMHOXeHHB EX Ha UEUa E3 IIOIIB P; 
&a) apu&emuuecmoe (tooopdunamxoe) npoarnpaxcmeo 
k B~KTOPOB-CTQR~UOB (ah az, . . . , am)= BblCOTbl fll C KObm0- 

- . - 



m 
ocmeqmneTcn no t r p a p q m w  

. I , ... ' I .  , a+ = 1 .  a+ ( - l ) a  = (1 - l ) a  = 0 .  a = 0, a P ~ B ~ C T B ~  

I. : , . .. = 0 K ~ K  pa3 A 03Ha¶aeT, ¶TO BeKTOP (--a) m e T a  
T , : . t(ar,  W, ..,'., am)T = (kcl,, ka? ,  .. . . , l&) . 

I . ' .  , : 9. n1o6oro BeKTOpa a A ~II060P0 -3UCJIa a BmorrruIeTa 

mmw. -&a? ~ P O C T P , ~ ~ C T +  B W R ~ ~ ,  m s p ~ r  CTBO a ( - a )  = (-aa). A ~ ~ C T B U T ~ J L ~ H ~ ,  
npom+meqtyp+.  ?.. , 

I. ~ a ~ ~ e  ~~ro. ,*, m ~ m q ~ a  me ~-CHT 
fl' a(+) = a [ ( - l ) a ]  = [ a ( - l ) ] a  = ( - l ) ( f fa)  = (-a). 

~ p e x  m ~ o p o n .  a + 
~XCSP- 2). ' i ~ a y ~ n l y  110. b n & b ~  BeKTOpOB (1 H b E m06or0 T%fCJIa BbIIIOJIHS1- 

Onep?. Y+T =?OF+ n e o q  p p w m x ~ b  9a&06~4 p a ~ e ~ c ~ ~ o  a ( a  - b) = a a  - ab. B caMoM A m ,  

, . . ,  . , ... a(a - b) = u [ ~ +  (-b)] = ma+@(-b) = aaLab. 

TBO (a - P)a = a a  - p a ,  T% 

(a - p)a = [a + ( - ~ ) ] a  = aa+ (-@)a = a a  - Pa. 

i$ A ~ = e i & e ~  ~ K C E O M ~ ~  i f ~ ~ e i i ~ o r o  UpOCTPaxC~ -AA 
H ~ ,  -eKax,me m BTUX ~KCUOM, 6 y ~ e ~  HCnOlIb30BaTb 6e3 

4.2.Jlmnmmm ., 
% .  , . ,  . . . , sa.#~occb 

--= 
e ~ q - 0 ~  b ~aabma10~ nponopyuonMbnb~ BeKTOPY ecw 

ka Aria aeKoToporo ¶ma k. B w a m i ~ m e c ~ ~  reoMeTp= 
e BeKTopH HmblBaIoT EOUUXeaPXblYU.  B~KTOP b m m T  
:dno( )~0~691naqued (~o~emoi i )  c u c r n ~ ~  eeKmoPoa 

:. . , -2, . . . , a,, ' echa CylqeCTByIOT T ~ K U ~  ff2, . . . r anr 

3@r&a&ms 0, n, &a?& r 0, a 0. , B, 
o , , ~  . , .,: b = a l a l + u ~ a z +  ...+ a s a s  (4.1) 

Bmea uepeo aetcmopba a l ,  az, . . . , a,. 



a4 

xambcS u w e p a  d w 6 p  rronevnga cucmeay  e-opoa 
e m m w m W V m  8 ce6* cucmevy al, a2, . . ., %. a, = alal+ azaz +. . . +as-ias-l- 

Aei-~o, eecna ~ b m a ~ a a m ~  
Bepao p a ~ e n c w  (4.3), B KOTOPOM 08 = -1 # 0. 3Haw, 

b =  slat  +WQZ +. . . +asas, a B~KTOPOB al ,  a2. . ; . , a, i l ~ ~ ~ h o  3aBECWda. 
jIKB&~o~ KoM~EEWE~E CHCTeMbI B(?HTOPOB B m* 

a acTeMa BeKToPo~ al, az, - . - , a, coAepxmW B cncTeMe a z ,  
a 2 3 . . . , % , r > S , M s e p ~ 0 n p m c ~ ~ o  

b = a ~ ~ l + a z a z +  ...+ a,a,+O.a,+, +...+o.%. 

'TO P B B e a w  m?asae?., 'rro BeKTop b naae&o ~ w a ~ ~  
UePa  CHCTeV BeKTopoe al, az, . . . , +. . . . , 

KOH~.I&BB =-a a e ~ m p o ~  at, az, . . . , a, Haam nu- 1. ym06bi nadmu nunewoe ewpamenue eemopa 
rraecccuu09, - -myZOT TZ+KEe ¶Em at, m, . . . , 

a,, ~e ~ c e  pmme aym, rn aenmopoe al, az, . . . , a,, c.$~@/em 3a~UcQmQ Pa6en-0 
nepeqmu x notcoanonenmqMu paeencmeu B ' P & U ~ B ~ ~ -  

0 1 ~ 1  +azaz-k...+c+r+ =0. noayqaemm &cme&a nuxerllc~z ypaenemuil O ~ ~ o ~ e ~ b ~ o  
gecmnau: al, a*, .. . , as, pewus tcomoPifW n@@e* so3@- wm0' a-m BempO~ al, az, . . . , a, nuxe&o 

XeJOBUC(M(0. 
kumm nuneilnoeo awpaxenw eemnopa b Cucme4' 

00 al ,  a ~ ,  . . ., a,. . . 
Cuemewn eerrmoPm 01, a2, . . . , a, nuneC[no r)aeucl- 
mozda rnorsrco moada, 6~ ohn U3 ee 2. mogo ~~10663 6 . I L U ~ I U H O I (  ap'u&emu~e- 

"e-'oPm ~ U R ~ ~ U O  ewpaareaemcr m e p a  ocmMbnllle eew- ~~pocmpawmee npoeepbmb, ne-W 4% C~cfie.UQ'ee*~- 
mop=. ol ,  a2, . . . , a, nu~etlxo 3aaucwo& x e o 6 m h o  oanucamb 

Aejlc~~m-0, e m  m c ~ e ~ a  -po~ 41, a2, . . . , a3 -&- poe pqeenqeo (4.3) u nepezlmu a nwo&norelcmwau! Pa- 
HO 38BHCEMa, TO BhmmeTcR m= 

Wal+azaz+ ...+a, a, =0, 
opoe a!, a2, . . . , a, ~ernezlno aaeucwa. ,Emu am@ 

m P O w  Hanpmep, # 0. Tor~a m amro paseamm . I , .  

. u a e m  a u ~ b  x i j ~ e o e  pewenue ail = a 2  = . .. =a - 0 
PBeM: ,, ,: ,." .;, ,.. ' 

a1 a2 ffs-1 &&jopo$b l ,  az, . . . , a, riuneitno U ~ ~ @ U C W ~ .  , . . , , ,  .. . .  . a 8 ---al--a,-. - . . -- 
ffs ffa as-l. 

a, 
3 ~ 0  mm, %TO mrop a, nmeiim -- 
MY BeaopOB a ~ ,  a ~ ,  . . . , %-I .  



3 ~ a  c n c ~ e ~ a  uMeeT HeHyaeBoe pememe a1 = 3, qe = -2, a3 = 
= -1. IIO~TOMY cmcTeMa B~KTOPOB al ,  az, as m e k o  aa~~ewnaa ,  
npuseM 3al - 2a2 - a j  = 0. 

T e o p  e m  o 4.1. Ecsu newornopas nodeucmeaa sadannoti 
cuemejMbt aelemopos &une8no 3asucuj~a, mo u sea cuemua 6etc- 
mopoe 4~ltedltO 3asucu.~a. 

D nywb Aaaa cucTeMa B~KTOPOB a1, a2, . . . a? E ee n o ~ c ~ c ~ e ~ a *  
al ,  a%, . .., a,, s < r, m e b o   BECU CUM^, T.e. B ~ n o m e T c n  
PaBeHCTBO 

a ~ a l + a z w +  ...+ a,a,=O, 

3 ~ 0  AOKa3&JBEET J I E E ~ ~ H ~ X I  3aBEICIlMOCTb P&CCM~TPUBMMO~ CEC- 
TeMbl BeKTOPOB. b 
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T.e. UOJIJ'YaTb JIKEeIkioe BhIpmCeEHe  BeKTOpa X Y e p e a  B e K T O p M  

ax, a?, .. . , a,. b ;!a,x>r~. , :;r.t., I .,; ... , , .  . . ,  . l d '  

~ O B O ~ X T ,  YTO CUCTeMS BeKTOPOB at; fZ& r a , ,  *& ?@Eteh0 Bbf- 

p a Z 3 2 T W  Tepe3 CZiCTeMY BeKTOPOB 61, . j br, @%XU KaXf&b& 

aex~op C u c T e x m  al, az, . . . , a, nmeirao B b r p a x a e T c J r  nepe3 Bee-  

TOPbI  61, b2, . . . , b9. f i e r ~ ~  y6e#iTbC!X, ¶TO 3T0 UOHRTUe 06n 'a~ae~ 
c~okcmoh; T P ~ ~ I X T U B H O C T U ,  T.e. e m  Ram T ~ I X  & H e m e  CHO. 

TeMbI  BeKTOpOB EI BTOpaJI CEICTeMa ffUHekH0 BbIpaXfaRTWI yepd 
IlepByIo ,  a TPeTbJr - Y e p e 3  BTOPYH), T O  T p e T b R  C U C ~ ~ M ~  B ~ K T ~  

POB nuaeirao u b ~ p a m a e ~ c r r  sepe3 nepuym. 
A B ~  KOHe¶Hble CUCTeMbI BeKTOPOB Eii3blBaIOT ~ % B U B M ~ H &  

nmwu, e c m  o m  nunekno B b I p a x m T c x  o,qaa uepe3 RpyryIo. 
Henocpe~c~~eHIio XeI'KO IIpOBepUTb, YTO: 

.111,1, .. , 

T e o p e w a  4.3 ( o c w o e n a r  m e o p e a a  o  n u -  
n e i i n o i i  ~ ~ ~ U C U . I C O C ~ U  e e x m o p o e ) .  Uycma 
aanaz dee cucme&bh sexmopoe al, a2, . . . , a, u 61, b, . . . , bat 
npuuew nepsaa duxeBxo xe3aeucu&a u nuxeiino sbzpaxaemc~~ 
uepe3 smopylo. Tozda uucao selsmopoa e nepsoii cucmeae nq 
npeebcuaem uucda selcmopoe s o  snaopoli, m.e. T < s. 

3 w e u a ~ u e .  Y ~ ~ e p x ~ e a u e  TeopeMbI, no cyqecmy, 03na~ae~ , ,  
YTO U3 S B~KTOPOB II& C03AaTb CUCTeMY J I Y I H ~ ~ ~ M  K O M ~ U H W ~ ,  

3TUX BeKTOPOB, Kd~opaSi; C 08~06 GTOPOHIJ, n H E e k ~ 0  HESabBCEIMal, & 

C a p ~ o k  - W@p%UT 6 o ~ e  S BeKTOpoB: I 4 .  P - > . . r?,Ir ,.B 

: $  , . < [ I [  t%*, .~ ~ . l l . ~ . ~ N  , .~ , 

b no  YWIOBHH) TeOPeMbI  CUCTeMa BeKTOPOB 01, Uz,  . . . , ,aT k e h 0  
~ e 3 a s u c u ~ a  u nmefino B q a x a e T m  Y e p a  B ~ K T O ~ M  C U C T ~ M ~ I  61, 
b2, . . . , bs. C J I ~ A O U ~ T ~ H O ,  CyUleCTByIOT TaKMI: WWIill Crij, YTO 
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a1 = a1161 +a12b2 + . . . + a l s b 3 ,  
n z = a z 1 6 1 + a z z b z + . . . + a z , b , ,  
. . . . . . . . . . . . . . . . .  (4.6) 

r 
a, = a,ibl + N ~ Z ~ Z  + ... +arsba. . . . ,  

Alal+ ~ z a z  +...+ La,.  

I0 KOM~IIWHIO MOXHO IIpeA- 

I . l t ,  
7 

, . . , I  .dl . 

i=l 
3 P $) = x ( x o i j X J 6 j .  

j=1 $=I 0 .  , % ,- . ., 
x l i i  t -  

n~Ee&I0$ K O M ~ U H ~ ~ U E I  B~KTOPOB IIOIIHTaRM- 

o6paTb .=ma X I ,  X2, . . . , A, TaK, a 0  O m  OAHOBpeMeHHO 

wI Hynrgnrg, HO I I p U  3TOM BCe K O ~ @ @ E L ~ H ~ H T ~ I  I Q U  BeKTOPaX 

, . . . , 6, o~H~JIRH)TC!X.  TO 0 3 H a T a e T ,  TTO na60p ¶UCeJI hl, 
. . , A, m J r e T c a  p e m e n u e M  cucTew n m i e G n b o c  O~~OPOASIX 

ullX1+a21Xz+ ...+ a,lX,=O,,  
ff12X1 + a z A 2  +...+ a r 2 X r  =0,  
. . . . . . , . . . . . . . , . .  

ulsA1+(~*~Xz +. . . +arsXr = 0. 

Me  n p e a b m r w T  .me+ ypm- 
meeT H e x y n e B o e  pememe. JIm6oe 

~ & 0 p  K O ~ ~ ~ ~ H T O B  X i ,  

. . . , A,, OAHOBpeMeHHO H e  06parqmquxcrr B HyJIb, AJIA KW 

r, , 8 , .  . 1. 

Xlal + Aza2 + . . . +&a, = 0: .# ,)<! I:,) ..;. , I :  !i,: 





> . , .  . 

a,=0.~,+...+0.al-l+l.al+0.a6+l+...+0.("r. 

:. . . , . 
T e o p e a a  4.6(me'6p%&& 6 p a H z O  r a m g u  all ... air 01; 

. . . ' . . . . . . 
Pa82 Aarnpuwbl paeen xauewweryr nopndq c p ~ ~  om 

1 -.- "n ("rl ~~~~ 8 V - u  ee ~unopoe. Kax&e cmoabe$ ~ a m p t , ~ ~  nu . .. ai, Q ndxo awaxaem- *;epe3 ee cmon&yM, n p ~ w b & ~ u e  r e p a  

D && m m ~ p q a  A,= (%], m ny&, 
cww ee -0POBi PaBl3li f .  &iI w e a e ~ & o m  -ro nops)(Ka MaTPWbl A H IIOTOMY P e  H Y D ?  n°CKOJibKY 
npeAb- : ., 

9 m. 0 e " m  ~ e & y m h x  m p o ~  -d cmnji nopaAoK Cp- HeI ipEBbM MHaopoB p m  r .  T- 
troFj* -' m p ,  B; p - j , ' w . s  .*- ,.mBOM 
YmaY MBTPHISbI, T.e. B nepaanr r C~pd~&l* i i @ ~ ~ i  wuax onpe~eavexb hi no no~elprf?? crpoKe, n m Y m M  

!;: :., , ~! ,<. . 

q l A l + w A n +  . . .+%Ar+o i lk+ l=0 ,  (4.7) 

. . . , ,  A ~ ,  . . . , - a~rre6pa~=16c~~e Aonaw- 3 n e ~ e n ~ o ~  
& CTPOKE 011pe)(eaan%I hi, lIpH=IeM &+l = D # 0. OT- 

OnPeA- A J u r ~ 3 ~ ~ ~ ~ , q e ~ c a a = 1 , 2 ,  ..., m 
?p E Te ae. & paBeHCTBa (4-7) H 8 X L ) m :  

ai,, i = l , 2  ,..., im. 



l 1  
HO B ~ X I X B ~ T O B  qepa cTM6m, B*OA-e B TOP D. T ~ ~ H M  

I 06pa?o~, ~ 0 ~ a 3 a a 0 ,  ma ecw W p  D mew ~asi~b1cnm6 no- 
I P A O K  C p W H  BCeX HeHYneBbM MUHOPOB MaTPH4bI  A, TO C T O A ~ ~ ~ I ,  

BXOASUEe B 3TOT MEHOP, 06pa?y10~ MBKCBMaAbHYH) mnei i~o  H+ 
I 3itBHcHMyX) IIO,z&?XCTeidy (m CaO-, 6a3Hc)  B W p T e h a e  B C P ~  

I ~TOnbIXOB MaTp- A. B SWTHOCTH, I I O P q O K  T ~ ~ K O F ~  MEHOP3 

I c o n i a ~ a e ~  c -OM ~wp-. t 

- 
@ o P M Y ~ I X ~ ~ ~ O T  TBK: p m  Maqmp? pase~  nopqlcy &or0 ee 
'6aSirhoro m o p a ;  B c e  CTOJI~W M a q q m  me6m B b I p B X a T -  

cn %epm '6a3xeWie &XI@*. ' 
. . :., ; -  ' , . 

,&~a3amioe Cae&crBHe UOK-, sn, pam M a T p H n y  MOX- 

ao o n p e ~ m ~  K ~ K  p m  CHCT~WU ee C ~ O K .  Q~KTEYWKE no- 
Ka?i3EO1 ¶TO P a H r  V C W M h l  -OK MaTpEQU COBUafiBeT C P W O M  

cn n o m e  ,, 6wucnbae C ~ P O I C U ~ .  B m ~ c ~ b ~ e  CTPOKH - 
OK= MaTp-, qIPOMASI4Ee K W ~ - J I H ~ O  6&7HCHdl  

n e A C T  B Si e 4.5. O ~ I ~ ~ A I % E T W ~  n-PO UOpffAKa T O r A a  E 

0 T O r A a  P a B e H  VJIIO, KOFAa W O  CTPOKH (d~) JIKHeho 

CTpOKE ( c T Q I I ~ ~ ~ I )  O I I p e A e J U I T W  J I U H e h  3BBHCEMbI, TO 

CTBY 2.9 (CM. p m ~ .  2.3) OH pa= qm. n p e f l n ~ n ~  
o onpe,$xmeJ& p m e H  wm. P~CCMOTPHM M a T p q ,  

-ro n o p r r ~ ~ a ,  T e. E C X O A ~  o u p e ~ m e r m ,  pmea H Y ~ .  

M nmeiko EI~BBECEMEXX C T ~ O K  (CT~UI~IXOB), M e a b m e  

, CTPOKH ( C T O J I ~ ~ ~ I )  m~p~qar m e h o  ~ B E C R M ~ I .  t 

M a T p m  MOXCEO BhFIACJLXTb pa3- CII- 0- 

AOKa3aTWIbCTBa TeOpeMX.  no 3TOMY CIIOCO~Y HaXOART 

a 6 0  M n R o p  nepmro ma BTOP~M nopnma, O T ~  

, H BWYUWIOT o ~ a i b m m ~ e  ero m o p =  mAyIonte- 
opnqsa. E m  c p e p  HEX H & ~ ~ T C S  o~wsabdr OT n~mn, TO 

e o~a- ero. n y c ~ b  yxe aaYr~err T~XEM cnocobo~ ME- 
noprrGa, O T ~  OT qm. Tor@ B~IWOIJTBX ero 
q u e  MUHOP= (r + 1)-ro nopnma. h ace om om- 
&.mu IiynH) - TaKHX MEEOpOB ~006me HeT, T O  p W  

~ ~ p a q b ~  p m e H  r .  
(t nOJIb3yffcb 3TEM MeTOAOM, BMYLXCUlibf p w  M a T P R s b l  

aTpqe m o p ,  p m a m , x e d  ~a nepece¶eaaa nep=AByx 
OK H UepBbXX ABYX C T ~ ~ ~ I X O B ,  OTJE¶eA OT HYJUI. Y H e r 0  BCeIO 



- . .  . , ,,, 

, ,  . . ,  

.2 1 3 ,  2 1 3 .  
1 1 3  3 1 4  

06a a m  m o p a  P~BHH HYJIIO. ~ O ~ T O M ~  pam r(A) M a T p  

A p m  2. lia3ucmm, ~ a n p ~ l s e p ,  -em d o p  B T O ~ O ~ O  

. * ~ d  c%@hI llPCXOJplT .repa 6aa~c~1.16 m o p  
_ l ; ~  , .  . 

C T O X ~ ~  npoxo~m wpe3  W B C ~  &Bop 
, . , . . .  

1. : ,  , 

wedttem oanucam ,rampuav u dwuercnums ee paw. 
' . 3 ~ ~ ~ i c a B  ~(jrfefdY'BeK~'p0~ a p ~ ~ e ~ m z e m ~ n p e t p ~ p g g ~ ~ ~  

B 'USWHsy, iI0. ~ 8 3 ~ ~ ~ m t  hunrbpmx ~ P K O  B B I A ~ ~ @ ~  BCe MW- 

- faJ lbme &&o HaaBHCEMbK? .UOACECTeMbI A-5 . m e w  

P em en  H e. OOCTBBHM MaTpaqy 

e M  X CIlCTeMe 

''% v' 'm cne~0k-0, P W  C E C T W  B a r n  

p.m. al, n2jm a3 Tarorte - p a m ~  ABYM: IIpmt-wo~ -* napa 
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xo~opoir H&~M: a1 = a2 = 1,  a 3  = -1. I I r n ~ o ~ y  (14 = 
= U 1 - k  az - a3. Tom0 TS x e  E&qe~ mmeinroe supaxeme 
a5 = -a1 + 2a3. woaaxtuz ee cmpocc MU cmod6qoa. 

n p E B q e ~  HeKOTOpHe C B ~ ~ C T B ~  pWra MaTpzsn,m, 

06 B~FIHWI~:HH~ pama MaTpHqM.  9 ~ 0 6 ~  BbI¶UcJD?Tb P m  
CBO~~CTBO 4.1. IIpu ~ p a n c n o n u p o ~  MaTp- ee p- 

ae rnnsemeTca. + ~ a p ~ a  n p e 0 6 ~ a 3 o ~ a n ~ i  HaCTOJfbKO, ¶TO 3 a W W S e H B e  0 pm- 
CBO&CTBO 4.2. IIp= n e p e c T a g o B K e  CTPOK (CTOJI~~OB)  m ~ p u -  

qbl ee P~LHT ne ~ ~ e m e ~ c x .  4 p A M e p 4.4. C 110~0albUl 3 J E M e B T a P ~  npeo6p=oea- 

CBO~CTBO 4.3. PX3F M a T p m  H e  IRMeaReTWI  n p U  pEO)g-  

EtEE BCeX XeMeHTOB K2bKO&m%60 CTpOKH ( c T Q R ~ ~ ~ )  HB H e H y x m e  

9HCRO. 

C I 3 0 i i c ~ E I o  4.4. P ~ J W  M a T p u q m  rie I e M e m r r m ,  e m  IR H e e  

Y A m T b  EJJE B H e e  ,406aBUTb CTpOKy (CTOJI~W), C O C T O ~ ~ M ~ O  Q 

~ m i .  enowy W t e M e r i T a p w I x  n p e o 6 p a 3 0 ~ 6 .  B PaYsTa* nmY- 

CBO~~CTBO 4.5. Prm M a T p m p d  ae u3Me=, e- K OR- qenowy 3KBYrBajreETHbIX M a T P W :  

H o g  ee CTPoKe ( m m k ~ )  ~ P E ~ ~ B E T ~  C T P O K ~  (mm6eq), 1 1 - 2  2 - 1  
ymoxerriryIo r i a  Ht?KOTOpOe TECJIO. 

CBO~~CTBO 4.6. P ~ a r  M a T p q b l  H e  r n M e m e T c x ,  eCJUf Q nee 5 6 -1 3 -5 
78-Tb HJIH A 0 6 m ~ b  CTpOKy (mm6eq), -m - & K O ~  

mdmaqaeir ~ p y r m  ee C T ~ O K  (CTOJI~~OB) .  

Bee 3TE C B O ~ C T B ~ ,  IIOPTE O¶eB&i#GI. ~ O K I W K ~ M ,  Banpmep, 
C~J*CTBO 4.6. Ao6aaaeme K M a T p U q e  ~ e h o i r  m~6-m P- nou~efl~eii  M a T p m  3~05  9eIIOPKB M a T P W  PaBeH @yM 
ee CTPOK M ~ H O  P w m a T p m a T b  K ~ K  q o b e m e  K ~ e k  ~ y m ~ ~ i r  

(OTJIHS~H O T  HYNI BWWIeH& M m o p  BTOPOrO I I O P ~ A K ~ ) .  Cne- 
C T P O m ,  * K 0 ~ 0 p o i r  3 a ~ e ~  ~06aarrewr Apyrue C T ~ O K U  Maw-, 

AOBaTeltbHO, p W  M a T p U 9 b a  A T m e  P w  ABYM. 
YMHoXeEHbIe ma CoOTBeTcTByroIqae  ~oa$+uqnea~u. no cB&- OTM~TUM,  ¶TO ILpU 3TUX npeo6pa30~- C T P o m  MaTPH9bI  
CTBaM 4.4 E 4.5 T a m  ~ O ~ ~ O B ~ T ~ O C T b  npeo6pa3o~ag H e  

H e  nepemwmmxcb, nornomy BHA~R~EHOMY ~ ~ ~ H C H O M Y  m O P Y  8 
IRM-eT P W ~  MaTp-. O m ~ a  ~ a ~ w e  c a e ~ e ~ ,  TO y ~ ~ e -  f1peo6~a3o~a~~oir ~ a ~ p m e  B ~cx0,q~oir M a T p H q e  COOTBeTmBYeT 
me M a w -  WPOKH, mmmqeria meiraoir ~ 0 ~ 6 ~ ~ a q m r e i i  m o p ,  T a K X e  II~.JIEIOXUJ&CR 6runcnh1~. Emee TOT ~ I I ~ M ~ H T ~ P -  
OCTaJlbHhLX CTPOK MaTPELW, T a K X e  H e  83MeFIXeT p m a  M a T p u -  m e  npeo6pa3o~a9aa CTPOK M a T P m  H e  H a P Y m m T  JIEIH~- 
qb~? I I O C K ~ K Y  U v e H H e  RTOPO~(. M i l T p q b l  ~3 11epB06 ;YA-e~ - ; E ~ o T H o ~ ~ &  ~ e x n y  m o ~ r 6 q a m  3 ~ 0 i  ~aTpH9bI. AH-VYJI 
T ~ O *  C T P O ~  MOZBO W a T e p q e T x p o B a T b  K ~ K  n0JyieHBe nepmk +mume coomiomem B ynpome~~oii M a T p a y e ,  ~0x110 3 a ~ e ~  
M B T P W  n-3 ~ T O p 0 5  ~ 0 6 a ~ n e ~ u e ~  TO* xe CTPOKU. P ~ H O C U T ~  ~ T U  COOTHOIII- H H a  UCXOpPIYIO MaTPHqY. 
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npmepe n p o ~ ~ u ~  z m e ~ e ~ ~ a p w r e  npeo6paao~a~m CTPOK ~ a -  
~pnnbr, A O ~ H B I I I H C ~ ,  ~ 0 6 1 s  6 a s u c d  MUEOP man eparxraori 
~aTpEqeir: 

T e o p e w a 4.7. Paxz npoweedenwc xecleommrz wampuq 
xe npeesrwaem paxzoe leawdozo w co.uxoxurne.terI. 

, B2, . . . , - CTpOKH M~TP- B, UXK eneAyIomm 06pa30~: 

' r(AB) = r((AB)*) = r(BTAT) < r(BT) = r(B). b 

T e o p  e w a 4.8. Ecnv A - .uampuga paswepa rn x n, QI 
Q2 - neadpamxbre xeowpoacde~xue dcampuvbr nop~ld~oe m u 
mo r(Q1A) = T(A&) =r(A). 

Cornamo TeopeMe 4.7 ,~JIII npom~qeavra C = Q1A meeM: 
) $ r(A) u B TO x e  BP~MSI, UOCK-y A = Q;'c, 3 ~ 9 8 -  

¶TO r(A) < r(C). H3 I I O J l J T s e ~  HepaBeHGTB BblTeKaeT 
HCTBo r(G) = r(A). A~anorngao AOKa3blEZSeTC3 YTIjt?pXAe- 

e Teopeaata ,qas BTOporo UpomBeAeUaa AQ1. b 

npe~magl le~ue ,qeiicmn~-oii m ~ o m e ~ m o i r  (rn x n ) - ~ a -  
p m  A pmra  r B BuAe npomeeAeBEuI 

A = B C  (4.8) 

x r)-~a~pmq61 B pama r u ( r  x n ) - ~ a ~ p w  C pama r 
~ W O T  cwe.aemuu paa0xcenue.u MaTpnw A. 
Cymecmo-e cKeneTHoro pturnxemn y aIo6oii ~ T P H I M  

m c l r e ~ y ~ ~ ~ q a x  c o o 6 p a x c e ~ .  npoa3~eAeme BC B pa- 
HcrBe (4.8) CnpaBa MOZHO EHTePIIpeTSWOBaTb KBK MaTPAPHYfO 

b IIpe~CT&WIeaaCr ~ ~ ~ 6 4 0 ~  MaTPH4E-l A B BUAe J I U H e b  

4.7). YWIOBH~ r(B) = r 03~a=1ae~, ¶TO cnvr6ah1 MaTpnw 
mmeii~o ae3aBacmm. ~ H ~ Y E T ,  C K ~ H W  pa3nox-e ~ b f  

¶EM, MaTPFfUy B COCTaBUM U3 CTW~UOB K&KO%-IH- 

$rp,690~ MaTpUIW A, a MaTpaqy C - U3 CTW~UOB KO@E~@- 

~ T H  PaccyxA- U O K ~ ~ ~ I B ~ ~ T ,  TTO ucemmoe paaox-e 
w ~ p ~ q 6 1  A tie IIBnaeTca e p c r ~ e - ,  TBK xcaK B n p o m B q e m  







m6 Pnasa 9 h h e b a e  UpOcTpancTsa 

WAYeT, YTO B KOHe9HOMepHOM nUHek0M npOcTpagcTBe cyrse- 
CTBYeT 6ec~o~emoe  ¶Em0 6aaEco~. 

K ~ K  BHTeKaRT 83 OCAOBHOZ~ TeOpeMbI 0 maeho& 3a~~c-o- ,2, , . . , n, 06p83ylomgx ISSH&O l i a a B E C E M Y I 0  cmTeMy. Ma- 

BeKTOPOB (CM. TeOPeMY 4.3), B A ~ O M  nuae6ao~ upompa- Baa, coc~a~lle- ~3 T ~ J C ~ X  CTOJI~IXOB~ ~ Y A ~ T  E B B ~ I P O ~ A ~ ~ H O '  

cTBe Bee 6a3ucb1 EMeloT OAHO H M x e  YECIIO B~KTOPOB. EWUI B 
m e k o ~  npocTp=CfBe X Cy4eCTBYeT 6 m ~ c  E3 Ha BeKTOpOB, TO no m e  n C KO~@+EI(H~HTBMH E3 U r n  P SBWeTG3 

3 T O  nPOCTPaHCTBO KOHeSBOMePHO, n p E ~ e ~  n eCTb paaxc-~oe l)-Mepa-. B ~ a s e e ~ ~ e  &ma B 3TOM mm*"~ ~P~cw*- 
¶Ern J I H E ~ I ~ O  He3aBKCEMblX BeKTOPOB B 3TOM J I H H ~ ~ O M  TO- e ~0-O BbI6paTb CHCTeMY BeKTOPOB 
CTpwc~Be. 3 ~ 0  mc.110 E ~ ~ I B ~ T  p~uepnocmbwylunedno~o  n 
n ~ o c m ~ a n e r n e a  E nrany~  dim^ = n, c a ~ o  mnekoe  npoc~pm- 1 , x , z z , . . ,  Z .  (4.10) 

CTBO ~ m b ~ ~ i l l ~ ~  n-.wepnbu(. 

n P H M e P 4.7. h e h o e  a p n @ ~ e ~ r r ~ e c ~ o e  ( K O O ~ A ~ ~ T -  
f ( ~ ) = ~ + a l x + a 2 x ~ f  -..+amxm, m < n ,  (4.11) EOe) npocTpm- Kn nOneM P, 3JIeMeHTaMa KOTOpOFO 

W ~ T C J ~  B ~ K T O P ~ - C ~ W  (XI, 22, . . . , COCTaaneme m fino BV-CR s e p a  C E C T ~ M ~  B~KTOPOB (4.10)+ ~P-M 
meMM'I'OB XZ P,  JrBIIJreTm n-~epm.n.4 UpOCTpaHCTBOM. A&- ETH morowteaa B TO x e  apeMR aBnslOTes 

C ~ ~ m ~ ~ ~ l  B 3TOM ~ E I H ~ ~ H O M  ~ ~ O C T ~ ~ H C T B ~  ~ ~ H C O M  mm eETaMn em pmnoxemw no c ~ c ~ e ~ e  (4.10). 
CEcTeMaBe~mpo~ 

el = (I, 0, 0, .. . , O)T, 
ez = (0, 1, 0, . . . , O)=, 1, z -a ,  ( ~ - f f ) ~ ,  (x -~Y" '  (4.12) 

. . . . . . . - , . .  e a # 0 @AKCHPOBW. Y T O ~ M  PZNlOXHTb =TOP (4.11) no 
el = (0, 0, 0, ..., I)=. eMe B e ~ o p o ~  (4.12), H ~ O ~ ~ ~ A E M O  MHO~O-H nPeACfmHTb 

JIIO~OC WKTOP x = (21, ZZ, . . . , xn)* E K% MoxeT 6b1n npeAcTa- 
EmeH B BEAe 

x = xiel +xzez + . . . + x,%, 

T.e. KO~OHeHTbI ~e~~opa-mon6qa B TO x e  ~ p e m  J ~ I U L I I H ) T ~  KO- - c ~ e o p e ~ o i r  Teivopa no I P O P M Y ~ ~ ~  
3wmeETw ~ e 6 ~ 0 r o  BbIpaeHHR Yepea BeKTOpbI 6a- 

RcHO, PmeHCTBO EYJIKJ 3 T O r 0  BeKTOpa PaBHoc-~o 
pmmBy Hym Bcex K-~~oB JKEliek0& ~ 0 ~ 6 a a a q ~ a ,  
T.e. y~mBAAita c n m e ~ a  ~ e ~ m p o ~  m & o  K-- ; T e 0 p e .w Q 4.9. IIycmb ruxeQnoe npocmpancmeo Xn 06- 
T e C ~ ~ o  n BeKTOPoB CECTeMbl. H OnpeA-eT pa3MepEOCTb apu+ mdaem 6mucow el, ez, . . . , &. Tozda nwbotl aemop w Xn 
M ~ ~ Y ~ C K O ~ O  ~ p w i w = c ~ ~ a .  Bmuc el, ez, .. . , en H ~ W T  &?uxcmeennauc 06pmow npeacmaennemm 6 aude 
ecnzecmeennauc 6 ~ u e o . w  apu~uemuueeeoto  npocmpQn- 
tmsa. x=~~el+zzez+..-+Xn:nen- (4.13) 
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3a.-wnue. kei iaoe B q a x e m  (4.13) Bempa x yepea WK- 

TOP= 6muca, qmcTBemoe B crrny ~ @ 3 p M y i ~ p 0 ~ 0 6  ~eope~m, Ha- 

3?ma~~T ~-0acenuey eelcmopa x no 6mucy el, ez, . . . , en. 3 ~ 0  
pwoxemie y ~ 0 6 ~ 0  nanurcmam B ~a~pu=moii @ p ~ e  

Z=x~el+xzez+ ...+ zne,=(el, ez, ..., e,) 

8 
e = (el, e ~ ,  . . . , en) - a q d  ~ U C ,  3 a a n a d  B nsqe M& 

TPH4bI-CTPOIUi, a [x] - ~ ~ a n 6 e q  KOX@$U~U~HTOB m- BeKTOpa 
x no f~mnc~, HaamaeMboc lcoopdunanawu aemopa x e 6wuce e. 

b B cw orrpe,qeJrem bamca mmeikoro npocTpcTBa x mo6oir 
BWToP X € X MeeT XOTE 6b1 o ~ a o  npeAcTaBJreHae BmAa (4.13). 
RP~A~W-,  TO aapa,qy c pa3aoxerrrreM (4.13) ecm a Apyroe 
p a x e m e  

x=x:el +xie2+.. .+den 

BeKToPa X. T o r ~ a  6 y ~ e ~  ~ b m m b o r  paeerrc~eo 

X=xlel+x~e2+ ...+ xne,=x;el+xle 2 2 +  ...+ x;%, 

mTOpoe npHBo@T K PaBeHCTBy 

I (XI - x,)ei + (XZ -XI 2)e2+.. .+(xn-x~)%=0. 

R-mee P~B~HCTBO B cmxy nmehoir H ~ ~ ~ B H C E M O ~ X  C E ~ T ~ M U  

BeKTOPOB el, ez, . . . , en BO~MOXEO B c~ry~ae, ~ o r q a  

I I I 2 1 - q = O ,  x2-x2=0, ..., Zn-xn=o, 

T.e. n p ~  $1 1, x 2 = 5 2 ,  1 . . . , xn =xL.  TO &OKB~-T, ¶TO 

PwJKeaAe BeKTOpa XI0 6amcy ~ E H C T ~ O .  b 

K ~ K  nuuaao, m ~ m p i e ~ ~ b ~  XI, x2, . . . , x,, B p m  
JKmm (4.13) =TOP& x no 6miaaacy el, e2, .. ., en H ~ ~ ~ I E ~ I O T  

X ( X ~  22, . . . , x,). C~w6eu  [XI, = (XI ,  X2, . . . , x , )~  ~ Y A ~ M  

tmaTb reoop&narnnb&.M cmoa6qoa e e m o p a  x e 6cuuce 
$bi#e~c B 3allUCE KoOpAEHaTHO~O c~on6lXa 6y,L(e~ OIIyCKaTb, 

mo, o K ~ K ~ M  6a311ce q e T  p e s  E n y ~ m  ae ~03mnca- 
TMeTEM, ¶TO ¶WTO (KO~AL 3TO He UpEBoAET K ~ y ~ m e )  

Op OTOX&eCTBJLUIOT C er0 KOOp&UHaTHEJM c ~ o a b q 0 ~ .  

CBoUMU KOOpflYnraTaMII B A m O M  6amce. ~ P E  3TOM OIIepai 
riaA BeKTopaMH CBOAIITCR K ilHitiIOrumrsM onepanm Ha& EX 

x = z l e l + x ~ e 2 +  ...+ x,%, H g=ylel+y2e2+ ...+y, en 

BUe E X  paBeHCTBa X = g pagHOCIWIbH0 YCJIOBHIIM 

X l = Y l r  X2=%'2, ... r X n = Y n ,  

+y=(xte~+xze~+...+xnen)+(y~e~+yzez+...+ynen)= 

= ($1 +y l ) e~  + (xz + y2)ez + . . . + (xn + yn)en 

x = X(x1el fxzez +. . . + x n ~ )  = (Xxl)el+ (Xx2)ez +. . . + (Xx,)e, 

W a T a  CmaAblB'm, yMHoxeaHa BeKTopa Ha mwo 
er0 KOOPAEHaTbI YMH0XaX)TCB Ha 3TO YUCJD. H3 3TUX 3a- 
¶emir BuTeKaeT wegymaee npaemo. 
Koopdunarnn~d cmoa6eq aunedmoil reow6unaquu een- 

mopoe r e a e m c r  aunednod ~om6unaqued uz reoopdu- 
)cam%= cmou6qoe c memu ree no3&giuquenmcwcu u na- 
m6opom. Cucmenca eeremopoe ~umedno saeucwta mozda 
A moaano mozda, aozda aunedno s a e u c w a  cucmema tm 
roopdunamnw cmoabyos. 
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 TO U~BBEUIO y~a?b lBae~  cnoco6, n o ~ ~ ~ q &  o n p ~ w m  
n m e i r ~ ~ e  coomouLem MexAy BeKTopaMH. 

Ymo6bc xadmu runedxoe earpaxexue aeamopa b ue- 
p a  eenmopw a l ,  aa, . . . , a,, credyem ;lanucarna aeN- 
mopxoe pasencmeo b = a la l  + azaz + . . . + a.a. u o m  
xezo nepedmu x nonoopdunarnn~w paaertcmeau. B pe- 
aynbmame noryuaemca cucmeaa n u x e d x q .  ypaenexud 

omnocumerbno neweecmxtm ax, a*, ..., a,, rw6oe 
peurenue aomopod daem ~anucaxxoe sexmopyoe pasen- 
cmso. 

~ m ~ a a x r ~  mampuyed nepezoda OT 6muca e K 6mncy e'. 3me-  
TUM, ¶TO C T Q I I ~ ~ W Y I  MaTPHqH T IIBNIK)TCII C T O J I ~ ~ ~ I  KOOPAUHaT 

C O O T B ~ T C T B ~ ~ ~ X X  B~KTOPOB 6mnca e' B 6 m c e  e. 

T c m b  MexI(AY 6a~ucmm 

. ~ T H  COOTEOlIIeaAR yfi06~0 3aIIECaTb B ~ T ~ H w o %  (POPM~ 

. . . . . . . . . 

el = eT. (4.17) 

0 TaK xe XKTOpH 6a3uca e MO)BHO p%MOXtHTb UO 6a3H~y 

rAa npHAeM K CooTHomeEaro 

e = e'Tr, (4.18) 

- MaTpnqa uepexoaa OT 6 m a  e1 K 6a7ucy e. C ~ a n 6 9 & ~ ~  

c2IYXCaT KOOpAmraTHbIe CTM~W COOTBeTCTByrOV 

POB 6mnca. e B 6rwace e'. 
3 C O O T H O ~ ~ E ~  e = dT' H e' = eT ciqymT cooTEomeHaa 

e = e1T'= (eT)T' = e(TT'), 

e1 = ET = (elT')T = el(T'T), 

opbm m e K m  CoomomeHm 

e(E-TT')=O a $(E-T1T)=O. 

jBTPnt COOTHOIII~& B CEZy JIUH&HO% Be3&BUCBMOeTR BeK- 

~ ~ ~ E C O B  e H e' nOJIy¶&?M: TT1 = TIT = E. CJ~~AOB~TWHO, 

T a m  06pmo~,  raaTpma uepexoAa OT oworo 6a3~ca wMep 
o JIEE~~HoPo IIpOCTpaHCTBa K APyrO?@ SBJIJIBTCII EeBbIpO- 

S mquqe i r  n-ro nopaAKa c m e M e m m  a3 oc~orl~oro 
. Bep~o K npomnmoxnoe  ymepqeme,  T.e. Bepna 

rqarr mopem. 

T e o p e ~4 a 6.1 0. Jw6m nesbzpoxdenncuc s6adpamnm 
mpuqa n-zo nopadxa c 3~e.wenmwer w no& P edyrcum ua- 
uqed nepezoda om danxozo 6 w c a  n-uepnozo nuxeGxoeo npo- 

'Cmpancrnea X %ad nonw P s nexomopouy dpyzo~y 6asucy e X .  



la 
'> ~ Y C T ~  4- 6a7~c e = (el, ez, ..., m e k o r o  npoc~paq- 

X E~Bblp~AeEQmI KBaApaTEaU MaTpUQa 

T~ - MaTpHqa nepexo,qa OT 6aauca en K 6 a 3 ~ ~ ~  e, T2 - 
n-ro c ane~emanw rn nom P. B ap T ~ ~ E C T B ~  X ma nepexoqa OT 6a3aca eO K 6a3Ucy e'. 
Bmh~m WOPJIAO%~E~IQTO CECTq B€XTOP0B e1 = (x ek, . -. , 4). TOG= AOKa3aTb &p3dyny (4.191, 3mewM> TTO --- 
#'a C T M ~ W  MaTPE&bI T m K I T C R  K O C p A E H a ~  CDOTHOKU- 
c T * 4 ~  B 6aarrce e. 

C ~ w e ~ a  B~KTopOB d COCTOET m n ~ e ~ r o p o e  E xmmeTor = e0T1, e' = e0Tz, el = eT. 
H ~ C E M & ,  T ~ K  K ~ K  y ~ m u p o x ~ e ~ ~ o t  ana~pxqrs T 

CT0.n64bl He38BHeaMbI: rimy 3 ~ a  C E C T ~ M ~ .  - 6aaac c O O T H o m ~  n m ~ :  e' = ~ o T %  = (~T;')Tz = ~(T;'T%), 

- e h o ~  ~ p o c ~ p & ~ c ~ ~ e  X, npmm B CE~I~ &pa BeKTopoa CnWeT, -TO T;'T~ - ~ a ~ p a q a  nepslOAa OT h ~ c a  e K 

cacT- BhmCUlESeTCII pa&?XiCcTBo d = eT.  TO ~ H ~ Y & ? T ,  %TO el, ~ . e .  ~eprro ~ M C T B O  (4.19). 
NILITpm T UpeACT-T ~ 6 0 %  M a r p q y  UepexoAa OT 6a3sca e 
K er. t n p n M e p 4.9. H& MaTPM nep-~a o~ 6mxca = 

e2) K 6mucy e' = (e;, ek), rAe [e:]e = (2, [41e = f 3 9  2)T. 

M3 A O W ~ I I H O ~  Teopem BKP~KBR~,  YTO B ltmpriou m e & -  , p em e = = e. &ecb BeKMpbI HOBOPO 6aa~ca KooP 
HOM n p o c T ~ ~ ~ ~ B e  x HW UoneM P CyrqeCTByeT c!Ca%I(O p W F -  

~ M H  B cTapOM 6 a 3 ~ ~ e .  n03~0W mmy MoxHo *CTBBETb 
6a3=m> CKaRbKD CylWCTBYeT PfWfE'IB[hD( HeBblPOX@HEEJx yx, ~ a ~ p ~ s y  T m KOOpAHAaTHbM C T Q ~ I ~ ~ O B  BeI(MPoB 4 

KBaAPa- laa~prrs n-ro nopaw c ~ J I ~ M ~ E T ~ M E  m IIW P. IIpx 
-M Ywexo,  TO P~ ;WIHSB~~ WECIS, COCT-~ EJ o w  XK- 

H0 nOPB3mMY yl IOpaA09e~.  

n ~ ~ ~ ~ ¶ e c m e  npasruro. Ann nocmpoenw mompuub~ T 
nePexoda om 6ruuca e % 6 a . 3 ~ ~ ~  d ugrnno d a  I C G K ~ O Z O  B C ~ O ~ I I  

4 6a3uca nafimapnpr icoopduHamar s 6a3uce e u w rcw, &as w 
c*od640e, noempoumb wnmpuqy T.  - * e ~ ~ o p m  6a38~0~ e H e' aiLp3ab1 ~oopAma~am B se- 
K O T D ~ o ~  6axce e", m w o ~ b ~ w a g s ~  KoopgmaT eertmpa e: B 

6a3xce e -me* coma- ~e-oe P ~ L B ~ H C ~  

1 ej=alei+aze2+ ...+ %en, ei = ale1 +a2e2 +a&, j = 1,2r 3. 

I 
r 







II p E M e p 4.13. H&TH MaTpuqy nepexoAa OT 6a3uca 
e = (el, ez, ea) K 6a3ucy ef = (e:, e;, e;), e m  [elle. = (1, 1, 
[ezleo = (1, 2, 3IT, [e3Ieo = (1, 0, H [e& = (1, 1, I)=, [e;le0 = 
= (1, 2, I)', [e;],~ = (1, 1, 3)T. 

4.7. ~ o m o ~  d u x  
npocrpcwcn 

yyeami naaeihrx n p o c ~ p a a m  nmepec npqc~asns ro~  
C ~ M U  m p w ,  a onepamu HaA HHMH H C B O ~ C I C T B ~  3 m  one- 

n p o c ~ p a a c ~ ~  no c m d  npnpone CoBepmemo P ~ ~ J I H P  

T B ~ M U  cymemyeT ~ a a a ~ a o  oAao3aamoe coomeTcTwe, 
eTBOpsmqee A B ~ M  ~C~)BUJIM:  

.etxf, ~ + ~ + t ~ ' - + y '  ( x , y ~ X ,  X',Y~EX'); 

IIp-e~ npuMepw FDOMOP@K~M n m e h u x  n p o c ~ p a a c ~ ~ .  

pa M e p 4.14. 1. h e h o e  npocrpamm X reoMeTpn- 



IZO rnma 4. JInae&b~e IZpOCTpaRCTDa 

2 E X MOXCHO IIOCTaBHTb BO B3aUMHO OAH03HaYHOe COOTBeTeTDHe 

1 B ~ K T o ~ c T O J I ~ ~ I I  X' = ( 2 1 ,  X 2 ,  ~ 3 ) ~  er0 KOOpAUHaT B HeKOTOpOM oTUBOIIWIOXHOMy BeKTOpy -X E X COOTreeTcTByeT UPOTHBO- 

@UKCH~OB~HHOM 6muce. n p H  TaKOM COOTBeTCTBHH ~YAJPT  Bhl- o x d  BeKTOp -2' E XI. 

i IIOJIHXTbCB COOTHOmeHHII 3. E m  BeKTOpaM X I ,  2 2 ,  . . . , X k  B X COOTBeTCTBYIOT BeKTO- 

x + Y * x ' ~ Y ' = ( x ~ + Y ~ ,  X 2 + Y 2 ,  X 3 + ~ 3 ) ~ ;  ,.. + a k X k  E X  c n p 0 ~ 3 B o n b ~  K ~ ~ ~ H ~ H T ~  .. . , ak 1 AX * AX' = (Ax1, ,Ax2, A z ~ ) ~ ,  + TBeTCTBYeT J I U H ~ G H ~ B K O M ~ E H ~ ~ H ~  0 1 ~ ;  + f f 2 5 ;  +. . . ~ l k ~ ;  E X' 

2. Hu~eihxoe lIpOCTPa£ICTBO Mzz K B a A p a T a b o c  &faTpHq BTO- 4. ,@M &¶30~0p@EbXX X U l X e h  I IpOCTpWCTB X H X' K~JKAOH 
p0r0 U O P A K a  H ~ A  U M ~ M  P c O ~ ~ I S H ~ I M H  O U ~ P ~ ~ ~ T M H  OI~XI(BHHB h 0  B ~ ~ B B w c U M O ~  CHCTeMe BeKTOpOB B X COOTBeTCTByeT 
M a T P H q  H ~MEOXCeHHB MaTPHq61  Ha 3JleMeHThl IIOJLS P H a p H + ~ e -  h 0  He3aBHCUMM CUCF2Ma BeKTOpOB B X' U HBO~OPOT. 
m e c ~ o e  n p o c ~ p a ~ ~ c ~ ~ o  K4 a a ~  n- P ~OMOP+ISI, TBK K a K  . &nu H~OMOP@HWX nunekmx I IPOCTP~CTB X H X' K~XAO- 
K-AO~ M a T p q e  

I m U C y  B X COOTBeTCTBYeT 6a3uc B X' H H ~ ~ O P O T .  
all alz 

A =  (a. 4 2 )  
A ~ % C T B U T ~ J I ~ H O ,  U e p B o e  YTBepXCAeffae CneAyeT U 3  COOTHOlIIe- 

1 &T3 M22 BO B3aUMHO OAH03Xa¶IiOe COOTBeTCTBEe MOaLHO IIOCTMHTb O = O . ~ + + O . Z ' = ~ '  
B ~ K T o P C T M ~ ~ I I  = (al l ,  alz, azl, 1 3 2 2 ) ~  U 3  K4 u n p H  3TOM 6 y ~ y ~  
BbmOlERTbCII COOTHOIIIeHYUI ecb 0 H 0' - Hyn@hle  %TOP= B X H XI), BTOPOe - U3 

A + B t t a + p ,  A A e A a .  
I -x = (-1)x * (-1)x' = -x . 

3. h e h o e  n p o c ~ p a a c ~ ~ o  Pz[x] M H o r o w e n o B  C T e u e m i  n < 2 
C A ~ % c T B E T W ~ E M M U  K ~ U W ~ H T ~ M E  C O~W' I I I~ IMH OnepaqEUIMu 

CI IOXeEm MUOI'OWeHOB H YMEOXeAHB MHOPOSneHa H a  A ~ ~ C T B E -  2 1  + ~ Z X Z  i+ ( Y ~ x ~  + C Y Z X ~ .  IIpo~onxau IIOUEAOB~-EO 

TeJIbHOe m U I 0  BJOMOP@HO A ~ ~ C T B H T ~ J I ~ H O M Y  ~ P U @ M ~ T H ¶ ~ C K O M Y  

npocTpamy K3, TBK KBK MHOI'OWeIiy f ( x )  = a0 + alx + azx2 
MOXHO IIOCTaBUTb B COOTBeTCTBUe B ~ K T O P - C T O J I ~ ~ ~  (ao, a l ,  az)*, 
npu 3T0M 6 y u ~  ~bmomm~bcz  C o o m o m e H m  

Y m 6 ~  AOKa3aTb YeTBepTOe CBOGCTB~, ~ b l 6 e p e ~  B X IIPOU3- 

( a o + a ~ x + a z x ~ ) + ( b ~ + b ~ ~ + ~ x ~ )  *(Go,  G I ,  a ~ ) ~ + ( b o ,  bl, b)T, HYIO JI&lEe$ao H ~ ~ B H C U M Y I O  CECTeMy BeKTOpOB al. az, . . . , 
X(ao + a ~ x  + azx2) et X(ao, at ,  aZ)T. KOTOPO~ COOTBeTCTBYeT CUCTeMa BeKTOPOB a:, ah, . . . , a6 B 

I Henocpe~c~Bemo ~3 onpqme~m m o ~ o p + r n ~ a  n m x e i ~ b ~  
ala;  + aza: + . . . +aka; = 0' E XI, 

UpOCTpa£IeTB BUTeKaKPT U I q y r O m e  YTBepXAeHE% 

1. Upu m o ~ o p @ r n ~ e  m e i h x b ~  ~ ~ O C T P ~ E I C T B  X H XI t i p *  

BoMY BeKTOPY B X COOTBeTCTByeT H y m 0 6  %Top B X'. 

! 



eta1 +cvzaz+ ... +akak =0,  

O T V A a :  el = CXz = . . . = ak = 0. C J I ~ A O B ~ T ~ ~ I ~ H O ,  CHCTeMa BeKT 

POB a:, 4, . . . , a: mmeliao n a a B u c m a .  Ammorum0 ,qoKaJa  

W C T B O  B O ~ P ~ T H Y I O  CTopOq'. 

h AOrciUaTeiIbCTBa -Or0 C B O ~ C T B ~  OTMeTaM, %TO 6itja 
B ~ m e i n r o ~  I I ~ O C T ~ ~ E ~ T ~ ~  -  TO mxkr M B x a m a s a a x  meinr  
E ~ 3 ~ B H C E M W  c n c w M a .  Ho e m  c u c T e M y  el, . . . , en B X M O X ~  

Pac'mapETb A o ~ ~ W E H H ~ M  EeKOTOpOI'O BeKTOpa f C c m t p ~  C B O ~ -  

CTBO JIUEehioir Ee3aBUCEMOCTq T O  Zf C00TBeTCTB)TOIQTO CUCTeM 

ei,  . . . , ~ ~ ' M o X U ~ O  T a K X e  paClU&ipUTb, ,qoGam K H e k  BeKTop  f , 
C ~ O T B ~ T C T B ~ ~ O ~  ~ T o p y  f. 3To P X C y X A e E U e  EOKa3bIBaeT, 

¶TO npu m o ~ o p @ m ~ e  rime- npoc~paam~ M B K a m m b H b I e  

nmeiko m m m c A M a r e  C E C W ~ ~ I J  ~mpexogm B M a K c n - m  JUI- 

H&O a e 3 a s ~ m e  m a w ,  a   TO + W T ~ C I ( H  H ~ p r n ~ i t e ~ m  
na~araa CBO~~CTBOM. 

T e o p e  a a 4.11. Junednoe npocmpaxcmao X', w o ~ o p 6 -  n y ~ T b  A a a  C H C T ~ M ~  n m e k ~ b l ~  ~ L ~ B H ~ H &  
xoe sonemo.%epno&y izunedno.uy npocmpaxcmey X, Jteuemcn 
~ ~ e ~ n o ~ e p n ~ m  u w e e m  my w e  pmwepnocmb, umo u X. Jlro- auxl+alzxz +... + C m ~ n = b l ,  
6~se  dea aonevmomepxbu nUMednMZ npocmpawcmsa X u X' odu- azlxl+az2xz +...++~nxn=b2, (4.25) 96a%osod pw.uepnocmu wo.uop&nbz. 

D KW yxe goxaaio, JI1o60My 6-c~ n ~ ~ e k o r o  npoc~paamm 
X W T B e T C T B y e T  GWHC U ~ O M O ~ R O I W  J I E H e k o F 0  IIpOCTpaHCTBa 

X'. n 0 3 ~ 0 ~ y  P83MePEOCTU 3TEX E U E ~ h E X X  IIPOCTpWICTB, O p e  

AeJUIeMbIe KOjlU¶eCTBoM BeKTOpOB B 6muce, COBUaJ(aI0T. 

n y c ~ b  X E X' - n - ~ e p m e  n m e b e  npoc~paxc~m H ~ A  

OAKEM U TeM xe I I O ~ M  P. B d e p e ~  B A ~ X  6a3ncb1 COOTB~T- 

c m a a o  e = (el, e2, ..., en) H d = (4, 4, ..., eh). K ~ X A O M ~  
BeKTOPY x = xlel+ xzez + . . . + x,e, naaekoro EpOCTpaktCTBa 

X UOCTaBaM B COOTBeTCTBHe BeKTOP 3' = f . . . + xne; 
mEKeIbI0r0 p O e r p a H C T B a  X', m e m d  B 6a3nce d Te ace m o p  
AHaa~m,  W O  H =mop x B 6a3~ce e. Tor~a cyMMe ~ e ~ m p o ~  e 
X + Y E X COOTB€!TCTBoBaTb WMMa BeICTOpOB 2' C l/' E XI: 

x i -  g/= (xl+yi)el +(x~+y2)ez  +... +(xn+yn)en et 
* ( x ~ + y ~ ) e ; + ( x ~ + f ~ ) e ~ +  . . .+(x ,+Y~)~;  =z '+~ ' .  
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IrpOCTPaacT~ 

-10 CECTeMy MOXHO D&IIHMT; B BHAe 

Ax = 6. (4.26) 
eq B COOTB~TCTBHH CO CBO%CTBOM 4.6 ( c ~ .  Pa3A 4-3) Pmra 

H~no- (CM. P ~ A .  2.11,  IT^ peurenueit cuemewar (4.25) M-o J I ~  M i L T p m p J  B Y , ~ ~ J I H T ~ .   TO O ~ H B . ~  B ~ M -  

P O P ~ A O = ~  =a60p m n TECC~~. X I ,  x2, . . . , z n ~  
p a w H c T s a  r (A) = r(B) . 

WE noftcrmoBKe K O T O P m  B y p a e E e H H s  c u m e q  B M e c m  coo- 
BeTcTBmm HeHaBecTQJX KaXAOe y p a B H m e  n p e B p a r q a e T m  B 

M'KAemBO. C a ~ r e M a ,  ~ e m m  XOTS 6~ owo p m m e ,  H& 

3mmerm coe*ecm=oc, a e w i  y c a m w  p a e d  H ~ T ,  b~ ~ ~ 0 ~ 1 6 4 0 ~  MaTpYnVJ B, a c ~ a ~ 6 e q  C ~ A -  -HOB m- 
Ha3hIIlaeTa neCoe*eemrnii, npomueopeuusoa. cat- 
T e ~  0- H xe ==?me-, weronpce oAAo 

TO 
T a m  mcex kl, k2, . . . , &, PTO ~JJI-- P-HmBO 

'Ee-O=emBO pa-, ~~~ a%euemenmn-u 
H O C U A ~ X ~ ~ M U ) .  

T e o p e a a  4-22 ( m e o p e a a  X p o x e % e p a  - 
a Cucme-~a d~fleii%blz ypaexenuzZ (4.25) eoe&ee,n- ) = r, n, 3Ty CHCTeMy 6 y z e ~  H W b I B a T b  C U C ~ ~ * O ~  pa%- 
mozda u modam mozda, mzda paw Aampuybc A cueme&& 

w e e x  pawg ee pacuupennoii wanapttyb~ B. 
Y C T ~  m m e M a  (4.25) COBMeCTHa E ee p- PWn r. Bb16epe~ 

I I f l ~ b  CEcTeMa COBMeCTHa. A O K ~ X ~ M ,  .rro r(A) = r(B).  @ d o  6a3~~& MEHOP M a T p H q b l .  YP~~BH~HYUI C a C T e W ,  

3m1-o -w@d K=O~-JIU~O pemeroyre k l ,  k2, . . . , kn CHLqe- h lM COOTBeTCTBJTOT CTPOICH M a T P H g b I  A, BxOASmae B 6 8 3 ~ ~ -  
J J O C T W M  era B K a X A o e  ypasxeme CKcTeMbl Tor~a =any- 
m C T e M y  TOXAeCTB HC- y p a m e d  - ~ W U C U O ~ ~  nodcuemencoil Bep~o 

yTaeparAeaae. 

i aiiki +a12kz+. . .+alnk,= b l ,  
~ z l k i + a z ~ k ~ +  ...+ a z n k , = 4 ,  

(4.27) 
~ ~ e u e a ~ e x r n n a  nw6oa caoeii 6 a 3 w o i i  nodcucme-ue. 

. . . . . . . . . . . . _ . . _ . _ .  
% i k ~ + a d b +  ...+ a,&=b m. 

-CTBO T(A) = r(B) .  fl3 TeOPeMbI  4.6 0  M a T P W b J  

3~~ CHCTeMY TOXAeCTB I I e p m e M  B BEAe 
T, ¶TO B c e  CTPOKEl M a T p E U b I  B7 H e  BXOA-e B 68- 

(") . + +  (")&= (t). CTeMY, XBJMiOTCR CReACTBHeM 6 8 * 7 H c ~ b ~  Y P ~ H ~ ,  a 

ypaaaed .  HaoBopo~, O Y e W H o ,  ~0 ~ ~ ~ 6 o e  P m  
am1 %la2 %n 



O ~ P ~ ~ O M ,  MHOXeCTBO peJUeEd CECTt2Mbl YP&BR& COBnaA 
MHOXeCTBOM peIUeHS& 6a3am06 IrOACHCTeMbI. , 

~emBeC=, pmeI33TeM K O M P O ~  BmeTw H&P ¶men 
U Y ~ T ~  '3fcmm (4.25) ~ ~ ~ E C H ~ I O  UOAeYrCTeMy 06pm cl, 2 2  = C2, . . . , Xr = +. MOXHO 3araW¶Tb, ¶TO, BapbH- 

UePBHe 7 YPaBHeEd,  T.e. ~ ~ ~ H c H o Z ~  KWDIeTW nOACECTeM& npoa3sc~%wIM 06pa30~ a~a~ekum ~~060JpbIx HeE3BeCTm 

allzl + a l ~ x ~  +. . . + alnzm = blr Bce MEOXeCTBO p e I U d  CECTeMH (4.25). ~ O ~ J ~ T H O  

a2121 + a22~2 + . . . + aznx, = 4; cnepxqee yTeepxAeHae: emu panz coe.uecm- 
. .  . . . . . . . . . . . . . . .  ASIA aenbwe UUCJID n e w a e c r n n ~ ~ ,  mo eucmeaa 

%lXl+ %2X2 + . . . + o,nxn = &. m 6ec1eoneunoe anoarcecmao petuenub. 
a npaxTHKe HeT ~ e o 6 x o ~ o c ~ a  cnenmabno ~burcaa~b, co- 

O Y ~ ~ A H O ,  TTO PHI- m m e m  ne n p e ~ m m  K M H Y ~ ~ T B ~   em a cxcTeMa aw HeT, ep- pa51l"H ~ a y x  MaTPH9. H e  
BeC-7 T.e. BcerAa Bbm-em HepasencTBo r 6 n. PXCM+ 
T P E M A ~ O ~ ~ ~ B R :  r = n ~ r < n .  qecce pem- CEcTem. &m p a -  C H C T ~ M H  Moxao 

~ P E  = (1 h ~ m a ~ r  no,qcmeaaa (4.28) mmaeTwI wiuaepo* 
C K O ~  a J T ~ A H M  K ~~%;vmorqew ~ ~ e p x ~ e m m :  ecslu panz eFmyI0 MaTpAqY cmcTeu c IIOMORPO 3JEMeHTapH6LX UP+ 

c o @ * e c m ~ ~ d  CUCmeAM paeen uucsly ee neweecmnm, mo mait CTPOK n p m p ~  K cqneHpaToMy  BE^. P a r  

CUCmeJM w e e m  edummeennoe pewenue. cTynewaToro euAa p- IcwaYecTBy ee neHyneBm 

ny- Tenepb T < n. npe~nono-, YTO 6 a 3 H ~ d  mop . 1103~0~y nowe npaBeAeHas CucTeMbl K c ~ y ~ ~ e m a ~ o q  

MaTPHqbI UmeMbI PaCIImoxeH B nepBm T wamjqax. ~ E ~ S H T ,  CHme BOnpOC8 0 COBMeCTHOCTH CHCTeMbl Ee BbI3bIBaeT 

B m ~ ~ ~ o f i  I I O A C E ~  ~ ~ ~ E I C H I J ~ ~  m o p  COCT~BJIEIUT nepBwe r a. Ewra mcTeMa coBhaenaa, TO B MaTpme m c ~ e m  B~I- 

cTh9oB. H ~ w ~ n b ~ e ,  COOTBf3TCTByIO~e c r a m j q a ~  f ~ ~ c ~ o ~  68a~c~ym UOACECTeMy, COCT- Bcex H q n e m  
npa HmeM npeAnMoxeeHHH xl, x2, . . . , xr, ~ 8 3 ~  K, a B neir pa3fle .m~~ EemWcTnbIe Ha rnasHare a c~o60AmJe. 

BeM Ua6NMMU H~WBeCmHwItb, a ocTiUIbHbIe HemBec-e - TeMe bTynemaToro mAa ~b16pai~b m-e ~ e e m ~ e c ~ m e  

c ~ o ~ o ~ ~ ~ I u .  Uepeaece~ ~ c e  cnarmme B y p ~ e -  fjmaC- T ~ K ,  ¶TO MEHOP B C T ~ ~ ~ I X ~ X ,  C O O T B ~ T C T B P J 4 E X  a He- 

1106 ~ O A ~ C T ~ W ,  ~ m ~ ~ a n t H e  c~o6o~ab1e ReknBecTnbIe z,+l, m, 6yAe~ V A C T m b  ~0606 ~l?& T p e ~ r - d  

xr+2, . . . , xn, ~ 1 3  JEBU ¶WT& B n p m e  a AaAm JT& He- eAexnTm. Pememe C E C ~  OTHOCHT~JI~HO rnaBHbIX H+ 

"*cT- W--Hbfe 3 n a ~ e m  ++I, 4 + 2 ,  . . . , G. T o r ~ a  CTQJX - XKI pmeme ~ p a ~ e p o ~ c ~ o i i  CE- C WF& 

nwm mCmMy OTHOCETVJfbHO ImBEIEn HemBeCT-, 38JUIR)- 
eyro~mnoir ~ a T p ~ q & .  Y T O ~ ~ I  p e m b  T~KYIO axCTeMY, ~ o m a -  

K P a ~ e ~ o ~ c ~ o g .  Oka EMeeT epcTBeHaoe pememe cl, 9HO pXmurpeKEIJT0 MaTPHqY 6a3a~~oi i  IIOACECTeMbI C IIOMOJ4blO 

~ 2 ,  . . . , ~ r -  OY~B~RHO,  PN) H ~ O P  mcen c1, c2, . . . , c+, ++, , . . . , c, emrapma n p e o 6 p a s o d  C T ~ O K  npeo6pa30Ba~b TaK, 

~ Y A ~ T  Pm-eM CmTeMbi(4.28), a n o ~ o ~ y  a pemeroreM 
(4.25). 3 ~ a ~ e m . a  ++I, ++2, . . . , e, ~ o m o  aa~asaTb npo- m npeo6pa30-e - 06pa~Hb$i x o ~  Men,,qa hycca). nome 

BaTIhHO~ -9 n 0 A 6 ~ ~  COOTBWClByK,II&Er.f 06pa30~, MO;areM ex n p e o 6 p a 3 o d  ~ b l  nony¶ae~ CHC'reMy, ~ K B s W J J E E T B ~ J  EC- 

YKwm- VTeM narryrriaTb mo6oe pememe m m e w  (4.25). B p06, HO yxe p8apememiym O T H O C E T ~ ~ ~ E O  rnasnmx nemBecT- 

Am! e- cl, 02, . -. Cr, G+i, . . . , cn - ~ a ~ o e n x i k  peme . OIIHGXIEYIO npoqempy =a KOHI(~~THOM npmepe. 













MbI 

Xl +x2+x3+xg = 1, 

SCTBET~-O, 3TE YcnOBEJI 03Ha¶&H)Tj -0 o n e p m  nu- 

-' MO-O O r P - m b ~  OnpeAejreme~ 06qero pynrearrrr M WocTpaEfcTee X MOXHO p a ~ ~ ~ a ~ p E B a ~ b  E KaK o n e p ~ ~  

Be~emOir o ~ H o ~ o ~ ~ O %  CECTeMn. Pernaa 3TY C E C T ~ ~ ,  nOny o a r e c ~ ~ e  L. IIpH 3TOM 6~8)'~ F+TBePHbI BCe BKeEO-, KPOMe 
o6mee pemenae B B U A ~  i yeTBepTOk Bhmawe~ue q e ~ b e a   KCH HOW P-* 

yTBepx~e-, a o  npu Y ~ B G  1 rn 2 HY* 

- 0. = 0 .  z, r,qe B KayeCTBe x, MOXHO B3RTh .III060E 
MHOXeCTBs L. B~opoe yTBepxAeme - wCTBEe pa- 

Tenepb' Hm-yx @OPMYJIY (4.35), MO%& J-MTb 0 6 ~ ~ ~  ,pe; 
=erne HeoAHopo,q~oYi CHCTeMM 

. , 
' . .>: 

4.n. l k e i h b l m  
'-mpOq=mBa 

, . 
n e d  c n HeE3BeCTHbIMX -eTa noAnpocTPmBQM B 

~ O M . ~ - M ~ P H O M  apu~e~BSeCgOM T O C T P B ~ C ~  Knn. 

B X O U ~  BeKTopoB PI JaaaO- 
xceHHa BeKTOpOB I i i  no& p. 

&"' ~ T o 6 ~ a O @ ~ o % e h ~ o  L J ~ & ~ ~ ~  IqoCTPhcTBa 

~ ~ f f q o c ~ p & c & ~ ,  E~o&oAHMoo A& t. .: , JImeiixias 06om,9~a L cawma B~KTOPOB al, a2, . . . , al; -- 
cTaTowO, a06u 

3 W H y T O  o ~ ~ ~ c ~ ~ ~  onep@ no~oCTpaacTBOh4 B X .  A~SCTB~T'=J~EO, eCJm mKTOPbl a 



t --am me u nzorzbrto me eemoPui 

OPMe a 7 k i twe  u m m  cmodyar rtoopduHam a d a  

= z ~ ~ ~ + X & + . . , X ~ Q ~  

( . / .  ~o~aT-0, ~ * n e x m T  L Karc amleiia= ~oM6- 
mpoB, w e x a n b n x  L. Eura -TOP x a p - m  L, 

Te OP e a 4-20. Jun&oe nodnpocwaHnnbo 
am *~L.dnwo n p c m p a n ~ ~  r e m m  xon&u-bU(, 

p - m  - 0 m p a ~ i t a  lie npseumifem p&*nomu ~ = 5 ; 0 ~ + 4 a 2 +  ... xiah. 
ecezo ~ ~ e a n o z o  npocmpanqnsa. 

pamoxem B TO z e  B ~ W S  msm~eTea P ~ O x ~ ~  -Pa 
6a3mce al, %, . . . e, aaeeinroro W W P ~ ~  Xq A*- 

eq K O O ~ ~ T  - (4-36)- , 
, T 4-22. I I y ~ m b  X - wneuwaepwoe nune@we 

ompancmeo a&n Bwuc. Tozda d a  .no6.040 nune*- 

no&pocmparcemaa L e X  WHO jlswam m a w  OdX0- 

yo cuemeivy m&nblz ypaenmuU AX = 0, Qmo * c ~ W e ~ e o  
.goop~nQm,,w m o ~ e  6c.7~ setmropo6 L 6ydem coaadamb 
;&noxweeemeosc petuenu~ cucm-M AX 

e. Q C T ~  el, e2, . . . , e,, - -4 6a3*c * X. B d p M  
.mM)mp& 6mrc B 01, 02, . . -, ak & o m  -PaMH 

ck+l, ak+2, . , . , a,, AO 6a3nca B X .  TeOPem 4-21 -=- 
me 0 P a * e #;2& :Dy- A .  - :nodnpoqaHmea ,:irceP ,n, - -B -&ro n o ~ n r p O c ~ e T . ~  

nOzO' auneilHOz@ nPOrnpMIf%Z~l~rX. .&060& 6 w c  .alh, aa, . . . , 6amce a,, . . . , c, r n C T . e ~ ~ f  YP=- ~i+l' . + '  

ak dono*~um do 6amca al, e, . . , , ag, , . . , 



6aa~ce 81, az, .. . , a,, aman co cron6sow KoopArYIaT xe WQ 

a e  Beicropa B 6a3Ece el, ez, . .. ; en p a m x c ~ ~ o u  xe = Tza. E m  
C T O J ~ ~ W  KoOP-T xi aBnaWm peIueHEeM omopo,q~oQ CUCT 

2, RgJureTca peuxem%eM o$ptopo@of mcTeim 4 T - l ~  5 0. Beq  
s o  P O~WTHW: e m  x, ec? p e p m e  cncTeMbl &-+q = o1 T.q. 
- 4 T - b  = 0, TO Ass = 4 T.e ~~anbeq  xa sanreTca p - g  
Tern AX 10. kb . y r ~ ~  p ~ ~ q ~ ~ e ~ n - a ?  . . m ~ y ~ t r q e e :  e 4  
HeKOTOpOe MHOXeCTBO B 38AaQIOM 6mnce O I I E C ~ E B ~ C H  OWO~OA- 

aoii m c r e ~ o f  naa&~ux y p m ~ e d  (m coasaaaa, c o ~ ~ g y n -  
EOCTb BCeX m m 6 n o ~  KOOppaT mTOp0B ?mo)Ke- copnMam 

a, owcbnraeTm o~~opojqsioii c u c ~ e ~ o i r  mime- ypa~ueardi, TO 

Wo WflPOWaKCTBO B COOTBeTCTBEE C TOJIbI(O -TO AOICWaEmJm 
E B 6mnce el, ez, . .. , en o n ~ a m a m c n  C K C T ~ M O ~  m m e ~  - 
y&Ia8lid5 * 

O A H O P O W ~ ~ I ~  mc-y J I H H ~  ypaB~eHEf, oimcmamqjm 

rf p'adi a p 4.18. Cocliadmb o 6 m e  ypaBHe- m~eho.. 
ro  ~ ~ O W P ~ @ P ~ C T B B  L = fal, az} B neTqexMep,Hom Jrmieiino~ 
W*W& X, a E  BeKTOphI a1 a2 3 W e  CEO- K O O p  
AHH~T- B x e x m o p o ~  6 a 3 e  e: lal], = (1, 1, 2, O)", [a*], = 
= (1, -1, 0, 2)T. 

P e m e a  ae .  He~pypo.yCieAamcs B TOM, -TO CECTeMa B ~ K -  
TOPOB a1 'E Up JIKE&0 E~~&EICEI&% E UOTOMy COCTaIm.neT 6& 
3ac B n m e i r a o ~  no,qnpompi\HcTBe L. A o n m  m y  cncTeq 
AO b n c a - B  J r m i e k o ~  n p m r p a ~ c x ~ ~  X Bemopam as E ad, B 

K~T- KQTOpbBE MOXEO BaPT6 IIw WKTOPOB 83 &Ee& e: 

Ia31e = (0, 0, 1, OIT, Ladle = (0, 0, 0, M a ~ p n ~ e i i  neptqqa m 





epmop K K o o p m E a a ~ ~  nanygaeM mop 
paMewpmwrm p s e d  

' 2  ( 

. . ,, , b '  .;, ~ . ,,, 
em ea ae.  B e x ~ o p  al m a2 muiei~o He3aBBCAMbI 

MY C O C T - ~  6;uac B nOAnpoCTpmCTBe L1. A O ~ O J I H ~ ,  
T e ~  XKTO~OB al ,  a2 ~o bRCa BO BCeM IIPOCTPmmBe X, 

p, sex~op-' bl = (0,  0 ,  1, OIT 5% b2 = (0, 03 01 1)' 
npocTpak@~a L: - L2 = (bl, b). O ~ e ~ u p o ,  =ITO La S I B ~ J I ~ T ~  HCKO- 

&WP&HCTBOM. A w e  3UIEUIeM BeKTOpEOe P ~ ~ m ~  

2 = (alal i-@a*) + (ah + P 2 b l ) t  

H Y C ~   OM nPOCTPZHCTBe X n o ~ q p o c r p m c ~ ~ a  
R ~ M  m Hero K nOKOOpAEELTHbhd YPmH- (CM. PmA. 4.2) 

61 a 'L2-,; M~bx- ~ , n  & t2~gTopoq np+exw KBK pemrrs m m e w  ~ T H X  y p a ~ ~ e & ,  H&~M: LYl = a 2  = 1, h = 3, 
LI,  T= a L?, aanae~or U o A n p o C T p ~ ~ ~  x...E~~ H~J- 
*Peeerenue.u no&pocmpanm L ~ .  

~ r i o ~ e c ~ ~ o ~ . ~ ~ ~ p ~ ~ x ~ a A a x = a + h m e a ~ ~ , , b ~ L 2 ,  
~ G ~ I O T  cyacaoa n o ~ c m p . a n c n e  L~ u L~ 06mHamT 

2, 1, 2,  O)T E L1, (0, 0,  3, 5)T E h. C J I ~ A O B ~ T ~ H O ~  woeK- 
BeKTopa x = (2, 1, 5, 5)* Ha nOflIIPOCTpaHCTBo L1 napm- 

no noAnpocTpagCTBy L2 RBlIIIeTClI BeKmP $1 = ( 2 7  1, 2,  O)T' 

.: n y ~ ~ b  L~ = (a l ,  02, . . . , ak), L2 = (bl ,  b2, , bl) - Eon- 

ocTpmmBB -&OM m o c ~ p a a ~ ~ ~ e  X. Y T O ~ ~ I  ~ a i r ~ u  Ka- 

~P*TM Ha jnoboe #ma n b ~ n p d d ~ ~ a & h .  
W i  4 i +Lz' nonnpt)c~paacm ~1 a L~ B z a& eMbt BeKTOpOB a, ,  oar . . . , b ~ ,  b ,  . . ., br. 3T0r0 A+ 

npahaoii, TO iipi$(- ., 
B1'&orerd&~mpa ~ = - = ~ + b ,  a~o-o C O C T ~ B H T ~  MLTPBII;Y Z3 KOOPAmTW cTm6W'B DTUX 

PA@ VE h r ; b , E  Lz, eAmC~~emio..B ~ ~ G T H O Y  en~rw x =,J,, B ) L ~  o p o ~  B 3 ~ 0 j i  ~ a ~ p m e  ~b1nenuTb KBKO~-JIU~O 6 8 3 U d  Mu- 

K=A&. B ~ P  I E X m e e ~  npe~c~aaxeme * = a + b,imM . B ~ K T o ~ ~ I ,  ria mop@ii%am~~ csm6qax KOTOPm H-8- 

3~0x4 c ~ a e  q ~ ~ ~ ~ ~ p ~ ~ ~ &  L~ R L~ Ha- m ~ -  M-OP, o6pa3ym~ 6835%~ B UOAIIPOCTP&HCm L1 + L2. 

3~~ np~ncbwctl d@nonkenurnca ; ~ p p  Apyra, a cnaraehnoe mwa, .L~TO &~cm,& m o p  M O ~ O  B ~ I ~ H ~ ~ T L  He B ~ C X O A H O ~ ~  

a E L1 - npoern(ue2b eemitopa x wa nodnpocmparccmeo L, npeo6p~0~-~H MaTpHqe (nocne B ~ ~ O J I B ~ H X X  n o m ~ ~ ~ ~ ~ -  
~ Q P W - U Q  n o d n p ~ m p a n c r n e ~  h. OCTR m e ~ e ~ ~ a p ~ h o c  r r p e o 6 p m o d  ~TPOK). 







,jp z L1 +Az. ~ ~ ~ % C T B H T ~ J I ~ H O ,  p B e m o p a  
z:=.x+y, r ~ e  X E  Li, BWTO~ 

UI BwaJgam yepa c a c ~ e ~ y  (e, f ), a B~KTOP V - .Iepe3 
(ej g). IICQTOMY HX m a  z n ~ a e h o  B H P ~ X ~ T M  qePea 

X ~ = O . Q I + O . Q ~ + ~ . ~ ~ = ~ ~  = 
eM, OHO so~gt,x~~ +&KO IIPE HYJEB~D~ 3aa4e- 

e=TOB. B p"eacTE (4.41) o h -  cnar*Mhlej 

X 2 = 1 . a l + O . ~ ~ + l . a ~ = ~ ~ + ~ ~ =  

, 
Q=-7191-...-7mgm , 

"ePwocmb~ WE nepeceuexw, m.e. 
, , , .. CT-eme a = piel + . . . + pkek. 3 ~ 0  mnaaneHBe Mom- 

* ( L l + ~ z ) = d i m ~ l + d i r n ~ ~ - d ~ ( ~ ~ ~ ~ , ) .  ' pBCcMaTpHBaTb K ~ K  prnnoxeme BeKToPa Q E L1' no 6a3ucy 
f). B q e,qaHc~OCTSi p m m  no 6a7ac~ 

', n " ~ o c ~ ~ ~ c ~ ~ e  Ll r\ Lz BH6epe~ KaKoi~m60 6a3Hi = 
= (ell ezr .. ., ek).  ST^ cncTeMa BeKTopo~ -+0 = oAHoBPeMeHHo - W B W ) K f l T  x &, x Lz Ao-- ee A. 
6a3HCa L1 mCTeMO' BeKTOPoB f = (fly f2, . . . , fi) a ,qo 6=xea alel +...+akek+7191+...f 'Ymgm=O. L2 CH-' BRKMPOB = ($1, ,g2, . . . gm). @3 Tpex m ~ e . ~  

L ~ ) ,  3To mCT80 m 1 d O x H 0  - npa WJ=B= amqe 
B C ~ X  xOz@+uweaToB: 

= Om 
6 8 3 ~ ~ 0 ~  B L, + J;Z. a,=. .. =ak=rl= ... =7k=0. 
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, ' i ;  ,: ,, ' .  , : 

= C Y L ~ { + C Y ~ Q ~ + . . . + Q ~ ~ ~ ;  , ~ ( Z ~ + X ~ ) = ~ X I + ( P X ~ = O + O = ~  

, rp(Xx1)=Xrpxl=X.0=0, 

ro npocTpaRcTsa X. 

-'"epBbS +pirc,qerme' ~eezrom~' AOKmaTb MeTOaOM MaTeMa- P ~ M ~ P H O C T E .  q p a  nmnehoro OnepaTopa ~ a 3 b l ~ a f 0 ~  de#ex- 

% X O . K ~ & ~ % J ~  e eK~opo~  is. &opoa yTBep fi nuwedxoeo onepamopa. Ek.n~ XAPO ~ n m e h o r ~  OnP 
Topa cp COCTOllT TOJIbKO E3 HyJIeBOI'O B~KTOP~ (T.e. Ae@eKT 

e & b ~ (  onepamopom. B rrpOTHBHOM a y m  era Hm-mT 
wpomdexnawc nune8nba.u onepamopom. 

ecnu d o r o  a E X  ~bmomme~ca y m ~ x e  pa =$a. 

~ Y C T ~  8 3 e o r o  nponpancw X.B A y ~ e & ~ o ~  qocTPm- I I p u ~ e f i e ~  H~CK-KO npwepos =e- O ~ ~ P ~ T O P O B .  

CTBo Y ~ e k ~ y e ~  m e H d  onepa~op p: M ~ ~ x e t k p b ~  rp~Ofipb 
30B ' B ~ K T O P ~ B  B3 X I f P  fleif~~d'an onepk$~p& rp ~ a b ~ ~ i t ~ ) ~  or0 npocTpaECTBa X B TOT Xe BeKTOP a X, meTCa 
06~ocmbw snavenud onepamoph (a. 

O6mcms 3na%ei(ud' onepamopa (P, ~ l e ~ ~ ~ ~ ~  
cmPQ*e*W& 6 v. A e ~ c T ~ ~ ~ e a b a o ,  e m  gl,, y2 cpX; ro yl = 
= r p q  . ' - 

Y2 xlr "2 EX. I103T0wyl +?& =px1 + r p q  = 
' V(XI + ~ 2 )  E PX. AzIarrorumo = Xvz, = , p ( ~ ~ ~ )  ~ . r p ~ ,  -a y, X B J ~ ~ ~ T W  m e i r ~ m  o ~ e p a ~ o p o ~ .  Ta~oir onepa~op 
Cm~osaTwb~o, MHO*~~TBO c p ~  35-o 0 T a o ~ ~ b ~ o - o n e ~ ~ -  + ~ ~ I B W T  nyneew. 
6 J I U H ~ & H O ~ O  IpOCTp~CTBa Y. 3. YMHOX~HH~ BeKTOPOB J I E H ~ ~ o I ' o  UpOCTpaHcTBa X Ha oAH" 

Pm~eP~oc'Pb O ~ ~ X T U  arra=rem& mmeG~oro o n e p a ~ ~ p a  Ha. .a Xe mcno CY (pac~mce~ne n n ~ e h o r o  IIPOCTP~HCW X B a 
3bIBaIoT PaUzOdt d?L%e&60zo on@pamopa. ,pa) ~ B J ~ ~ ~ T C R  n n ~ e h  onepa~opOM, A&cTBYX)~IHM B X .  T&J~ 

Mnoxemao K e r ~  BceX ~ P O B  naneH~oro IIpocTpWcT~a onepamp ~ a a h ~ s m ~  onepamopom nodobur. 
X7 K ~ T O P ~ ~  ~ ~ P ~ B ~ A J I T W  i m e h h  o n e p a ~ ~ p o ~  qneBO~ 4. Onepa~op oTpaxenun rp: X + X, o n p e ~ m e e  P e a -  
BeKTOP ~ ~ e ~ 0 1 . 0  ~ p o c ~ p a a c ~ ~ a  Y, H ~ ~ I B ~ T  s+~(  nuxeg- CTWM (PX = -2, nrume~cs nrneiimm onepa~opo~.  
' H M O  0fie-p~ (P. K ~ K  H O ~ J I Z T ~  a a a s e e ,  ndpo AuneGxo- 5. I I Y C T ~  x - TpeXMepHOe IIp3CTPaHCTBO WKTOPOB, 

eo o n ~ P a ~ P a ' s e m e r n c a  numednarnr n o d n p o ~ m ~ a n ~ ~ ~ ~ ~  A- rn na~ana CUCTeMbl K O O P , ~ H H ~ T  Oxyz, Y - O A H O M ~ P ~ O ~  



npocTpaHcTBo BeKTopoB Ha ocu ql/. O P T O ~ O H ~ ~ ~ H O ~  npoertm- amo onpe~ense~ 
po~ame Bempa Ha ocb OV OnpeAcmeT J I E E ~ ~ E &  onepa-, 
A e s c ~ ~ y r ~ l d  En X B Y .   TOT OUepaTOP MOXHO PaCCMaTPaBaTL 
TaKXe K ~ K  onepaTop, ~ e i i c ~ ~ y r o d  B U ~ O C T ~ ~ H C T B ~  X. =tp(qel  +z2ez+...xnen) = x I ~ I + x ~ F z + . . . + X ~ ( P ~ .  

6. ~ Y C T ~  B T ~ ~ X M ~ P H O M  nponpa~c~Be X3 c ~~ZJUCOM e = 
= (el ,  ea, e?) onepaTop rp  nepemAxT =TOP x = (z,, x2, x ~ ) ~  oBaT'3IbH0, oueDaTop ip opo3Ea.Lo o n p e n a e ~ m  0 6 p m m ~  

POB 3a f i a~~oro  6wuca. F 1 
B BeKTOP rpx = ( X I  + Z Z ,  x2 +x3, x3 + x d T .  Henq~pe~cmemo6 
npo~epmir nerKo y6e~u~bcs  B mM, sn, nbmantrarorcrr y m o m  
( P ( X  + y) = rpx + rpy xi dm) = arpx. IIO~TOMY Onepa'pOp (P m e $ -  
&. 

7. ~ Y C T ~  B iTEHekiOM IIPOCTpaECTBe Mnn(P) KBa,QaTHbM 
Mawas EaA nolre~ P OnepaTop rp  A&CTBY~T no npaBany 

IIOXHM no 6a3uq q: 
 TOT oneparop me-, n o c K W  ~ ~ O J I W T W I  COOTHOILK- 

HUJI 

rp(A + B) = rpA + (PB u rp(XA) = XrpA. 

8. B m e i k o ~  n p o c ~ p m c ~ ~ e  Cm[a, b] 6ecrco~ewo ,qume- 
Pemyeasbnt + y 4  aa oTpaKe [a, b] ,qu@@ep-osame 
OnpeAenseT m e -  onepamp. IIOCKOJILK~ ~ ~ O B ~ B O , ~ E W  CY- 

p w a  cpMe npom~o,qmx, a UpOE3wHaa npomBeAem WHK- 

mu  Ha sswo pmHa npom~e#eHHx, npommpoP 3 ~ i r  + y a ~ q ~ a  

Ha TO xe  .IEICJIQ. 

T e 0 p e m  a 5.1. IIycmb nuneQxat93 onepamop q deacnaey- 
em U3 ~UXe*X080 npoempancrnea X e nuxeOnoe nponnpancmeo 
y .(el, ez, ..., %) - 6a3uc e X .  Tozda onepamop cp odxoawau- 
'HO onpedeaemca oadanuent o6pa3oe pel, pez, . . . , pen eemopoe 
6a3uca (el, e2, ... , en). 

b ~€JlU H3BeCTHb1 06pa3~ pel, (Pen, . . . , +'en BeKTOpOB 6a3uca 
(el ,  e2, . . . , en), TO ANI d o r o  BeKTOpa 

x = x ~ e l - t  xzez+ ... xne, 





,UI 5. Jnmbre  onepamp 8 NIB* n p o c ~ p a a ~ ~  

T e o p e nc a 5.8. Dycms cp - auxedwuil onepamop, dea- 
meywwud US nuxednozo npocmpancmea X e nuxedxoe npo- 
mpancrneo Y, u&ewwuil a deyx oadaxxbm 6amcaz e a X u q 
e Y dampuyy Aqe Tozda: 

paw r onepamopa cp coenadaem c pansod eso rampuyu 
&e; 

de@emn oneparnopa cp paeex pa3nocmu n - r pa3rcepxocmu 
n nuneilxozo npocmpaxcrnea X u paxsa r oneparnopa (o; 

qadca paxsa u delercma onepamopa p paexa pd3.wepwocmu 
nuxeilxozo npocrnpaxcmea X .  

t> 0 6 n m  3 ~ a ~ e d  rpX onepaTopa p aanaeTcs meiraoir 060- 
JIO'OWO~ C U C T W  BeKTOpOB qel,  Wz, . . . , yen, ICpeACT&wTmOm 
cob06 06pmbr B ~ K T O ~ O B  el, ez? . . . , en 6muca e. Ee pmMepaocTb, 

I T.e. p- OIIepaTOpa p, COBIIaAeT C PaEl'OM CUCTeMbI BeKTOPOB 
'pel, (oez, . . . , pen. P m  &CT~W BeKTOPOB COBlWbAWT C PaEl'OM 

MaTPEWI, C O C T ~ O ~  U3 K O O p p n i a ~  C T W ~ U O B  BeKTOPOB 
 came^^. B g a m i o ~  cq-xae MaTpcqa, c o m a m e m a  rn KOOPAE- 

HaTHbm CTM~VOB, eCTb MaTPUVa JIBE&oPo OUepaTOpa. ~ H ~ ¶ E T ,  

p a m  naaehoro onepaTopa coBnaAaeT c p a m o ~  &ii ero M&- 

TPEUbI. 

, IIYCT~ x - ~~~~~4 =TOP m tinpa mmeii~oro one- 
pampa p. T o r ~ a  ero ~ o o p p n i a ~ ~ b l j i  C T O J I ~ W  [sfe B h u c e  e 
mmeTcn pememeu o ~ ~ o p o , q o ~  cucTem me* y p a ~ ~ 6  
A,[x], = 0. Bepm a 06parsoe yTBepqeaae: ecna KOOPAU- 

~ a ~ H b d r  C T Q A ~ ~ U  [xIe BeKTopa x ~ < h i c e  e aanseTcB p e m e m a  
omopomot  cucTem Aq.[x]]. = 0, TO B e m p  x npmwne)r(HT 
a ~ p y  naaekom oneparopai, IT3 06qe.5 Teopm . I . E E F ~ ~  m- 
CTeM (CM. PmA. 4.8) U3BeCTR0, ¶TO paaMepH0Cl-b IpOCTpaECTBa 
pe& o~aopomoih cucTew A4,[x]], = 0 ppa~a  n - r, rue n - 
IUXWIeCTBO HeEnBeCTabDs CUCTeabl, pE%BEOe pa3MepHOCTU EIHH&- 

HOro ~POcrpwCT~8. X, a. l~ - pam MaTpHIw CucTeMbI. Ho 
pa3MepHOCTb UpOCTpFUTCTW pWUeElU6 CECTensbl Aqe[x], = 0, T.e. 
PmMePEOCTb SApa ZXI#&E0I'b OUePaTOPat lI0 OICpeAeJIeIWO eCTb 
A ~ + ~ K T  naaehoro onepampa, a pam MaTpHqbl m e b o r o  one- 
PaTopa, i c a ~  yxe A O ~ ~ S W ,  WBnalqaer c paaroM m e k o r o  o n e  

yTWpXC@HEe TWp@F&H EmOCpeAcT-0 a3 BTO- 

5.3. B-emme ~oopn*lla~ 
wmopaa6para 

KWpnlmaTbl 
1lc~TOpa-np006part1 

T e o p e nc a 5.3. Ecsu cp - nuneiinbJ onepamop, aedcmey- 
wud u3 nuxednoso npocmpancmea X a nunedxoe npocmpax- 

so Y ,  romopbld e nape 6aoucoa e = (el ,  ez, ..., en)  e X u 
(91,  42, .. . , qm) e Y u.weem mmpuyy Ape, mo emon6ey KO- 

duxarn [dlq eemnopa x' = px e 6muce q pasen npoweedenuw 
mpuyu Age na cmon6ey ~oopduxam [ X I ,  eemnopa x e 6a3uce 

[xllq = Aqe[xIe. (5.5) 

uacmxocmu, ecau npocmpaxcmea X = Y u q = e, mo 

[xl]e = Ae[x]e. (5.6) 

n o  ywlo~am meimbI6 onepaTop cp B nape ~ W H C O B  e u q 
eeT MaTpHqY A q e  1 1 0 3 ~ 0 ~ ~  ve = qA,, I ~ P o K ~ B C U I ~ H ~ ~  BeKTOP 

X MOXeT 6bI~b  IIpeACT&BJIeH B BE@ X = e[xleIer FAe [ X I ,  - 

cpx = rp(e[x],) = (cpe)[xle = (q&e)[xle = q(Aqe[xle). 

T ~ M  C a M b I M  MbI npuIIUIu K COOTHOIlIem X' = (PX = q(Aqe[x]e), 
03~a¶ax,m,e~y, Y T O  C T O J I ~ ~ I I  Aqe[xIe meTCII  KOOpAFlEaT~ 
CT&UOM BeKTOpa 2 B 6muce 9, T.e. [ x ' ] ~  = Aqe[x]e. b 

PxcMoTPEM nPUMePbl HCIIOJIb30Ba33HII (POPMYJI (5.5) K (5.6). 

II p E M e p 5.1. n y c ~ b  nmeirwrir onepaTop, ~eirc~By1oI4uii 
m m e k r o r o  npocTpaHmsa X B n m e h o e  npocTpaAcTBo Y ,  B 



. . has  5. Jf&eonepnopar m- npOeTw~ 

napemffcme;=(er,.e-z, q, e s ) ~ X r t q = ( p ~ ~  qz, Q3)BysaAaar 
M a l p a s e ; ;  . . , - 

Bemopa s, 
*IT, K GT* 

KoOpKEU3aT B aHee 
4 cTm6es KO @ @ p ) ~ ' :  .%" >,.. C 

a e - 7  a~dert --T o,6pha r n m - 0 ~ ~  hCe 
4 ,-mW~en~;pfm%mmtta no @0p~ym (5.5): ... , .. 

, . . ; I 3 :  

, , ' !  

. ,  , 

. ,,. 
v .:,. 

' 3  

k .OTbfCKmm npoo6pa38: B ~ K T Q ~ ~  g men-yeMca 
@OPMJ:JHJ! (5.5j:? [xL, = ( ~ 5 ,  X% s4)T - ,mmeeq, ,ApyrHe pememim T~KHX 38884 pXCMOTPenb1 Ra- 

SopAaaaT acxoraoro E~eKTopa, n, e (w. pas&. 5.4 E pas& 5.5). 

. . s.4. C- me=w m e -  - 
. , 

~ o l l b p m 0 1 #  
L A ,  . , . . .  . .. 6 pamm 6Q*cca. 

: ,, , '  ; .. ;;, 
.7. 9 

m e e ~  CUCW , m w e b r ; w ~ d  omcas,-o -,+ ,, 5.4. gycmb - nuxellnbail anepamop, de& 
21, 2 2 ,  23, ~ 4 .  Pemm mm BCe eywueua nuueiurrozo npoempancmea X 6 &unefiaoe laps 

npoo6ptuw ~ e ~ - p a  g: , a , . ' ~ ' 1  . .,. , , . . . 
aHemso y, A,, - .uampuqa smozo oneparnopa 6 nape 

. , )  ' ,. x'= (Bs~, -1 --~aa4,.kZ47* , -, ., 

. . ' ,  ,, , . . .  r ,  I , , ' .  . . ' I  , , . 
'Aeib 24 - ,POGORHO? . ,  . (  Betpecraoe, ~ q p o e  . ~ p c e T  . qpYIHma4b,' . . ,  .~ ' 
ac6~ae ~HFP~~EEE. Age, = ~-'-‘Iqep> (5.7) 

, , . . 
, : , , : ,  . ,, 

11 p i  M e p'  b:!&."~ .&&&& npocrp&& x, mTOPd , Q - wampuqa nepexoda om 6 m c a  4 % 6 w u c ~  d 'Po- 

3- . 6 ~ ~ e  ,(el, ea), .&&ym J - ~ M  onewOp wcmee y, p - uampuqa nepexoda om ~h3uca e 6mueyd 

W A ~  mws.*r. H a2 c mup-f- ,[at]e (1, Ea: 
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~ T U  CBO~~CTBB MOXHO AOKaaTb H ~ ~ O C ~ ~ ~ C T B ~ O G  npOr--' 
KO&. Aot(axre~, aaupmep, w p ~ o e  C B O ~ B O .  lTyc~a 

JIXI ... 
m e  npocTpancTsa X, Y, 2, U ,  nm&& onepaTop x ,qeiic~e..--' 
rn x B ~,'nma%mii onepamp @ ~ e i i c ~ s y e ~  m Y B Z,  a m a ,  
4 OlIepaTOp $7 A ~ ~ T B Y ~ T  H3 B U. T o r ~ a  &Xn nmboro BeKTOpa 1 
x E X m e e ~ :  

- .  
onepa~opa (P B nape 6a3acos e a y, B - ~ a ~ p m a  onepa~opa 
+ B nape 6 a u c o ~  q a f ,  TO ~ a ~ p u a e f i  OnepaTvpa +rp B nape 
6a3am~ e H f -eTca Ma*pma BA ( ~ a ~ p a q a  onepaTopa, 
~e lmymwero  nepam, a a n x c - ~ ~  cnpasa). 3 ~ o  BUTeKaeT 
U3 TOFO, ST0 COOTHOLUWUM (&)x = '$(IPS) B M~TPUWO% (PQpMe 
COOTBeTCTBYeT 3anucb (BA) [XI = B(A[x]). 

I I O C K ~ K ~  MaTpuqa npom~e,qenm oneparopoB ecTh npom- 
Beneme MaTpas couoxcu~eneii, a pam upou~ee~e~mn MaTpUq 
ne ~ ~ p e m a e ~  panro~ comoxa~e-xei, ,qwaeM B~IBOA, YTO paw 
npoun~e~emz onepaTopoa ne npeBbIIuaeT panro~ nepehnaoxae- 
M ~ M  onepaTopoa. 

T ~ K  K ~ K  npomaeneme onepaTopoB 0 6 n a ~ a e ~  cnoGc~eo~ acco- 
WfaTUBHOCTU, UOHBTUe IIpOYI3BefleHEIf JUineG~htX OUePaTOPOB paC- 
npoc~pame~ca ~a n d o e  ~ o ~ e n a o e  =inwro comoxca~e~~el.  IIpu 

I 

OnepaTOpoB SmIJieTca 

p A M e p 5.4. B J I H H ~ ~ O M  IIPOCTpWCTBe X 3aAW 6a- 
= (el, e 2 )  h & d i  onepa~op (P n e p e ~ o p ~  e e ~ ~ o p u  a1 
c Koop~a~a~aMa [a,], = (2, u = (-1, I)* COOT- 

Be&o B BeKTOpbI bl H b2 C KOOPAUHaTaMa [bile = (I, 2)=, 

e m  e a u e. Yepa $J oboaaanwn onepaTop, nepem~& 

nepaTop $7 nepeBO,qET BeKTOpbI 'a1 H UZ B BeKTOpbl b, U b2. 

?T, npomBeqeaue p$ onepaTopoB $ H $7 nepeBWm BeKTopM 
B BeKTopm bZ ,  b. n m ~ y  B 6a3uce e onepaTop 4 aMeeT 

H $, T.e, e m  Ae - MaTpqa OnepaTOpa Y) B 6a3nce e, 
' ,  ~ ~ , l % ' , ,  . 

- ToxAecTBenHHe onepaTops B n u u e h  n p o c ~ p m c ~ ~ a x  X 
vY. & y r m  ~JIOB~MU, waefassii onepaTop (P-' 06paT~EZi.i K 

~Wepa~opy ip, ecna ,qm ~ A O ~ O  x E Xn ~rnomme~ca  ycIIoBae 
na x a x ~ o r a  y E Ym - ycnome (P(P-'~ = V. 



MO Pnaaa 5. ~~ o n e p a ~ o p ~  B m z t h  n p o c ~ p a n c ~ s a x  
Ha onpeAene- o6pa~~oro  onepaTopa aenocpeAcTseHHo BU- 

TeKeT, YTO ewIU OUepaTOp rp m e w  06pa~H&f, TO OH OCY- 

IIXeCTWeT mamato oAHmanaoe om6paxe~ue n u ~ e h o r o  npo- 
CTP&HCTBa X Ha JIEHehoe npOcTp~CTB0 Y ,  B TO Bpem KaK 

0 6 p a ~ d  onepaTop (P-' - B3aUMHO omo3~amoe om6pax* 
EEe Y IIa X. 3 ~ 0  3HaYUT, YTO, BO-IIepBbM, OIIepaTOpbl 9 X i  

rp-' ~eBwmicaeawIe, a BO-BTO~W, m e h e  IrppcTpmcTBa X 
H Y ~ o M O P @ ~ I  U UMemT OAHY U TY Xe Pa3MepEOCTb. OTCIOA~ 
wIeRyeT, =IT0 MaTpnqa onepaTopa (P aBaaeTol a ~ ~ o i r  Hem- B pox~emoir. M a ~ p ~ q b ~  onepamporr (P n rp-I ~ T C R  B ~ ~ M H O  

06paTHblMU. 
E m  MaTpQa ~ n d k i o r o  onepampa srwrsIeTwI npmoyrom- 

H O ~  (PI~~M~PIIOCTH K U H e h  npocTp&~C~~ X U Y He COBII~,.?(WT) 
UJIU KeaApaTHo&, HO BHPOXA~RBO&, TO 3TOT OIIePaTOP He UMeeT 
06pamoro. B mwx WYP~JD[ BBOART uomTne , , n c e ~ ~ o o 6 p a ~  
a& onepamp", 0606saroqee IIOE?THe ,06pa~m& onepa~op". 
~ C ~ B A O O ~ P ~ T E O M ~  OlIepaTOpy COOTBeTCTByeT nce~~(006pa~~aE  
MaTpnqa (CM. ~1178. 8.20). 

C n e ~ e ~ e ~ ~ o f i  A, n p ~ m m w e k  mo6b1e armorrue a~a.rem.s, Ha- 
~ ~ I B ~ I O T  xapatemepucmuuecl~ofi wampuyea MaTPm A. Ee 
OnpeAeaaTena 

5.6. XapaIC~epElc~wc?Cd U M U E N M ~ ~ ~ E J L ~  MEOrOPaeEbf 
l8l 

To, ¶TO xapaX~epuc~u~ec~& MaoromeH Ha caMoM Aerie ~BNI- 

eTwI MaoromeHoM OT nepe~eaaoir A, EenocpegcTsearto Bwrexa- 
eT a3 onpeAeneHm onpeAenuTem. Hansblcmp menem., pa~nym 
n, cpeAn Bcex cnaraeMux onpeAeJmTem [A - XEI nMeeT npoua- 

(a11 - -A). .. (an" - A). (5.9) 

O c ~ a n b ~ ~ e  m a r e w e  onpeAennTena He coAepxaT no ~pair~eir  
Mepe ABYX 3JTeMeHTOB MaTPHUU A - XE C IIepeMeEIHbIM A U nOTD 
-iq HMemT menem He B w e  n - 2. I ~ T O M Y  menem Mxoromeaa 
' p a ~ ~ a  n. OTM~TUM, YTO IIpomBeAeHue (5.9) onpegemeT He T O J ~ -  

KO menem XapaKTepncTuYecKoro Mxoroxmexia, ao n Ass ero 
wlarae~b~( co cTaprnnm cTeneaRMH 

(-l)"Xn n (-l)n-l(au +a22 + . .. +a,,)~~-'. 

~ e p w c ~ u ~ e c ~ o r o  imoroweHa cosnaAaeT 
= O  u pmeH IA-O.EI = IAJ, T.e. onpege- 

TI?IIIO MaTPULW A. 
M T ~ ,  X ~ U ~ ~ X T ~ ~ U C T H ¶ ~ C K &  MHOrOWeH MaTPUW A IIOPBJ(Ka 

p~Xn+plXn-l+...+pn, (5.10) 

Po = (-lIn, PI = (-l)"- '(~u + a22 + .. . + Gn), Pn = (A/. 
eTEiM, ¶TO K O X @ @ ~ ~ H ~ H T  pl C TOYHOCTbX) A0 lama, 3mU- 

O T  IIOpPAKa n MaTpUIW, COBnaAaeT CO -OM SpA = 
. . . + G~ M ~ T P H U ~ I  A. 

Kopmi xapmTepucTu¶ecKoro MHoroweaa la - AEl H ~ U ~ ~ B W T  

muuecnu,au leopu.aau mu xapanmepucmuue- 

i B XapaKTepHCTH¶eCKOM MHOrOWeHe Ha3- 

amxocmbw 3 ~ 0 r o  ~ o p m .  IMHOX~CTBO 
u.recKnx ~ o p ~ e &  MaTpmu, B KOTOPOM  ax& 

T ~ P U C T H ¶ ~ C ~  KOpeEb IIOBTOpReTCl3 CTOllbKO pa3, KaKosa 
axyr cnempom mampuqw A Emu Bce 

mcTwecme ~ o p m  MaTpuqbl npocTxe (~ . e .  memT eAu- 



; ,, . i , ; , e p  B mmsmadbd ) P r O N ) q m  
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, < 

' . . , . . . . 

-'A$ - XEJ = ( Q - L ( ~ -  X E ) & I  = .- .,. - . .  .- .., . , . 
X E ( ( Q (  = ( $ 1 - ~ I A -  X E I  (91 = (A -  X E I .  b 

,<\. ..,.: :. .,I " -  , : i en 
:ttpm-abdi M ~ O r o T U 1 e a  . . 

: . . ,. . , ! ' .  , 

. s t . ,  ., . P(X) = aoXn +alXn-' +. i .+&-lX+& . -. 

IIept?MeIiIiof MOXHO IIOACTBBETb K B E W p a T H p  MBTPH- 

nopama n. B pe3ymTaTe n o n y m ~  M a T p a q y  P(A)  = 
7 + atAnA1 + .. . + an-lA + anE, KOTOP~IO H ~ ~ B I O T  3aa- 

e M  M H O r O W &  P(X) U p H  i A. &2lSf AJuI AUEO& MaTp- 

~ ~ C T B O  P(A)  = 0 (3~a-e~ morosneHa P(X) npa 
RBlraeTca rrynesarr ~ a q m a ) ,  TO A H ~ U B ~ T  .uampuY- 
s o p u e . ~  m n o a o w m a  P(X), a c a ~  m o r o w e H  P(X) - 

w w e n o m ,  annyaupye&m mampuwd A. 

B !l't o p  e m  a 5.8. Bcaxa.~~ raeadparnh &ampuqa ~ s n n e r n ~  
+im nenornopozo xexynesozo &xozounena. 

oxecTao scex magpa- M ~ T P ~ I  nopapa n c N e M e a T a -  

p nona P ecTb mxeiraoe n p o c T p m m  Baa P pCi3MepHOCTE 

B 3TOM JMII~%HOM npOCTpaECTBe  n106an CECTeMa, B KOTO- 

ae ~ e ~ e e  n2 + 1 ~ M ~ H T O B ,  2 a m ~ e ~ c a  m e h o  nroa~~ca~of. 
$(OBaTeAbaO, CECTeMa An , An'-', . . . , A, E U3 n? f l. Ma- 

n ~ ~ e h o  am~cmia, T.e. c y m e c m y e T  ~ a ~ o f  ~a6op  'IHCW c%, 

, . . . , a,%, OAEOBpeMeHaO H e  O~~ZW~K,WXXCR B HyJIb, ¶TO BU- 

0 MeTOAaX BM¶ECaeHKB XapaKTepHCTE¶eCKOrO MEOl?O%H$ 

CM. B n p E u I o x c e m x ,  noMerqeHaOM B mme KHHTH. 

T e o p e .u a 5.7. Xapamepucmuuecmre &xozounem n o *  

do6nw nampuq coenadamm. 

D EWSi MaTPEIJbI A H B no~o6~me,  TO iyur H~KOTO@ Haw- 

P O X A ~ B B O ~  M a T p H g h I  & BHlIOZEEeTCR PaBeECTBO B = &-'A&. 







3me~wd, nn, & MOWO H&TE YaEaPe. ~ A e i r c ~ m ~ i i o ,  e m  
B M ~ V W  A1 - AE ~~OACT&BHT~ A = 4, TO IIOJI~SBM MaTpvmry 

/ z  2 - 2 \  

& moporo Qopn,qKa MaTpmw A1 - AE A~JDITCB iia A - 4, npaneu B e 6  

M E I H O F ~  He wryT, ~e.uuTbea xatG~mym c ~ e n e w  jpywes~ 

/ " -2/=2(4-A)r& A - 4, T ~ K  K ~ K ,  ~ ~ e p ,  m o p  
-A 

~ a m b  Ha nepBym cwnea m r o  ~6ypne~a. Cne~o~a-no, B D- 
B X O ~ T  miom*ena A - 4 B nep~OEi menem. ,lJpyr-- -------- 
m 1-41 - XFJ B 4 He BJ~O@T, T ~ K  rcak na HE 

m m e  m o r o m a .  
)k~m, m ~ 8 ~ p m . p  ~ a m o r o  na~ekoro onepa~opa B 

pWX 6amca-x U O & O ~ H ~ I  E m e m  O w  E TOT xe XaPiWTePE- 
*CIS& MlXOl?OWIeZI, ~ E ¶ H Q  3TOT MHOrq- HmBElTb 
pucmuuecww awozoumenorr nutsednoeo oneparnopa, a 
KOPEE - axapaiemepuctnuqecwwu s o p w u  runeduozo 





CTb 3TOPO UOAIIpOCTpaiaCTBa pmaa n - rx, rAe n - P ~ M ~ P -  
Jrmehoro IIpOCTpalICTBa, B KoTOPoM A ~ ~ C ~ Y W  nmeM 
Top, a FA - paar Jqmeimom onepaTopa 19 - AE. 

Ee 06aw paneme 'Mom0 3mEaTb B B m  X *sl, O)T, 
u a ~ m x o z o  nodnpocmpa~emea ruwefixoao onepa- 

"1 -  om^^ m T O m & a :  EGW X1 npo6eraeT 
CTm-e3~a3e-i TO 0-B paneme ~ a e ~  Bee co60TBe B L -eTca B~KMP, Twme IIPHB&#~I~(@ L. % 
FKwPw OneWTQPa C Ma~pqeir A, npmqqezangre cooCTB 
q 3tia~e- A = 4. A p ~ r m  ~ O ~ T E R ~ ~ X ~  B ~ K T O ~ ~ ~  onepamp , TO mo60ir me-  onepa~op B KOMD..T@KCHOM - e h o ~  
.Maqmeii A Ee.meeT, T a .  KarC ,y Hero H$!T m y r w  co6 ~ C T M  m e e ~  co6cT~e~wIe BeKT0PL-J. 38a-~, Y K w A O r O  

" '  Te o P  e *a 5-12. M%oacecmeo L~ co~,-maexxMz eemd -. B ~ T W  A&CTBIIT~O~HO~O J I E H ~ ~ O ~ O  ~0C'rpaFtmBa 

Po' ;nuxeaxbzo oneP@?WPQ .9, omeeuawww cot j~~eexno&y 3HO- 
yxe ~e TU: -eh& onepamp noeopoTa B R2 Ha Yrm 

Qenuw 'awecme c WMeblrc eem'opo& nu%edxoao wocmpa 
cmsa aeaemm n~fteffxhw n o d b s p ~ c m ~ a x ~ ~ ~ ~ ~ .  ep- - , a p u w ~ ~ b ~ ~  ( C O ~ C T B ~ H H ~ C ~ )  nOAnpOCTP=mB. 

deZIcmaume~bxO4 ruxeilxoa npocmpancmee X, weem 
0- dsywepxoe uneapuaxmnoe nodn~ocm~ancmeo. 

T". ATOP + 5( minae~wr MCT- mopoM, m x s a r O ~  

c06-0~ 3-eHBK) A. A~ax0-0 AJuI -ro BeKTopa 
~ ~ L X ~ ~ O ~ O ~ C B ~ , ~  

-PNCTBO. I I m o ~ y  OCT~HOBEM~JI H a  CJIY9Se8 KOrAa P*MeP 
cp(mj = aqx = a h  = A(OX), CTL 12 w~eiraoro I ~ P O C T ~ ~ H C T ~  =e f..teHbme AW. 

T.e. Berrrop ax w , m m  C O h e E H H M  BeKTQpOM, o ~ w ~ ~ - '  X B p a ~ ~ e p ~ ~ ~ = x e a d  Muoro- mmehoro OnePaTOPa 

c o 6 ~ ~ e r n o ~  3aa~e- A. . 'p, ,q&c~~ymrnerO B x, UMeeT w C & T ~ ~ ~  Ka- 

zgp,& KOpeEb $iwlJIeTCn CO~CTB- 
~H~--EHU~M.  JI10605 

a A 5.3- JIro6ap m ~ i b  x o ~ 6 m a q ~  c0,5CTm- ,$pfic-d B~KTOP, O T B ~ W ~ H ~  CO~C'TB-OMY 3EaPe-, 
-PoB -e&~y) onepa~opa 9, 0Tse-m oABOMP p o x ~ m  o ,qo~ep~oe  ~~aapsraa~Hoe ~ O A ~ ~ O C T P ~ ~ .  'l'acm.4 
xe c06cTmm0~ 3m%HBK) A, m e T W  co6c~w- wKK i 

MPoM 3Toro onepaTop% OTBeSaX)~ T o q  =e co6cTm0q 
3Ha¶eEEIa. , nyc.rb see xapwTepEcTu-xecmie ~ O p m  Jtu&nior~ OnePaToPa 

,,g KO-e~-e E A = a + iP - OAEH H3 HEX. P~CMOTPHM aC- 



Hee B~~MOR(HO 

, - T ~ ~ u  u H u m e s h 0  3a~n-, T.e. mm- 
memu a m e w  Iomme~- pemeum. I I p e , q c ~ ~ ~  .,psaegm TJ = k ~ .  Ho mrua p m c -  BePm 
B B B A ~  x = u + iv, r,qe c-6qb1 u B u C O ~ T ~ ~ T  Aegm oB xoopAHaaq BTHX ~exT0pOB IIPH  TOM u = ( k  + i ) ~ ,  

wT, TO c w 6 e n  v c &&TBHT=-~ mw@ET* 
pemeHHeM cmrere- ( A  -'AE)v = 4 ~-0-m~ 

A(u+iv) =(a+@)(u+iv), , = x ~ .  HO mcTeaut Av = Xu ue ~ o l l r e ~  H M ~ T ~  A ~ C T ~ -  

YUIEl 
peme- npa KO-OM A, TaK x m  Am Rekmn- 

ro cTm6m MaTp-oe np~mee~errae Au &aeT C T O - X ~ ~ J  

TB-H -m&, a npobBe,qeme Av meeT KQM- 

me 39eMeHW. F 

erBO L = (u, V )  B 6ajace e = (u, u) ~ Y A ~ T  M ~ T P W ~  
H O E ~ ~ ~ Y I ~  ~ ~ C W W  m- ~ r p a ~ ~ d .  I I O C K - ~  

K o w K W  Jrpm~eaPrri (A - AE)x = 0 meeT T~ op 5.14. gycrnr ~canegnoe n p ~ ~ p a ~ c m e o  X pat- - ,[0n~e~91~m cxcTe- p a ~ e ~  HY.&); a emcn hpmyw cyrwcy x = L1 B,& ucccrapuaxmxbiz npdnpo- 
A & ~ T B H T ~ , B ~ ~ [  Y P ? ? ~  (5,151, &em' HewYF&e pe amme ~uneflnazo onepamopa 9, ddcmeYwWezo X. Ecnu 
'YCT~ C T M W  u E v C O C T ~ B ~ ~ R M .  OWO ~3 HeHyne- p 

P w ~ o * @ ~  BeKTOpX, K O O p f f E n a ~ ~  &@qw IcO 

, , I .  . 1 

. 1 

moA - 3m0 aampuua* cyxexw anePamoPa $9 na 

cmpancmeo L, 6 6wuce ey, u2, . . ., eb, a Az - 
= k ~ u  +,kzv 6 L. Tor,qa: ya ,cyaexw o n t ~ ~ ~ a p a .  cp NQ nadnpocmpa~~eu  L2 e 

, . ,  , ,  . . , 
e ek+tr. ek+z,'.. . . , Gi. 

8 . .  , . y -ajpE&u norprpOCTP~CTBa . . , . ,  L1 ,weew 
~ . e :  =TOP 'cpz ~ ~ T C B  =&dg KOM~-& ABYX aertTop6B 

W a w1 wmaAJre=an[ax i ~ o ~ r r p o c ~ p s g c ~ ~ y  L. 3=&%+; pz E ~ .  : 

B npaarpme ~ e o p e ~ ~ a  Aom3aua, ~OC-K~  nOAqompaa~h! , cpe; . .  = a ~ e k  . .. + :. . + (4tzeb,, ~ . 

haTm~me ABa BeKTOP8, ~ W T  p a a ~ e p ~ o c m  ae 6 m e  
dByx. 'ORE- OTMeTHM, qTO ~ O A I I ~ O C T ~ ~ ~ ~ T B O  L ~a -OM cpek = oleel + . A . + akiek. 

' 



I 

1 

k-6, wm. h a n o r m  m ~ a a a ~ ~ ~ ~ ~ ~ ~ ~  
nPoeTp=ma LZ B-, wo 

npoc~paacTBe x A ~ G ~ B Y ~ T  m e -  
Pek+l= ak+l,k+lek+l+. .. + Un,k+le,, Aaa mTopor0 Xo - c06CT~eQioe 3HB-e 

8 K ~ ~ T H O C ~ H )  1 ,  B COOTB~TCTBEE c onpqweM 
. . . . . . . . . . . . . . . . . . . .  

... % = ak+~,nek+~ + ... +an,%, BeKTOpOB el, el, 
cpek = a ~ k e ~  + ... + akkek. 

CooTBeTCTsWmaX C T O J T ~ R ~ X  Maq- A p a ~ m  HYm 
MaTm, P~o.mXeeHHbIe B cTposax OT nep~og 40 k-5. 
npe~c~ameHHii ammeM MaTpHqY 

. . . . . . . . . . . . . . . . . . .  

o ~ ~ e - 7  wo B~PHO YTBepxaeme, 06pa~rroe ~ O K W - O ~  e&CTaBETb B B H A ~  

TeoPeMe: ecim MaTpHqa A onepampa p m e e ~  & I O = O - ~ ~  

(5.16), TO nOHIIPOCTp?XICTBil, HaTxqTbIe ma m ,  
r p m  -*oPoB 6wca ,  COOTBeTcTBym~e &OK= A1 H A2, 
m.wmrCB - P = = T ~ ,  a m e h o e  n p o c ~ p a a c ~ ~ o  pacnap  
eTcs VBMYIO C W  ~ T E I X  IIOAIIPOC~~ECTB. 

reowem~uqecnoa lepamrrocmbw ~ 0 6 c r ~ e m o r o  3~a.p- 
--o~o oone~a~opa cp ~=-jbmaro?. p m ~ e ~ a o c ~ b  c o 6 ~ o r o  . 

n"@PocTP~cTBa 3~01-0 OnepaTopa, OTBePmrqero ~ 0 6 ~ ~ ~ ~ ~  
3Ba4eHKEJ 'l'%Xe CKaSaTb, ¶TO PeOMeTpwec- 

KPaTHoCTb c06c~~emoro  3aa- - 3 ~ 0  MaK-Hoe WC- 

nEEehO Ee3mEewsbor c06c~~e- e e K q o ~ ,  O T B e ~ ~ r q ~ x  
3T0MY C 0 6 ~ ~ ~ e m ~ ~  3 n a ~ e ~ m .  I ' e o ~ e ~ p w e w  KpaTHoCTb lA 
co6cTsemo~ 3 H ~ ~ ~  A MOXeT 6mb BhIpalgeBa yepa p- 
-ehoro onepampa P - XE: l~ = n - rA, r,qe n - pmMepHOmb 
~ e E i a o r o  n p 0 C T p a ~ c ~ ~ a  



~ B P ~ T * P J  M a r p m y  m ~ . c . n p o e  
TeM caMbhn AOK~WE y ~ ~ e p x ~ e m e  =ope- C F R J ~  
,pe~nmoxemu, ¶TO OHO EPHO unn k - 1 BeKT* 

0 MeTom M ~ T ~ M ~ T E ¶ ~ C K &  n w y = w  yTBepxAeme 

~ e g ~ o p  r, o n p e A e n e d  YCROBAeM = A X ,  
,, npae- co6crneewnm eesmoPofi &a- 

@ " ~ ~ ~ K ~ ~ T ~ J ~ . P , T B o  ~ ~ O B O A E T I X  x e ~ ~ ~ ~ ~  M&Te"BTHse 
n p ~ f i ~ e ~ a l q m d  C O ~ C T B ~ X ~ E O M ~  3Ha4'=aO A. Pae- 

no m e n s Y  k C O ~ C E B ~ Z ~ ~ I X  S~KTO~OB.:. ,a n n e s b r e  co6c~~eaabce ' B e K W P a  M a T P n m .   he^- 
Y T W W e m e  T e q e m z  oxeBapo, - b1 + 0. aony 
Y T B e p w e = e  =PRO AJIE CECT~M m R - 1 ~ 0 6  
P ~ M O T ~ H M  mcTW 61, b2, . . . , bk x ee 
P w  HP: :' 

~ o m K c a o e  corrplrxeme. EW 3T0 PmeHCTBO nag- 
gwcnowoB-~, TO 11pug6~ K p m e m c m y  ATfi = XB. 
oBecTu enre u KOMnneKCHOe conpsxeHae, T O  nCLnY-: 
y. 3m 03ma9ae~;q~o a e ~ &  C O ~ C T B ~ ~  BeKTOP L' Ma- 

n~~~ K 06ew ¶&& amrd XYIge,&& OneP A, mmapexmu& r~6er~eHBOMy 3RaYW3ilO - A, meTa 
'P ~~~ ¶TO Bee ~ e ~ t ~ o p i s  ,qm o ~ e p e * ~ ~  co6cT-e: coijc~Be- BeK'IOpoM ~ a ~ p a q b ~  A* no A, a wKTop 3 - 

,, , t :  C 0 6 ~ ~ ~ m  BeKTOPOM Mal'PHqbl AT no 
' 1 ~ l b 1  rt-&l(*~bz+,.,.~:+&a~b~ = 0. , ~~w 0 C~~CTM?HIW( BeKTOpBX 6 a  ~~a3-g , , I I P ~ B ~ " I  

' ' 5 ! , , , , 
PeaeHcT* (5.181, B m e M  PWHCTBO (5.171, 6 y & e ~  nouEMaTb, 4TO p e a  A4eT 0 e p m s  c06cTBeR- 

6.8.- 
" 

npacroii =PY=YPb' 

X ,  H m ~ ~  onepamopom n p o c m o f i  cmPPmWw, 
CymCTByeT 6wEC, COWO& c06m~eam+x 

oro onepmopa. 

01 = a2 = ... = T e a 5.17. ~ l u x e i l w t l  orrepamop rp 6 3a~axxow 
uce el, ez, . . . , en weem duazoxarzbnyw AamPuYY 

-K.y W e ' ~ 6 ~ ~ ~ e  B~KTOPX mHYneBbfq, aaKmo 
ak.=.n~ ETW; H J ~ ~ r n ~  (6+&73 B ~ - ~ ,  

~~~ d d  K O M ~ ~ C W S Z  B S~CTB pmeRcq  



wmca co ' cmee~wb~~~ eelcmoparcu, omaeqawymu co6cmee 
38aqe~- XI, X2, . . . , A,. 

nymb BeKTOPbl el, e ~ ,  . . . , en 6a3=ca moro onepa~opa. 
cTBeun BeKT"Pm m e h o r o  onepaTopa p, oTBenaJo 
C06mwu~bmf 3Aa%?EiEmd XI,  &, .. . , An. Toria 

Pel =Ale1 = X l e 1 + 0 . ~ +  . . .+o.~,,  
loez=Azez=O.el+Aaez+ .. .+o.%c 
. . . . .  . . . . . . . . . . . . . . . ,  

pen=Xnen=O.et+0.e2+ ...+Ane,. 

C~m64- M ~ T P ~ W  OnepaTopa B A m o M  ,5a3nce 
marr6w K O O p ~ n ~ a ~  B~KTOPOB pel, pez, . . . , cpen easH 
T.e. K*aqaeaTu P ~ ~ o w ~ H H ~  (5.20). nmTOMy a ~ze6pau.cecreaa %pcpamNOCmb r o p y  Ai  xapamepumuqe- 
-eh- OnepaTop q aMeeT ~ a ~ ~ ~ q y  ~nozou~lena oneparnopa P. 

Hao60poT, W T b  
6a3nce el, ez, . . . , en m e c H d  onepaTo 

IIMeeT M a T p q  
T o r ~ a  AJJX BeKTOpa ei, i = 1,2, ,.., n, 

K O O P A H A a ~  CTon6q0~ (0, , . , p  0, 1, 0, . . ., O)T 06pa3 
6 ~ ~ e ~  flMeTb CTOn6eq K O O P A ~ ~ T  

. . . . . . . . 

nUOTOM~ pei = Aiei, i = 1,2, . . . ,n. 3 ~ 0  03RagaRT, ,, wKTopH t, 

"I' ez* . . .* en m T W  co6c~ee- BeKTOPm OnePaTOpa P, 
OTBeSm-II C O ~ C T B ~ ~ U M  3na-~HBBM A,, A ~ ,  . , . , , ,, 



aaonMb*oaV BU*, ueob~o& 
cma-*Ho? ~77106~ ece x a p a ~ e p u ~ ~ ~ , , ~ ~ ~ ~  rt A. %HM 06pa30~ MaTPHQa 
IMmPU** A ~ P U K O ~ A ~ ~ M U  O C H O ~ ~ C M ( ~  pyKTYPbI HMeeT K m ~ m ~ e c ~ ~ e  ( C ~ ~ K T P - ~ ~ ~ )  pa- 

d& wawdo20 XoPHI X i  eeo zewempuuecros wpaw mpoewuu mmpuya T drs coomUJenuzS (5'21) 

=,, rtaamu ace ~ 0 6 c m e e n ~ ~ e  3unuenm 
npu narcdov co6cmeennoM 3 n o ~ e ~ ~  A+ 

dyxaouenm~bnar~ cucme*~ P ~ U J ~ U U ~  08- 
kucme.Wbl ypaeneuud ( A  - XiE)X = O; pe- 

ez nocmpoeHwm QCP, naa w cmw6qoe9 co- 
n n p m a ~ a e ~ a ~  O C ~ O B E O M ~  n-. T- npx  TOM B MaTPW T c~m64&MB 

penream no -&OM7 XI B n"Pwe W e p m  p a a 5.1 9- ~htcedubRl onepamop npocmozo 
mpa J 1 8 ~ e ~ c ~  onepamoponc np0cm0.d cmpDxmwar. 

A ~ ,  x ~ ,  . . . , An ( o ~ a ~ o B b "  XI cTTaxrr- 
Kp&&ocmi; B C ~  X 3iLByMepO- ' flGm~u~-o, no YUIOBRH) BCe X i t p m T e p n ~ ~ ~ ~ , . ~ ~ ~  

HN mepampa ip Pa7JlaTme a apmrapexa.r O C R O B H o ~  ' T KsaAPa~~oii, To OHa 6YReT Y A ~ ~ ~ ~ ~ ~  
Cm~oBa~enb~o,  om 

Banrrro?.ea c o 6 c r a e m a  3HaSeHR- (5.21) H (522) z e  ldaTp* OKaXeT- 

OnepaTopa T m ~ a  
-&OM npoCTpaRC~~e mecmYe~ 6a3a o&, TO CO~THO!X~HHR (5.21) a (5'*) Am MaTp- 

cOmOe 
E3 c 0 6 C T B e ~  BeKTOpOB mep-pa rp. TImTO A e ~ ~ o - ,  T.e. MaTPWa A He npHBORBTeJI @a- 

OnePaTop -eTca OnePa~opo~ IIPOCTO~~ C T P ~ ~ ~ .  . 
ow 

mOm~~, He meeT xx0mmecKOM 
Teopeq lg AJIR MaTpa MOXHO n e p e @ o p ~ ~ ~ ~ ~ ~ ~ ~ ~  -. 3T0T Cm~06 p n o C ~ H  maXOxAm xeBuPD- 

I0- 0 6 p a 3 ~ ~ '  Ke~dpamxruc wampuya c ;urerrenmortu oii MaTpaubI T M ~ . T ~ ~ W O ~ O  YPW~- AT = TA. % 

P, *aP~ffme~ucmuveca~e %urna ceomopo~ ~ a T p m  T BBPO, ¶TO 088: KB* 
4uYw npunaanerarn nodm P, n o d 0 6 ~ ~  du~oH-n  ww, K ~ r a  x a ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~  
*amptr'% ~ W ~ O & ~ C A  m &azoaano*oaV eu+. $8 

A, MaTp- A E-eTGX ee c 0 6 C T ~ e d  aHageAueM 
IIycm OnePaTop ip B 6aasice e m e e ~  MaTpw 4 1 AOro I eo,,mAae~ ero a n r e 6 p ~ r a ~ e c ~ ~  VaTHOmb 

=OM'- 

' 6amce e', 
m ~ 0 - e ~  I E ~  ero co6cTBem aexTowB, -.I CKOg K p a ~ n ~ ~ ~ ,  T.e, C M ~ K C ~ - -  gacnoM 

nm*o 

MaTpq A. 
Y-bLBaJr C m b  (5.8) M~)H* MaTPmrq-r C o 6 ~ ~ m e w c  BeKToPOB MaTPBgbI A 'O pBBm 

OnePa~W B PWWLX ~ ~ ~ E I c & x ,  aeeM = - ,.,, rfie r, - p m  M ~ T P ~  A -  XIE' J1rwa TaKoM 

qae On*aToP M a ~ ~ a e %  A BBaaeTw onePaT0t'OM npcTO' 
T-IAT = A, JlcTpu, a MaTpmqa A UPHBOABTU x ~ o a a J m H o w  

r e  - MaTpma WexoAa OT 6-a e K 6a3=cy d, B A-oM .' 5.9. I ~ ~ ~ C T B ,  e m  B ~ ~ M O ~ H %  
6wxce CToJr64ahan M a T p a q ~  T sruunorca C T W W  KOOPAHH&T 
c06cTBEUmx e;, 4, . . . , ek B baaace e. H~ coomw , 

(5'21) nonyg&?Tm ~ O T ~ O ~ H ~ ~  

A = TAT-', 





s8s 
Xl;2 = As F 0 COaTBeTCTBeEEO KpaTHOCTE kl = zE/? 

kz = 1. Bce OHH ~ & c T B ~ ~  u p w w  cO-~ - a=a4e- =TPEW 4. I I ~ E  = -1. Ma,TPHqa . .." 

' .  , .. , . 
. I  -%-*lE=(- :  , 9 3 3.  6 )  

2 .  4 4  9 
r, 

., 

m e e ~  paar rl = 2 ,  H I I O T O ~  il = n - 5-1 3 - 2 = 1 + , k 11 T.e. 3 )  CoxpaeTCrr n p ~  qeao~ oTpmamoM Aria EeBw* 
reo~e~pmrre~~aa IC~~THOC& l1 = I xapaKrepHcT~ec~or0 ?IHm -05 N T P H ~ ~ I  A. B WTHOCTE, 

XI = - 1  He paB=a ero anre6pawec~oP ~aTHO,C ,TH kl = 2 .  nwq-; 
W WT,RWa 4 2  TIP41BoAET,%,K W O - o M y   BE^. h 6 ~ .  
cTPoaw MaTm A2 MBT- T,  Y&O~TBOpsIoJJ&YIO COOT- 

Home- . . ( 5 . 2 1 ) . ~  (5.22), To..o~a L I O J ~ ~ = ~  6b1 ge*aApa~~o&,4 
A ~ ~ C T B ~ T ~ J H H O ,  WE' X = -1 &&Ma (Aa 7 X E ) X  = 0, i..e,, 

ui-a 
2.1 + 3x2 + 3x3 = 0, 
-81 +'922 +6z3 = 0, 
2x1 -!4x2 - 9x3 = 0 

 em @CP, COCTOT ~3 OAHOM p e m e m  ( I ~  #kl), H"p-ep, 
.,,, . ,  , i  , m p e m d  xi = p , 3 ,  - 4 y  

-HO, mm me pap S~CTS y e -  (8.25) no @OP 
E P ~  A = 0 WcTeMa (A2 - X E ) X  = 0, T.e. cxmem (5.23) m-X) cqenem, n o n y m ~  A. ~ c n i a  B @ p ~ n e  (5,351 

> 0, T ~ ,  6epa ap~@~e~asecKxe  3Haneaasr KOPHG 
enmn m ~ax,qoro Xi, U ~ ~ H M  ~ A H H C ~  ~OPern nt-% C T e  

a3 MaTp- Ai y -pro ace xapaKTepacTEse~He 

,ii E m m e .  0 B C ~ C  KOPHRX m M B I ~ H ~ Y  CM. [71, VIE. 

Tsmge W P ,  C O c m  E3 OmOM p- (lz = kz), -, y n p o m ~ ~ ,  e m  msecmro KaHoaA-iemoe pa3no==e 
HanpmeP peme-, ,Xa =$,(a,, 1, -1)T.: Pem& x1 a x2 

A = T U - 1 .  B wry.rae oT W ~ , ~  TAT-IX'= b new- 
HeAocTaTOnao - ~ ~ C T ~ B H ~ O ~  I(BB@THO~ HeBbIpOH(Aa- 

WcTeMe a - f x  ~ - 1 b .  Ja~eaa BBOAJXT 060&1a4e~ae 
W T P ~  T TPeTberO IIOplrAKa,. ROLYFOMy MaTpHqa A2 ne 

= T-LX pe&,j= CE&y& AZ =T-lb. I I ~ E Y ~ M ' E ~ ~ ~ C T -  
WHeoARTcJr K .A?far:OW9w  BE^ u . ~ e   wee^ ~ o ~ & m e c ~ o r o  

~ b h a  zr+,, . . . , f ,  I I ~ E  KOTO~FJX M H O X E T ~  C T O ~  411+lr . . t pazmxem. 
An, pmme q d R ) ,  n p u A & ~  C O V T B e T C T B e ~ o  moa3m-e 3Ha- 

Dp-Aeme m T p T  K ABWORBWHOMY B K A ~  H -o-CKOe nerrrna C;, Cz, . . . , CnPr. B payaTaTe nmYqaT: 
m x m e  MaTPHs~mQom ncnCmwyeTca B i.eoprra: E I 

-TeRb~O% H ~ p m e p ,  W.nE E~B~CTHO ~mo-CKO~ z = (zlr 22, . . . , .+, c;, c2, . . ., Cn-T)' 





am r-a 5. J k m e h e  onepa~opza s ash w o ~ ~ p ~ ~ ~ ~  

c o o T B ~ c ~ ~ o  B BeKTOpE4 bl, 62, b3. H a h x  MaTpmy onepampa 
ip B TOM x e  gmace, B K ~ K O M  3aj4aw ~ o c o o p ~ a ~ ~  ace BeKmpM: 

1) 1 = 1 ,  2, 3 a2 = (0, 1, 2)'r, a3 = (I, 0, 4)T, 
1 = 1 ,  1, 1 b2 = (1, 2, 63 = (0) 1, 1IT; 

2) I = (1, 2, 1 ,  an = (4, 3, 1117 = (-5, -4, - I ) ~ ,  
1 = (1, 1 1 ,  62 = (1, 0, I)', 83 = (0, -1, e3 = (-3, 2, 4)T, e'3 = (0, 0, 

3) 1 = (1, 1, 1 ,  a2 = (2, -3, 1JT, a3 = (4, la -5)T, ,5.4. 3aAa9 rmaeikd  onepa~op p, ~ 0 ~ o p G  nePaoAHT BeK- 
61 = (0, 1, OIT, b2 = (0, 1, I)=, b3 f (1, 1, O)T; s = x2, x3)= B BeKTOP (PC. H ~ ~ E I  06~2.3 BeKToPa a 

4, = (4, -8, -5)'", a2 = (-4, 7, a3 = (-3, 5, I ) ~ ,  06pa3 BeKTOpa y, ecJIE: 
1 = ( 1  1, 0 ,  bz = (0, 2, b3 = (0, 1, 3)T; 1) px  = (s l  +2x2+x3, x2 + 2 ~ 2 + 2 ~ 3 ,  ~ 1 + 5 3 ) ~ 1  

5) a1 = (1, 2, 4IT, 2 = (1, - 3  1 )  a3 = (I1 1, a = (1, 1, 1 ,  Y =  (1, 2, 3IT; 
61 = (1, 1, l)T, 62 = (0, 1, 2)T, b3 = (0, 1, 3)T; 2) ipx = ( 2 q ,  3 2 ~  + $2, XI + 2 ~ 2  +x3IT, 

6 )  a1 = (1, 2, 4)', aa = Cl, 1, -5)T, a3 = (I l  -3, I)', 
a = (2, 1, Y = (1, 1, OlT; 

bl = (1% 2, O)', b2= (1, 3, O Y ,  b3 = (0, 0, 
3) px = (s1 fx2,  4x1 + 2x2, X1 f 3 ~ 3 ) ~ 1  

5.3- J & = t e ~  onepamp @ B 6miuace,el, ez, e s 1 w e p  kaTPosy a = (1, 2, I)*, Y = (1, 3, 
A. I ~ ~ T X  MaTPWY 3~0r0 onepaTopa B Basnce e;, e;, eh, ern=: 

5.5. jIa~e&& onepa~op y B nape 6mnco~ e q u"eeT 
1 -1 

1) .=-(2 :) ' el = (1, 0, I)", @'I = (1, -1, T P ~  A. H&K npoo6pm BeKTOPa Y, fKJIH: 
II 1 -1 , ez = (2, 1, OJT, el2 = (0, 1, -1) , 

3 -1 e3 = (-3, 2, 4JT, e13 = (0, 1, I)*; 

1 -2 3 e l  = 1 ) ell = (2, 1, 21T, 
1 2 , , = (2, 3, -4)T, 

Z) [-; - 2  
e'z = (1, -1, 2)'r, 

es=  (1, -2, -I)T, el3 = (0, I, -I)*; 

1 0 1 el = (1, 2, 4)T, ell= & 3, 2JT, 
. ) A = (  1 1 ' )  1 , e2 = (1, -3, 1IT, dz = (1, -2, -1) 'r , 

-1 2 1 e3 = (1, 1, -S)', el3 = (0, 1, 

el = (4, -4, -3)T, $1 = (3, 1, ?)*, 
e 2 ~ 1 - 8 ,  7, 5)T, d2= (1" 2, I)*, 
3 = (-5, -1, 1 eta = (0, 0, 1)'; 







-T qmcm~ecm M, nopoxflem- 
(6.1) Ha3-T noAnpOcTpaECTB0 

. .  . ' . r ,  : l i . : ; r  M aeKTOpOM Z. EM pa7MepHOCTb p m  h. K w ~ o e  m- 
Ki = ~ e r ( ~  - XiEjm', gec~oe noflnpocTpaaCTBo B Ki H ~ B ~ ~ H & H T H ~  ~ ~ H O ~ T ~ b H O  

7 ,  . .; .~ ,,!. :, 
4 , , . ,,, , 

we E - TOX e c ~ ~ e d '  one '&TO mi'' - K P ~ T H O C T ~  ~~p~ X~ 
b ' . ' . .  !f - r ,  : :  ,,, , P , 9 ,,,, '!OgeBUAEo, ?TO XOpRaHOBa IWIOSKa BeKTOPOB e(l)? e(2)7 ... 7 

B xapa~W@ierrr~eimw.me~@mse, (ILL). ) n o p o ; a r A ~  qmmgecxoe n o f l n p o c ~ p m m  PWM~PHOCTH h. 
.%~CTEO, ¶TO p w e p ~ o w b  xop~e~oro  n o ~ n ~ c ~ p a r r c T ~ a  pHewe noflnpoC~~aHcTB0 pacna~ae~cz B ~ P M Y ~  eyMMjr m- 

p m ~ a  mi. ~a;ernoe m p ~ e ~ o e  nomompa~mw* K ~ ,  . . . , gecKflx noAnpoCTpt%tCTB, nOpOXAaensboc X O P A ~ O ~ -  
-PH~HTHO . o x ~ + a . ~ ~ ~ o  onepaTopa A,  E npocrpaEcTBo X 
Pa3JIaraeTor B C Y W y  KOpHeBbM ~ O ~ ~ O C T ~ ~ ~ C T B  eK~OpbI B C ~ .  X O ~ R & H O B ~ M  q e n o ~ e ~ ,  0 6 p ~ p w  6muC Ta- . . npWboP Cy~- ,  ~ ~ & B J I R B Y ~  6 8 3 ~ ~  B Kg.  TOT 6 a m  HmS- 

x = , K ~ B t K z d  .... BtK,. xwnes-, mmi ~ o p d a u o s ~  6 c u ~ ~ 0 . 1 ~  B Ki. ' 1 ~ 0 6 ~ ~  

'GYCT~ %i bopfro I33 K O $ E ~ B ~ M  n o , ~ p p b c ~ p a a c ~ ~  H Bi - 0=2 ~ P O E T ~  XOPA&~OB ~ = E C  B Ki, H ~ O ~ X O A H M O  JrqeCTb cJ%w 
p ~ o b ,  .&&aipYeGm HeM O U ~ ~ ~ T O ~ O M  A - X,E. H ~ ~ ~ ~ M ; ,  a 13, c. 661. C O ~ C ~ ~ H H H G  BeKTOp e(') E K, uMeeT W-0 h - 1 

u c o e ~ m e m  ~eKTop0B e@), e(3), . . .7  e(h),, aw, wo TO xe  B ~ K T O P ~ ~  d2), . . . , dh) KOPHeBorO IICJmO~TP&&Ba Ki, yAO-& 
TBOps~oWie ywro~m$ oe, -m HaganoM XOPA~HOBOP IVUOWE d - m e f i  

MO)g- ANI Hero m, h, TorAa EI TOJIbKo Tor@, KOrAa  
t ( A  - A i ~ ) ( e ( ~ ) )  = Bi(e(')) = e('), 

e('l E = B ~ - ' ( K ~ )  n Ker Bi, 
( A  - X i ~ ) ( e ( ~ ) )  = ~ , ( e ( ~ ) )  = e(2), 

. . . . . . , . . . , . . . . . . . .  
( A  - & ~ ) [ e ( ~ ) )  = B ~ ( ~ ( ~ ) J  = e(l'-'), 

&S n ~ ~ p ~ ~ p ~ c ~ ~  I&, R1, . . . , %, - - 6 o . m ~  

~ o p p t o r m x  qenoyes B Ki, ~ 1 9 1 m T w  co~Home- 

E ~ x , )  - ~ ~ c T B ~ F I H O ~  noflnpocTpaaCTBo onepampa A, O T B ~  

*en~wy, ,m-  h C. IIaWIOM B e('). m~qee co6cTBeHHd~y ~ H ~ T ~ R E M )  X i .  

Beyopa s m, Ki nocqoETb CECTeMY BeKTOpOB 

2, Biz, sr%, . . ., B cw O I I ~ ~ & A H I I  e f t e ~ o r o  norno-  
C q m C T B &  & B DM$ CHCTeWe BeKTOPQB KOrAa-TO nepB$ir p&j: 
BCTPemTOI rn1.0~ B ~ ( x )  = 0. B =OM rowpa=, -0 

r(A - XiE)" = n - mi, (6.7) 
cmse Ki. 

n o m o c ~ p m c ~ ~ o ,  nopoxqemoe B ~ K T O ~ ~ M E  ,*fie r(A - - pam M ~ T ~ W  (A  - XiEImi n - noPsA°K 

,vaTP- A; mi - K ~ ~ T H O C T ~  KOPAR X i  B 
X ~ P S T ~ P ~ C T ~ ~ C ~ O ~  

5,  Biz, B:X, ..., B ~ ' x .  







222 6. K a x o m e ~ ~ ~ c a s  XOpAilHOBa @ O p ~ 8  MaTpn 

I I O p q K a  h no ~wTOM)' AM IIOACTeTa Y E C m  qi KneTOK nOpA 

K a  h npmemma @OPMYJIM (6.8). 
2Kopdanoea.a do3ucom BO BceM U p o C T p a E c m e  X 6 y ~  

06ae~meme xop~axio~bor 6wnco~ B c e x  era K o p a e B h m  n o m  
CTP~HCTB Kl, K2, . . . , KS. 

B X O ~ A ~ E O B O M  6ance M a T p s i q a  onepaTopa A meeT lean 
nuuecKyo xopdanoey fiopmy, T.e. srurrreTca =mud- 
n m a u o l  mampuyetl J ,  coc~omqe6 m XOPA~HOB~M KJIeTOK I 

rna~~06 p m o ~ a w .  I I e p ~ b  pacnonaraxrrcrr x o p ~ @ o ~ m  m 
KU DO Xi, 3 a T e M  XOpAaEOBbI KlIeTKU IIO X2 E T.A. n p H  3Tc 
XOPAWOBbI W e T K H  PBCIIOnWaJOTWI B MaiTpHge J IIO ~'JI&BIIO& AH 

roam B TOM xe n o p a A K e ,  B KWM p a c u m o x e H u  B XO~AWOBE 

6ance COOTBeTCTBJTOWe UM XopAa~OBbl .  q e n o W H .  

T- o6pm0~, M a T p H q a  J aMeeT BHA: 

X K era XOPAWOBY 6a3ncy. 
Ma~pma T COCTOXT U3 CTOJI~LIOB K O O P m a T  BeKTOPOB X O P  

n,bEOBa 6muca B HCXOAHOM 6muce. 3TE C T M ~ W  pXIIOJGWaIOTca 

B M a T p q e  T B TOM Xe I IOpI IAE,  B KaKOM COOTBeTCTByrOlWE BeK- 

TOPH pacnonarluo~ca B X O ~ A ~ H O B O M  6a3ace r r p o c T p a a m B a  X. 
h k b ~ p ~ ~ y  T u a 3 h ~ ~ a w r  mponc@op~lupylo~~(e l ,  MU n p e o d r -  
t i ~ e l ,  M a T p m y  A K ee xop~mo~oi r  + o p ~ e  J. 

rrptLKTH¶eCKOrO UOCTpOeHHR XOpAWIOBa ~ ~ H C X  M a T p W  

A, T.e. BbIWWIeHKK XO~ABROBO% @0pMhI A-0% M a T p m  

a ~ p m c + o p ~ ~ p y r o m e %  Ma~pu4b1, H ~ O ~ X O A H M O  BamOJmUTb AJIII 
K, lXAOm Xap8XTepHCTE¶eCKOrO KOPHg hl MaTpAqbl A, U M W W e r O  

KpaTHOCTb mi, CJIeAyJOme A~&CTBW. 

1. C ~ C T ~ B H T ~  M a T p H q Y  A - X,E H BOJBOAET~ ee n o c m q o B a -  

T ~ J I ~ E O  B c T e n e m  m = 1,2,  . . . ,qo Tex nop, n o K a  H e  nonyar~w 
1) i E H C T B 0  . kc 

. ,  
1 '  8 % .. . ~ ( A - & E ) ~ = n - r n ~ ,  (6.12) 
9.- . - , 1 1  , ..*- 

r&e r(A - &E)* - pair  M&T~ZWS (A - n - uopEAOK 

MaTp- A; mi - KpaTHOCTb XaPaXTePHCTHneCKOM K O p m  

MaTpHqba  A. H a a ~ e ~ a m e e  H a T y p w x o e  mcm, m, mpn KOTOPOM 





: '.- rnaes 6. K a u o m m n  xop~amma @pya w a ~ p ~ s l  

3a fippoii n u o ~ r ~ g a ~ b  x o p ~ a m ~  6a3ac onepaTopa A B KOPHB 

BOM UOfiUPOCTP&BCTBt! KE. I I ~ o A ~ ~ B  3TE O n e p a g l n a  &JM KaXCAO 

ro x a p a r c T e p x c T u n e c K o r o  ~ o p m  Xi, i = l , 2 ,  ... , s, a o h e m  
IIoJrY9-e n p E  3TOM XOPfiaEIOBbI 6 8 3 ~ ~  BCB( KOPHeBbM UOA- 

UpOCTpa3ICTB Kl, . . . , K,7, IIoJryYETb XOpAa3IOB ~FISHC O n e p a T o p a  

A BO BCeM IIPOCTpaEIeT8e X. 
7. B m c a ~ a  X O p A W O B y  M a T p E q  J B C O O T B e T F B E E  C IIO- 

c-0- x o p ~ a m w  6asnco~ onepaTopa A B npoc~paxx- 
CTBe X.  4 

8. B m c a m  ~ p a ~ c Q , o p ~ ~ p y r o r q y ~ 1  ~ a ~ p z i q y  T a3 C T O J I ~ ~ O B  

KOOpAEIiaT BeKTOPOB UOGTpOeHHOrO XOPAaJIOBa 6 8 3 E C a  OUepaTO- 

pa A B n p o c ~ p m c ~ ~ e  X. 

( A - E ) m = ? - m l = 4 - 4 = 0 .  

r (q -E)=2#n-rn l=Oa  

. . , 
r ( A - ~ ) ~ = l # n - m ~ = O .  

r ( ~ - ~ ) L o = n - m l .  

CJEAOB~T-O, B UpOCTpaRCTBe X X O p A ~ O B M  q e U 0 9 K a  me- 
Wr HiUi6WIbrnyIo &EEHy k = 3. 

Ha6,qe~ IIOAnpOCTpWCTBO Ell )  C O ~ C T B ~ ~ W I X  BeKTOPOB Ma- 

TP- A  no XI = 1. w mom p a c c ~ o ~ p m  mcTew ( A  - E)X = 
= 0, T.e. CHCTeMY 

2x1 - 7x2 + 13x3 = 0, 







BeKTOpOB no 

-421 - X Z - X ~ + ~ X ~ + ~ X ~ = O ,  

 XI - 2 2  - ~3 + 3x4 + 2x5 = 0, 
XI +z2-2x3-3xq-2x5 =o, 
- ~ 1 - 2 x 2 - x ? +  354+x5=0, 
421 + x ~ + x ~ - ~ x ~ - ~ x ~ = o .  --kt - ~ ~ - ~ 3 + 3 ~ 4  +2x5 =I, -&, -x2-x3+3x4+2x5 =Ir 

Ee @ ~ ~ ~ e ~ ~ ~  cvrcre~a pemeanrii eocToE~ AByx s e K ~  x 1 + x z - 2 x 3 - 3 x ~ - - 2 ~ 5 = - 1 ~  
POB$ HqEMep 83 BeKTOpOB - 4 ~ ~ - 2 ~ 2 - 2 3 + 3 ~ 4 + ~ 5 = 2 ,  

4x1+x2+x3-3x4-2x5= -1. 
1 = ( 1  0, - 1  0 4 = (I, -1, -'I, 0, -qT. 

3 q  CzcTmy, .~mo,qm, FIaUpHMBPg ey) = (0, -1.0, O, 0lT- 
n03*M~ E(2) = (bl, b). K&A~M uepecey-e :nompoemae xopfia90m qmo- ~ ~ P O B  el (1) , el ('4 em‘? 

aeT 6aaca B Kl. ~ ~ Y M M J ~  n e p e k e ~  K P ~ C C M ~ ~  
Rkl-1 =R1= LI nE(2) = (a,, az, a3) n (bl, b2), 

=Ae Ll = L k ~ - l  = (GI, 02, a3, a d ,  as) = (al, a2, a3) - rrpocTpaa- 
CTBo CT0J16~0~ MaTPW ( A  - 2E)kl-1 A - 2E al, 

' 5  o b ~ ~ a 4 e ~ b 1  C-6- MaTpHqhl A - 273). nOJIoxm 
e ( l )  = ?la1 + ffza2 + ff3a3 = fibl +'&b B~KTOPOB, IH, cnqoBaTW0, & 6yAeTCoBnaAaTb c 

.e. @ = E(2) = (bl, 4). B nOAKPOCT.PBHWBe &l nowp* 
OT nanyseaaOrO B e K m ~ ~ ~ r ~  pZiW3iCTBa n e p e k e ~  K n ~ ~ o o ~ ~ ~ -  HC, co,qepxan&i y x e  ~ ~ n 0 1 ~ 3 0 -  P~HY ~ 0 6 ~ - d  

 TEMP.^ pmeHcTnaM 
op ey). ~ w m  6&mco~ B & -&a, H & I I P ~ ~ P ,  6a=, C* 

- 4 ~ 1  -ffz-ff3=&+&, 5 HJ B e K ~ O P ~ h  e!' = bl = (1, 0, -1, 1, O)T. Torfia 

pTlr BeKTOpH COCT- %OPRmB 6muc B K1. 
3 ~ a  cEcTehna meeT @ Y E ~ ~ M W ~ H ~ ~  excre~y pmd -!'aepeGA~ K ~ O ~ T ~ O ~ H B A )  H ( O P ~ H O B B  6a7uea dnepd~opa A B 

a1 = 0, a 2  = -1, a 3 = 0,8~ = 2, & = -1. &a onpefl-~ ~ 6 p ~ m M  no&npoc~wCT$e K2 nCl = -1. ,@ mOrO COCTBBuM 
OAEH BeKTOp MaTpw A + E a 6 y w  ee B(UBO- B ~ W R B  m 5 1,% ..'. 





236 rnana 6 K a a o ~ m e c ~ a n  xop~aaosa e p ~ a  

1  0 1  -1 -1 TOK no & nopa-a h B X O P A B ~ O B ~ ~  @PMe m T P H w  A 
1  -1 0 -1 -1 = 0, mp - A ~ , + ~ K T  ouepa~opa c M ~ T P W ~ ~  ( A  - TO =n, 

- pam M a q m  ( A  - AzEIP. 
3. no a&~emu,m qh, h = 172, . . . , kt, W BCex 

p m  A  comagHTb M a T P W  J .  

U p a ~ e  p 6.3. )b M ~ T P ~  
8 

~Bropoi icnoeo6 
"=w--mmopClcnro.oii 

~ p m w p y l o u r a i i  
Ma'Pm p e e H H e. x ~ ~ ~ K T ~ ~ E c T ~ ~ ~ c K ~ ~  m O r 0 -  

HeK-P- ~e q e 6 y e ~ c r r  uoc~poe~ue  x t o p ~ a ~ o ~ a  - A  -4 -2 
6a3Hca9 a HYxHO 'IHIIIb OIfPeAWFfTb acopnaFIOBY @ 0 p ~ y  MaTpHqu.  

Tor~a MoxHo CoKPaTaTb 06.beM B~I~HOI~-. @ 3~0r0 no Ka- 

X a P a X T e P H ~ e C ~ ~ ~  KOPHIO As MaTPHqbl A ~ e o t j x o ~ n ~ o  
B b m m b  mm'H)mfe A ~ ~ C T B H B .  

CocTmu~b M a T p H q  A  - AsE U BO3BOAHTb ee n o a e A o B a -  
TeJHHo B CTenem m = l , 2 ,  . . . 80 Tex nop, noKa He nonymTca 
PaBeHCTBo 

~ ( 0 . 4  - = n - mI, 

rAe r (A  - - P m  MaTpUI&I ( A  - A,E)m; n - n o p f i ~ o ~  
MaTpqu A; m, - KPaTHOCTb XapilKTepHCTIlgec~~r~ ~ o p ~  
MaTPWbl A. H ~ ~ e - m e e  HaTj'paJIbHOe gam m ,  n p ~  ~ o ~ o ~ ~ ~  
BbmmarreTa PmeHCTBO (6.23), AaCT M~~KCHMPA- nopaAOK 
xOPAaHOBm IUIeTOK no B MaTpWe J. 

2. no @opMyJIe 

~ h = ~ ~ h - m h - l - m h + l ,  h = 1 , 2  ,..., k;, gosa~-Ho, ~ w 6 d  U O P A O K  x0PAmoBbM 
= 2  paBen kl = 2  H no +optqne 16.25) H ~ A H M :  

mu no C p o p ~ y n e  
q l = r o - 2 ~ l + ~ 2 = 3 - 2 . 2 + l = 0 ,  

qh=Th- l -2~h+Th+1,  h = 1 , 2  ,..., k, q z = r 1 - 2 r z + r 3 = 2 - 2 . 1 + 1 = 1 .  











H~~ MaTpmw A  6y~e.r ~ E ~ ~ c + L F =  

k' A -  ~ ~ ) ~ z , . .  ( x - x , ) ~ * .  p(A) = ( A  - A11 ( (6.35) 

BMm, 4 ~ 0  K ~ A O ~  jCI C O B I I ~ L A ~ ~ T  c ~ 6 -  nOP'fl- 
Torno T~ xe 3 n e ~ ~ ~ a p w e , n p e o 6 ~ 8 3 0 ~ ,  npo oPAmoBo~ KJleTKU no a +"~Me MaT~EqbI 

HaA CTPO- A - XE, paBii0-m Ow dyce =ma k,, . . . , ks, a vIeHmaTeJIbH0, -- 
mBa n " ~ o ~ ~ O  H a  M a ~ p ~ q b ~  w r o e ~  M a T P e  A JIWKO Bk5IECaTk em3 B3BeCTUa 

aaOBa + o p ~ a  Ma2-p- A. ITwe3~o T ~ K X ~  n o m i  
Hbljl ~OMyAeE MaTPHw A COBmn88T HBBBPHagT- 

meneM %(A) MaTPHsbI A + AE. 

IIO~TOMY 

~Tep~CT~¶eclodi  ~Horo%xeE 

-A  1 0 
I A - X E I =  -4 4 - A  O = - ( x - ~ ) ~  

-2 1 2 - A  
65. K 
--0- 

'PX u°CTPOeHRH MHRYIM&I~EO~O M A O r o w ~ a  M~~~ A n& 
paflxa n M0xce.r oxmamcx no~1e3m.r~ ~ ~ A J T I O -  MeToH, 
KaxAoro X a P ~ T e P a ~ ~ ~ ~ e c x o r o  xopm A,, i = l , 2 , .  . . , Ma =Pa- 

A COcTEIBETb M a T p q  A - AtE E B03BOflHTb ee B -=ern " = 
2l . . . f1° Tex noP, ROKa Ee 6 y ~ e ~  B a n m e ~ o  PaBeECTBa 

r (A-  = n - m,, 
CJreAosa~-xo, kl = 2 H ( p ( X )  = ( A  - 2)2. MEEEMd 

rAe r ( A - X t E ) m  - Patrr Maw- (A- X,E)m; - nopRAoK 
MaTP- A MO- 6 ~ 1 0  B ~ I ~ I B C ~ T ~  no ee x ~ ~ a O g O g  

aopMe J ma no -apEaxmEOMY MEOXBTtUIC' e3(X)  MaTPB9bl 
MaTp- A; *i - KPaTHoCTb Xa?lWTepk-.ie~~~~~ 

KOPAII A, 
MaTPUJJbI A. A - XE, U M ~ Y ~ E E H M  B nPw*epe 6.5. 









7.3. cmKlpam- 

w A, m n p o e ~  ~ a ~ e & ? I ? a W q ~ o d  MHO~OSII~H - zkj. ~ I ~ C I I E M  WOT cnoc06 ria upn~epe. 
s p EM e p 7.3. H a h ~  KoMnOKembl: MaTPHsar 

k=l 

naameribmeir menem, T.e. n p ~  $ ( A )  = 9 ( X ) .  E m  B @op 

R A?. 
A-1 -s-T~ anaqeaaa @ y m a d  sin;A,  m s 5 A ,  t g ~ k  e , 

i 3 
~~FmdamlIbdr MHoroWIeEI f ( A )  = p ( A )  = [f ( x ~ ) ( P ~ ~ ' ( x )  f f t ( A k ) ( P k 2 ( ~ )  +. . . 

y ( X )  = ( A - I ) ~ ( X - Z ) .  

, . 
C)H HMeeT KOpm X1 = A2 '= 1, = 2 .  n 0 3 T O ~  RM m602i 

~ O ~ T O M ~  U-M: @~HK- f ( A ) ,  onpe,qen?mtooii =a cnex~pe M & T P ~ ~  A, 6yReT 
9 

f (A) = f ( l ) Z 1 1 +  f 1 ( l ) Z 1 z  + f ( 2 ) Z z l .  (7 .10)  
f ( A )  = P ( A )  = C [ ~ ( X ~ ) Z ~ ~  + f t ( A k ) Z k 2  +... 

OTCIOA~ IlOiKjTaeM: 
. . . +f ' n k - l ' ( ~ k ) ~ k n * ] r  ( 7 . 8 )  

r4e 
npa f ( A ) = l - A  E - A= -212 - 221,  

q. f , (A)  = (1 - A)? ( E  = 221. 

& m02 CHCTe? EaXOAEM: 

5pH. !@CTpOe-, .CneKTPaJIbBOM w X C e E % W  6epeTq m p n e  
qd w o r o ~ n e ~  we n~au~e~bmeg ,cTFem, TO B p ~ e  
n m  (7 .8 )  ~ & M T W  ~onona-ue K O M ~ O H ~ T ~  zij, Ho Bce 







3 w m 9  TO e- Xa = (el, ~ 2 ,  ..., r ~ e  el, Q, . .;,, 
c, -  PO&-e UOCTO-, TO- +OPMYJIES f7.16), (7.181 
A ~ T  o w e  pemem & c w m  (7.13). 

YAoBneTBOpmmee ma- ~CJOBKEM 

xllt=O = 01 . X Z I * ~  = . l r  x3(*=(, = 1. 

P e m  em E e. B m~pumoi i  Cpopase A ~ F I E ~ R  mc-reMa 3-me 

~ a e r u r  B Bqe 

Tenepb no +opMyne (7.161 ~~* 

a Ha- Y W ~ ~ B H ~  - B mAe = XO = (0, 1, 
Tor0 - 3 ~ 0 6 ~ ~  B O C U ~ O B B T X S  +op~ynoii (7.16), HYXHO 

3HaTb MBTpEJW eAt. B~TIRUIHM ee. B u p m e  5.7 tjm 

AeR -4 hmoroEBeH p(x) = (A - 4)'(x - 2) MaTp- hn mcn-oB~~bca +oP~no i i  (7.18), To ma- -meT 
A .  3a o n p e ~ ~  VO~O-$(~) HHWPUIXUSQKOHH~O - H ~ n  ~ O ~ O H e H T ~  MaTpHw A. 3T0r0 @OPMYrn (7.8) 

dOk *~HK- f (A), onpeR-oii cnempe: MaTPw 

CpoPhfyJIaM (7.3) maxo#m: 

f (A) = f (4)Z11 f f1(4)Z1z + f (2)Zzl' 

.1 





PI'
 



posepnTb ~m-oCTb flKCHoM cKmpnorO 'Po- 

eHHs. Hanpmep, UpOBepHM B ~ ~ I I ~ ~ ~ ~  aKCaOMbl 4' h a ~ a  
2 2 2 H YHMTAPHblE (x,x) =xi  +x2+...+xn. 

I'IPOCTPAHCTBA 

8.1. Onpemaemm e-.a 
nP@crPancr.a. Marplllla 
rpama 

~ O B O ~ J I T ,  YTO B A ~ ~ C T B H T C N ~ H O M  J I E ~ H ~ ~ x o M  IIpOCTPiLBCTBe X 
OnpeAeneHa onepaqm clenJmpnoao yanowewur selcmopoe, 
eCJtH ~106oii nape BeKTOPOB 2 H Y A3 X UOCTamEHO B COOTBeT- 
CTBHe + ~ ~ % c T B ~ T T % H o ~  %W, KOTOPOe EXXJBZUoT Cle&&apXbU( 
npoweedexue~ BC3KTOpOB X 11 1/ a o603ria~aro~ CLIMBQlIOM (2, g), 
H e W  ,4nB mo6bot X, Y, 2 6 X B m6oro &efiCTEH~eJtbH~ro mwa 
cu BbmoIIlwoTW cneAymypre alecuomw cleaaapnoeo npowee- 
denur: 

1 (31, Y) = (Y, XI. 
2. (x + Y, 2) = (2, 2) + (Y, 2). 
3. (03, Y) = 0 (I., Y). 
4. (x, 2) > 0 npa x # 0 a (x, x) = 0 npn x = 0. 

n p R e P 8.1. IIYCT~ X - ~ ~ O C T ~ ~ E C T B O  r e o ~ e r p ~ s e  
CKEX BeKTOpOB, U3Y4WMbIX B B ~ K T O P H O ~  anre6pe. C K W ~ H O ~  
npomseAeme, onpeAeaseMoe K ~ K  upomseneme AJIEH A B ~ X  sex- 
TOPOB Ha KOCHHYC YrJIa MeXfly HHMH, YAOBlIeTBOpReT BCeM itKCH- 

O M ~ M  cmmpnoro npoensefielrm. 

n p a e p 8.2. B ~ ~ H @ M ~ T E Y ~ c K o M  LlpOCTpaECTBe K,, 
~ T ' X I ~ ~ O B  BbKOTH 72 CK-pHOe IIpOE3BeACIiEe BeKTOpOB 

" = ( X I ,  x21 ..., v=(y, ,  y2, ..., yn)* 
MOXHO OlIpeAWlHTb @0p~yJI0k 

(2, Y) =XIYI  t X Z Y ~  + .. . +Xnyn. 

1 
CyMMaKBaApaTOB IIOJIOXEITeJIbHa, eUIU XOTfl6bl OAHD E13 YJlCWI 

fi w ~eaynewe (mu x # O), H p a s ~ a  H~JIH), e m  sce xz p a ~ m  nym 
,~.e. I x = 0). 
' n p S i  M e p 8.3. B J I H E ~ ~ O M  JlpOCTpaZXCTBe MHOrOWIeHOB 

:' A~~CTBETWSHEJMU K O ~ @ E I T U ~ ~ H T & % H  CTeIIeHa Be BBbmre n - 1 
manspnoe npon3se~e~ae MOXHO BsecTn @op~ynofi 

1 

II p a M e p 8.4. B n m e k a o ~  n p o c ~ p a g c ~ ~ e  C[a, b] Q y m d  
geiicTBn.renaHoro nepeMeHHoro, nenpepm- aa o ~ p e 3 ~ e  [a, b], 

I 
CKaJlEpHOe IIpOmBeAeaAe MOXHO BBem TaXHM Xe O ~ P ~ ~ O M ,  KaK 

H B n m e i ~ o ~  npocTpiLHcTBe miorowenoB - c ~ O M O W . ~  onpe 
Aenemoro nmerpma: 

h 

M3 ~KCHOM 2 a 3 cne,qyeT, TO uw6yw wneqrbym dune& 
x$/w 1~0~6uwayuw eelcrnopoe mowuo ymnowamb c x m p -  
no no dpysyo ~une i inya  leo~6unayua eelemopoe no npa- 
auay, a-zuunoq npaeuny yano3nenu.n mtozouneua 
na ~ ~ O ~ O W Z ~ X ,  m.e. no &opay.ae 



PTO T a  x e  

npocmpancmeow. Ko~e.nrom~aoe mHeboe IIPoCT 
MOXKo UPeBPaTKTb B ~BICJIEAOBO WD- C 1 l o c o ~ K .  ee A ~ M  W M ~ E O M  X Q X ~ % K O M  i r p o c W + m B e .  
n-MepEOM e B 1 ~ o B O M  npocTpakIcT8e  x @maPo- 6a3 H4Y r, ~ T B ~ ~ O L I W I O  B c p ~ ~ b a y ~ ~  (a.3)% H*~WOT Ha* 
ez, . . . , en, TO ~m~6b1e BeKTOpH x a y m e w  neM p-x r p w a  6aanca e = (el, . .. , en). M ~ T P ~  (e 

n 
0 a AJur npoE3B(MbKbIx ynopaA'J-+?- ma- 

r=l 3=1 

" *pwda (8.1) Am BeKTOPOB Z EI 9 AaeT MepEOM eBrolaflOBOM n p O ~ ~ ~ B e .  

n n , n-mepnozo cmw6qa x # 0 y d o e n e m e o ~ ~ e m  V-euw 
("7 Y) = C C ~ X ~  (ei, e3), 

,=I ,=I 
eTpHPHOCTb iuaTpw rpwa abfT- * -0- 1 

ryra B WTPE¶HOM m ~ e  1.0 a p o m - ,  wraac~0 KOTO~O& (ei, ej) = (el, e") 
a A B w  BeKTOpOB 6a3aca, a y-me xTrx > 0, z # 07 

(2% Y) = xTry, KOC&I%HO ~ c n o M e  4 W K O ~ O  9 ~ 0 ~ ~ ~ 8 ~ .  
, C-e~pwec~ym MBTPW A, Y f l O ~ ~ P ~ W  YWIOBm 

w e  nmoxeao , 0, # 0, worcumefiaxo onpede-noQ. 

yneToM T ~ ~ M B B ~ ~ ~ O K ~ ~ B H H O I  CBO~~CTBO 3 B Y m  TmY(:  an- 
qn rpma r e u e r n o r  nonoxurnefieno onped-x~od 

2. &fampuc(ar r p m  I' u I" d e w  6 a ~ W o e  e u e' ee- 
m a d o e a  npocmpancmea ceman= c o m ~ ~ e n U f *  

rr = TTT, (8.4) 
(el,el) (el,e*) . (el,%) 
( 4 , e l )  (ez,e~) ... (e2,e,,) T - mmpuqa nepezoda om bancca e tc 6 - u ~ ~  e', 

. . . . . .  . .  . . . . . . . . .  ~&-Bo, n p ~  n e p w e  OT 663xca e K d -P 
( 1 )  (e,,ez) ... (en,%) y e y x  m p o ~  x E Y D P ~ O ~ P ~ ~ Y ~ ~ T W  B mOPAmaTH 

X' H y' no @ O p M Y m  (CM- P A  4-61 
TWnM 06pa30M1 c x w P m e  nPou3eedenue e eemudo- 

nPOcmpaMmee X nmnocmaro onpedememcn x=Td,  y = T d .  
mpu*ed r. He m a  D a m a T n a r r  ~aTpYlqa. MoXeT 
+ P W ~  (8.3). Ho CK"urprioe IIpOHaBeAeme 

aaAm- 
o n p e A ~ e T ~  ~ ~ K O T O ~ O ~  ~ a ~ p q e &  r ,  n, seTpyAao (G y) = xTPy = (Tzl)*r(Ty) = ( ~ ' ) ~ m d .  



3. ;Onpede.-mmerrb Jcampuyw r p u a  4m60zo 
noJcoxumenex. 

OcTaeTca wm  no); TaK KaK OIIpeA-% ~ a q -  
xo&a ~eaymmH: . 

IP'I = ITPI lrl ITI = Irll~1~. 

OnPedmT-, pagHbIEi e p m q e .  
'4. B c e  yboewe &&bwaHei WUHoPw . . , ,  . , 

t . . . . . . . . . . . . . . .  
' . > I \ :.. ,. ,. .. 

, , (ek, el) (ek, e2) , . . . (ek, eh). 
, ,. . . ,, ., .- , . 

N 4 m p u w  rpma G ~ Q c ~  el, ea, . - . , e, nonoxvzum+-rrbnat. 
A e i r c T ~ q m l  .1~8g  "W$%ro. k MO- pacw~&pb. wmpa 

CTPa31CTWJ LI = (elr . . . , ek)  at( c ~ M o c T ~ ~ E ~ ~  e-fiom 
n p o c ~ ~ ~ o .  Torqa OIlp#e~&~r- MaTpHqbl QaMa 6a- 
3HCa el ,  . . ., er:  YAW mma- c Ah. Copwo 
CBOP&B~ ST& owe-ent. nm-eneal . 

w ~ p - ~ b c n  xw 6- B ~~~T~ ' ,  : ' . , . ,  . ,. . 
,, a Wexao B C B O ~  J I H H ~ O ~  

' ~ @ . c ~ ~ e .  B m a .  9 : ~  Y C - ~ O ;  Tm -pmW - He- y m p q q e m e  T e o p w  ~~~ w 06xom~oe a xoc~a~owoe Y C ~ O B H ~  n-mOf qeaemOCk 
KBa~aTaoir  MaTPHqbI. ~IWTOMY CBO~CTBO 4 BbITeKaeT ~3 c~o%cTBa 1. 

0 pe3amcw8.. . 
J ~ ~ ~ ~ ~ o - T - E o  OnpeilBxeum ~aTpEma RanneTca UaTplly& ha- 
Ma =e-QPoro 6m~ca  B A W M  eBlUm&080M n p o c ~ p ~ e ~ g e .  A&CTBB- P~CCMOT~W npmmw* KOM~EEWKI~  a m m ,  

n p a m ~ e ~ e a r r e  MOXAO onpqerm~b c p 0 ~ ~ y ~ ~ 3  (8.31, BeKTopoB al, a2, . . ., akl P W *  
~ o ~ o p o f  B KaTeCTse r M O ~ O  I U ~  IRYIoxmMh~O orrpe&* 

MaTp-, 1 maaxpaom IZpOq3Bqe- a y ~ ~  



w ( a ~ , a l ) + u z ( a ~ ,  a?) +...+ ai(a1, a&) = 0 ,  
(az, ai) +a:! (az, az) + . . . +ah (az, ak) = 0, 

. . . . . . . . . . . . . . . . . . . . . . . . .  
( a ~ ( a * . a ~ ) + a s ( a k . a ~ l +  + a b ( a j , a ~ )  i0 

OTHOCHT~R~HO K O ~ I # I E ~ E ~ W B  al, . . . , a r  pacc~a~pmaer& na- 
b aeiraoir K O M ~ E H ~ ~ ~ H .  M M S T P ~ ~ &  3~0% C B C T ~ M ~  a g n a e ~ ~ ~  M~TPH- 

Wa r CECTeMM B ~ K T O ~ O B  al, . . . , ak. EUlE MaTpma I' 
nenxpoxAena, n, o~nopo,qnan m c T e M a  m e e T  T ~ ~ I . X O  HyneBoe 
pem-e.  TO omaym, STO pacma~p-ag .umi&ita KW- I 



w- CKaoapHoe npOrn~e,qeme B rcoopwaT e .arena, ae Ham- 

=- =ep= M~TPW rba~a r = bijj +opwm~ 

n n 

. I '  

Ma HepBBeHGPB& - BYIW~KOBCKOM BkXTeKWT ApyMe 
. w o e  HepamcT~o 

i ,  . > l ~ + ~ I ~ l ~ l + I Y l ,  
. ' I  , ; ,  

%-6oe . . *ePaeen~~eo*  ntpe~q?rsnu~a. ,fieem-(: alal+ azaz f . . . + a k a k  

pacw- l x f ~ 1 2  K ~ K ~ C ~ C W ~  -P~T U y - ~ -  

6 1x1 Ivl, =axom: 

Berc~opm z Y e=m~o~a  ~~OCTpaHCTBa. E Ha3mamr op- 
mOzOHMbXw(ll ~ ~ H O ~ n p o m ~ e H H e  paarro aym, 
T.e. (x, Y) = 0. Benocpqcr~emo m OnpeAeJre- opToroH- 

BeKTOpOB 
?Fl'O HJTX~EIO% BeKTop o p - o m ~  

APFOW MKTOPY. 
BeKToPOB Ha3blBaeTw OpmOeo-bXOG 

cucmerc04 mo6b1e t7Ba MKTOpa 3~06 CECTem 0pTmO- 
-mi- ~ " % " ~ o ~ o p k p o e a x n o ~  cucmema - (T '~ '  A " p m p o ~ ) .  OTM~THM, ¶TO 

oPTO- roH-m c H c m ~  MO-0 IIP~BWTHT~ B O ~ O H O ~ ~ O B -  

npono' H o p m ~ o B ~ & ~ ~  K W  EOPMUpo- - A, 







"I' 





me opmonopuupoeanmri. 

pos-oe yTBepxAenxe O ~ H ~ S ~ R T ,  ¶TO QTQ = E.+ Y ~ B e p x ~ e m e  
w n p o ~  m m e ~ a ~ ~  a~ p a c c M O T ~ ~ ~  n p o m ~ e ~ e ~ a a  QQT. ' = E a P T  = E, T.e. ~ a ~ p ~ a  T op~orona~baau. h a  T 

2. Onpedwumenb opmozoxanbxod mamptpar paeex 1 
unu -1. 

& ? ~ T B E T ~ J ~ H o ,  

1&12 = IQI I & /  = I Q T I  I Q I  = IQTQI = [El = 1. 

nmMy Q = f l .  
3. Mampuua, o6pamxa.s tc opmozoxanaxod Aampuqe, 

m o x e  opmozoxanancu. 
A~~~cTBEIT€?J~Ho,  

(9-1)' = (QT)T = Q = (~-1)-1, 
BOPOT B~KTOPOB coxp-e~ ax AWW y r m  ~ e x m  ~~. 

T.e. T ~ ~ C U O H H ~ O - M  K MaTpTe Q-' COBUaAWT C 06paTH0fi  OM^ 6a3uc e' O ~ T O H O ~ M U ~ O ~ .  H e n o ~ ~ e ~ c ~ ~ e r n o i i  TC- 
K m 6  MaTpmxe. A m no onpeAeJemm H o s m q a e ~ ,  ¶TO Qdl 

KO& nerKO Y ~ ~ A U T ~ W I ,  ¶TO OpTOrOHaJIbHBII. 
4. lIpoweedenue opmoeonQIu,nisz mampuq renremcr 

opmoeox~bxod mmpuqed. 
Aeiiwmenanq AByX OpTOrOHWIbHbIX MaTpHq Q EI R .e. ~ a ~ p m a  T O P T O ~ O H ~ ~ ~ &  meeM: 

r (QR)' =,RTQT = R-'Q-' = (QR)-1, 
8.6. Oprommmumo 

-0 H 03HaWT OPTOI'OHaJIbHOCTb Maw- QR. A o K ~ ~ ~ T -  
CTBO ANI IIpOWBeAeHHR 60nb111ero PHCJIa O p M r O T  MaTpH9 n--oP-o--- 

, ~ o m i o  n p o ~ e n ~  no ~ e ~ o g y  ~ a ~ e ~ a ~ a ~ e c ~ o i r  ma-. W-KW-=Pa 
PWb OPTOrOHaRbKbIX MitTPW B TeOpHa eBKJIEAOBhDt IIpD Ma n " n n p o c y  

CTP~JI~TB nposcaReT wreAymw T e o p m .  
~ Y C T ~  E - eBKWAOBO IIPOCTpaBCTBO, a L - era nofluPo- 

T E 0 p e A a 8.6. B ee~udoaorr  npocmpaxcmse rrampu- C T ~ ~ J I C T B O .  MHOX~CTBO LI BeKTopOB B E, 0pTOrOH~bHbM 
ya nepmoda om odnoeo opmoxopaupoeaxxozo 6cwuca x dpyzomy K K~WKAOMY BeKTOpY UOAIIpOCTpaaCTBa L, H ~ ~ ~ T B B . H ) T  opmozo- 
opmo~op~po6axxoay 6wucy aennemca opmozonubnod. Eedu nanaxbuc dononnexuerc K n o ~ u p o c ~ a g e ~ ~ y  L. 



a B npogecce opmrona~1a3ay~n 
, o p T o r o H ~ e H  KWAOMY BeKTOPY a,, i = 1, . . . , k. A e k T ~ n -  

npocmpancmeow a E. 

D ~ Y C T ~  Y I ,  y2 E L'. Tor~a  ANI n1060ro BeKTOpa x E L H M ~  (so, G) = (x, 4) - (2,  al) (al, a,) - . . . - (2, ah) (ak7 a;) = 
(5 ,  yl) = 0 ( x ,  yz) = 0. C n e & o ~ ~ e n a ~ o ,  = (x ,  a,) - ( 2 , ~ )  (a,, a,) -- 0, 

(x ,  Y l  +YZ) = (2, Y l )  + (2, Y Z )  = 0, * 
KOJI~KY C a c T e M a  al, . . . , ak o p ~ o ~ o p ~ p o ~ ~ ~ .  '&K K m  

T.e. BeKToP Y l  + Y2 OPTOrOHaJIeH M o ~ y  BeKTOpy s E L. TOP xo OpTOrOHaJIeH K W A O M y  BeKToPY 6a3~ca B n o m *  
0 3 ~ a ~ ~ ,  ¶TO ~1 + YZ E LL. & A O K ~ ~ W E ,  TPM @ma CTBe H ,  TO OH OPTOrOHaJIeH BCeMY nOAnPOCTPmCTBY 

PYX ~ K T O P O B  - 0 x e c T B a  L~ npmia,qnexm LI. A ~ a a ) p ~  OCTz, ~ ~ A ~ P O C T ~ ~ C T B Y  L. ~ A ~ W T ,  xo E L' x E L n L'. 
~ n a  ~10601-0 A~&CTBET~!~I~HO~O yEIwIa H nm6oro x 6 L uue yate ~ o ~ m a s o ,  YTO B nepece-wm~ L a LL T M ~ K O  OR= m- 

(x,Xy1) =X(x,y1)=X.0=0, 

~ . e .  ~ K T O P  X Y I  OpToroHaJIen J I I O ~ O M ~  B~KTOPY x E L, a J H ~ ~ &  x = ( x ,  a l )al+.  . . + (x ,  a d .  
npma@flCHT L'. %HM 06pa30~, MHOXBCTBO LL 3a- 
o T ~ O ~ - ~ O  OIOXeeHH B ~ K T O ~ O B  n y m o x e m  s e K m p o B  

cfi B E IIpOUBBQlIbHO. CJXC?AOWT'?JI~H~, H = E E = 

, C n e ,q c T B u e 8.2. E m  110~np0cTpaffWBo L 6 *MePHoM 

p a ~ m s a  .G ezo ~pm~zoxanaxoao dononneswc hL, m.e. opmv- eB-AoBoM n p o c ~ p m c ~ ~ e  E meeT pa3MePHOCTb k, TO ero OP 

zoxarbxoe donodxexue x nodnpoempaxcmeg aenaemca n p m w  
dononnenum. (I>  TO OSeBUAHOe GZeACTBEe TeOPeMbI 0 Pa3MePH0CTn CJRdMbI 

n o ~ a x e ~ ,  ¶TO n o ~ n p o c ~ p a ~ ~ ~ a a  L u L' COCT- npmp U O A ~ ~ O C T ~ ~ H C T B  (CM. ~ e o p e ~ y  4.23). . 
c y w .  b AOCTaTOSHO &OKa3aT%, ¶TO n O , q q o C ~ p ~ ~ ~ ~ o  , C n e A c T B E e 8.3. O ~ T O ~ O H ~ J I ~ H ~ I M  AOU-meM Ic no-* 

n L L  a e T m  V m B b I M  (~ . e .  COAePXHT JIUmb ~iy~re~og B ~ K T O ~ ) .  . C T ~ ~ H C T B Y  LL IIBlIIIeTCg nOAIIpOCTPaHCTB0 L. 
E m  x E L n LL, TO BeKTOp x, K ~ X  IIpma~~~ex- LA, OPT* 

roHaJIeE KWAOMY B e K T O W  H 3  L, B TOM S U C m  H CWOMY ce~je, D T ~ K  K ~ K  ~ax,qx& Be~Top L O p l W H m H  K m A O M Y  BeKT* 

n ° C K v , x  EL- HO eAUHCTBeHHbIM BeKTOpOM, O P T O ~ O H - H ~ ~ M  py LL, TO UOAIIpCICTpaffCTBo L C O A e p X m W  B (LL)'. B cmy 

cmo& cebe, T.e. RKTOPOM C H Y i ~ e ~ b h b  CK~JJXP- -AP~TOM, u p e ~ ~ e r o  c.lIc2,qCTBEsI U O ~ O C T p X X T B a  L (LA)L n M e m T  

-eTW HY-8 B~KTOP. CZ~&~B~T~JHEO, L n LL = (0). OpJiHaKOByKO pa3MepHOCTb, a UOl 'OW COBnaAamT. . 
n°KaeM, ~ 0 ~ n p o c " r p ~ ~  H = L @ L' cosnaAaeT c E. c n e 8 c T B ~e 8.4. h a  L - U O A U ~ O C T P ~ E C T B ~  B eB=A* 

Bb16e~e~ B H K W O ~ - W ~ O  O ~ T O H O ~ M E ~ O ~  6a3m al ,  az, . . . , @OM n p o c T p a g e T B e  E, TO ~11060% B W T O p  X E E H M e w  pa?noXeme 
~ 0 ~ 3 - d  Z E E. H e ~ p y ~ n o  y 6 e & a ~ % w r  B TOM, L 

¶TO BeKTOP X = X O f X ,  

xo = x - ( x , a ~ ) a l  -...-( x,ak)ab, r ~ e  zo E L ,  xL E LI.  T a ~ o e  pa3noxeme e w c T B e m 0 .  



a n p a K T U K e  n p H  OTblCKaaLlH OPTOF 

a x  H a  nOAnpOCTpaHCTB0 L = ( a i ,  az, . . . r ~ e  c v r c ~ e ~ a a l ,  

. . . , ak m m e b  H e x m u C n t d a ,  U O ~ ~ T  a A P W M  06pa- 

-Hoe n p o ~ 3 ~ q e m e  B a a ~ a m ~  6a3pce o n p e A e n e H o  & o p ~  
x = x o + x  I 

T o p a  X H a  O P T O F O H ~ J ~ ~ E Y I O  -0eKUYIH) 5 0  = n P ~ x  'pToro- 
L HyIo cocTwm x XKTOP xo MOXHO EpeAcT-Tb B 

m e i i ~ o i i  KOM~HII- 

x0 = a l a l  +azaz+...+akak. (8.15) 

(ar, bi) = 0, (a2, bi)  = 0,  
L !  

H ~ 0 i m x ~ ~  L1 = (bl ,  bz). LieKTOpbl bl, bz %mmmca pem- z = a l a l  +Qzaz+ ...+ ffkak+xL. (8.16) 
C H C T e W  83 ABYX Y P ~ H ~  (ax, x) = 0,  (aa, x) = 0, u B K a s e  

P MOXEO B3BTb 106p3 @ . 4 ~ ~ 0 e H ~ ~ H y r n o  C U C T ~ ~  p m e T  0.r.c~- K & & A ~ ~ ~ H T O B  f f l ,  012, . . . Qk A O m a T o ~ o  YMHD- 

~anpimep, 61 = (-1, 0, 1, O J T ,  iii = (-1, 0, 0 ,  kh BI& &. b p&BeHCTBO (8.16) c ~ a n a p ~ o  H a  B~KTOPH a l ,  az,  . . - , ak.  

~ K T ~ ~ O B  bl H bz ' ~ h e ~ y m ,  ¶TO om COCT~BIIBH)T 6 8 3 ~ ~  B L', +.e. Tm, STO (a l ,  X I )  = (a2, x L )  = . . . = (ak, X I )  =0, ~ ~ Y W M  
L1= LL. 

! n ~ y ~ ~ b  L - U O ~ I I ~ O C T ~ ~ ~ ~ C T B ~  eBK.lIUAom I ~ C T P ~ C T B ~  E: ( a l , x ) = a l ( a ~ , a l ) +  ...+ ~ k ( a i , a k ) ,  
K a ~ r r A d  BeKTOp y E E MOXW 6- ~ A J I B C T B ~ ~ ~ I M  cnoc06dBb 

. , .  (a2,  x )  = a1 (az, a l )  + . . . + ~ k  (az,  a k ) ,  
npe,qmaanex B Bn,qe (8.17) . . . . . . . . . . . . . . . . . . . . .  

y=yo+gL, , ,  (ak ,  x )  = a1 (ak,  a l )  + . . . +W (ak* a d  
rAe yo EL, a X K T O ~  yL OPTOFOH= K KUAOW B ~ K M ~ ~  83 k: 

THOCUT-HO H ~ ~ B ~ C P W M  al, ~ 2 ,  . . . a k  3 ~ 0 %  mCTe- 
Tie:  yL 6 L'. B e ~ m  yo HBJbEaIOT 0 p m 0 2 0 ~ b ~ o d  nP0ekYk1 
eti eesmop  y x i  npocmpancmeo L x i  0 6 0 a ~ a ~ m  n p L y ,  la 

paBeHcTBo (8.15) H C n c T e M a  (8.17) a a n H c m m T c a  B B u A e  
yL ~aa-T- oprnozono~~axotI cocvoemwlqeii &ff- 

-pa y. %BUAF!IJ9 : ¶To e Y H  Y E L, TO IIPL y = y, U, H ~ . O ~ O ~ O T ,  

e .m  PLY = y, TO y L., OTM~THM, n? B npqq~amemm (8.141 AT% = ATAa, (8.19) 
XKrop 9' emb o p T o r , m W  ~ P O -  BI?kT@pa y H a  UOAnpO- 

CTP~HCTBO LL. r ~ e  A =  ( a l ,  a2, ..., a k )  - ~ a ~ p w a ,  KOTOPO~ ~~9~ 

Op~oro&miax rip?o~~&a ~ e ~ ~ o p a  y ~a n o ~ n p o c ~ p m c m  L C T M ~ W  K o o p R a T  B~KTOPOB 01, az, . . . r ak; a = 
i k e ~ e ~  pac~&'cnypaei n p o e m  se~mpa aa r r o ~ o c ~ p a a -  = (al, f f 2 ,  ..., f f k ) T  - m 6 e q  B~ICOTU k. B Y P a B H e m  (8.l9) 
CTm nap-0 ~ o A I I P o c T p a H C T B y  Lz, ma.mwe~yc9 n p ~  ~ a ~ p m  ATA H e B b l p O X A e H H ~ I  TBK K a K  OHa npeAmweT c060ii 
non-eme~ K L (CM. pa3g. 4.11). B o p ~ o r o ~ o i i  ripe M~~~~ mma J I H H ~ ~ H O  a e 3 a s u c m h a o i i  CHCTeMbl BeKTOPOB air 
e m  Lz = LL. a2, . . . , ak (CM. ~ e o p e q  8.1). 











CTeM&l nQJlyYWM: 1 1  = Z2. 
W1OxmTa nePme YPaHearre w BTOPW, TO mAeM maB oB. 0 6 ~ 1 ~ 0  3~ecb P ~ C C M B T P H B ~  COnPax-e, am- 

50x1 + 2(4 + 3i)x3 = 0, e ( C a M w o n p s x ~ e )  E O ~ T O I ' O H W H ~ ~ ~  on9a*Pbl. 
KOToporo Haxo~uac: PM Tame OuepaTopu. 

4+4i 
OmpaTop q*, A e k ~ ~ ~ ~ ~ d  

bM BeKTOPOB X ,  y E E B b m m e T C B  pMCTB0 
B b 1 6 e ~ e ~  x3 = -25. B peaymTaTe n w M :  = zz = 4 == (4 f ail 4 +3% -25)T. H T ~ K ,  0,q- flPTOr&mHhnt (F~Y) =(x>P*Y). 

3xC0B 'T'OCTPWCTBa U3 CflAePXW BeKTOp= 5 
52, -m hnc, ~3 B ~ K , ~ O B  al,  a2 HI. uewnae .  &R narreireoro onepa~opa ip, A G C T B W ~ ~ ~  * ea- 

OCTPBR- x a e s q o s o  rrpOCTPa3lcTm Y, rn-- 
K s a ~ a T ~ ~ m  MaTpm Q, 06rrqam- cmgCTaoM Q* = Q- -M orrepamp q*, &~cTBw~AE~ Y 6 X ,  e- 

a a 3 ~  QxumapnoG ~ ~ a m p u y e d  K B ~ ~ ~ ~ ~ ~ ~  MaTpmrqa a m o p o a  s E x a y E Y ~bmomx8~01 paenc- (a.3o). 
w T a p n u ,  e m  rr ~ a a b ~ o  e m  B ~ ~ O J I H -  ywIosm ae-e 0nepaTObbI o h a ~ w  B W E ~ M   em s e  -5- 

&*Q = QQ* = E. 

ymTapnue M B T P w  IIB)IBIOTCII K o m ~ c -  
TflroaaJibEWx MaTPu4 H O~JXCL@IOT ~0x0- rngCTW. 
eToJr6m (CTPO") YIIH~ap~fl% MaTpm COCT- OpToaopm 

CuCTeMy? eCJIE EX PBCCMaTPHBaTb - =weHTu KOM-9 

IWIercmoM a P x @ ~ ~ Z f ¶ e C ~ f l r ~  UpOCTpaHCTsa. HpomBefleme y,&Ll 
3 @-AOBOM 11p0cTpagCTBe E ~1~6epeM O P ~ E O P W O ~ ~  

m T p q  J~BJIJI~TM JRnr~ap~flk ~a~pxqef i .  ymTapaaa Ma- AC e, nymb onepamp 9 B 3TOM 6aaxce mTPm A. 

TPHsaaeBbIpoxA- 
-T o6pa~~y1o MaTpHqy, T~~ -- aeeMoTp- onepamp ql c B T P H ~ ~ ~  AT B 6 8 3 ~ ~  e. T o ~ A ~  

Iowroca ~ T ~ P E O ~ .  Ym~apmre M~TP-, H T~~~~ RBaB- (qx, y) = (&lTy = z T ~ T y  E (2, IPIY)=X T A T Y, 
IoTCB M a T P q m  nep=oAa OT o p m a ~ p M H p ~ - ~ ~ ~  6mAca 

n p o c T P a c ~ ~ a  K O p T O H O p M a p o ~ ~ .  OTMeTHM, STO pAe sep= 2 s y 0 6 o a ~ a ~ e ~ 1  BeKTOPu eBKJmAOBa nPflCTpBamBa 

fle'muTenb~aa ym~apiraa ~ a ~ p m a  a a n a e ~ ~  o p T o r o a ~ r r o ~ ,  E m&m KoOppaT B 6aance e. a 3mca- paBeaCTB 

BaAm, m o  onepa~opo~ q u 91 ~ ~ ~ e T c n  pmcTw 

~ C o n p = ~  (,+,z, Y) = (x, q,y), ~ O B H  6 s  mi &IJ~ $1 y E E. 3To 

WEa-W, ¶TO fllI~&TOp Ip1 SWISe'FCX 
OnePam 

one P ow 
"poerpwcr# npem--, TO 068 IWI- OnepaToPa 92 

M ~ o w a x e v  c onep8~opoM q. T o r ~ a  (x, WY) = ('~'xvY) = -oe 5 0 =&EEJX onepaTopax B AeGcTBaTenb- - -e- IIPO~P8HCTB8X COxpagse~ Am &&- = ($9 *Y) 53 

(2, (pl - *)y) = (z, COIZI) - (5, my) = O7 '1 E. 



((Vl - W)Y, (cpl - e )y )  = 0 

(91 -PAY = a, TBK ~(ag -- HYm -aOro 
Ta weT w c T B o  rrYm BeKMpa. kf~au, mro 

BbmQWBeTca -BO (PI -*)y = 0. a 
waTpHIUr c o w e r m o m  onepampa V* B moM 

sf 'PL cQsn;ylamT.. - m w c ~ o ,  STO ~0oppZlWI"I' BeKToPoB e l l  e21 e3 

ITO- p- (PX, 9) = (z, rp*y) pam-0 B o ~ T ~ ~ E o P ~ O ~ ~  6mCe. 

(@Y, 4 = (v, VT), m OIIepa~op mm me 
n o c ~ m  KoOP~~HHBTX B ~ T O P O *  ell e3 

O = W a ~ P ~  cp*, T.e. (cp*)* = cp. 3.ro dmBO mBQ48eT o p T o m p w ~ ~ ~  6uace, -we nPoaJ*eRaa 
BOPaTb 0 ~~npn%ertw onepamopq T% ), i, = 1,2, 3, MO-0 -aTa 

@Pwne ('.I3). 

OTHOrneme ,OP~aToP - c v &  onepamp* ortaSblBae e- C O C T S ~ E M  MaTPrrqY 
-eTpa¶blM. 

O p  ea a 8-10. Mompugbc A u Al mepamopoe cp cp 
npOcueoano* 6wuce e eetaudaeo n p o n n p o ~ ~ ~ ~ ~  E, 
*n"'PulfY ~ P W  I?, CWQXW coom-muev 

nepb no *opup (8.31) M O ~ O  aaisT~ MaTPm Al onepaTopa 
= r-'AT. B 6amm el, ez, e3: 

u o c m ~ o c ~ %  m u  6- e opmonop~upoea~nar~, 

A1 = AT. 

x*ATry = xTrA, v. 

e m  M ~ T P ~  AI oneparopa ql aaaTPqeg A Onepampa P PawxcTBoM ATr = r A l ,  TO (v, I) - (*, y) a o=epamp p1 om- 

p-CTBY (8.311- 6a3m e o p ~ m o p ~ a p ~ b ;  To r = B Ma~pm& nepexoAa OT 0 ~ ~ ~ 0 ~ ~ 0 ~ ~  ha- 
' m- (8-31) n e P m m  B W6e%sccm (8.32). , 

eO, 
K O T ~ p ~ ~  & m ~  3a@iUS KOOPW~- -VB e3' 



rp 6aame e": 

me axe .  n o  K-~HT~M SpoPMym (8.33), OqeR-  

pb no (Popwyne (8.31) H-W: 

H * ~ e a ~ ~  mmnqe A; B ,5=am eo nwSAM MaTPq A 
OnePaToPa $0' B 6a3ace e: 

, e m  3wam aaorruro TaKxce nOCrpOE~ 0PTOaOP~- 
. ~ E C  npoc~partCTBB H IIOCT-b Ts, K m  e m  
M np-e npa penre- aana- B T O P ~  ~ ~ 0 ~ 0 6 o ~ .  
a 3agagBOM 3WHe' (8.33) CKWBmO WoBLeaBa -- 

OTM- HeKOTOpbIe C B O ~ C T B ~  C O ~ ~ ~  onewTopoB' 

IZpmM 'p 8-14. B b u c e  e cKanapaoe w o m B e A ~ e  A 2. (cp+$)*=cp*+V. 
~ ~ A B H o  @ o p ~ y m i  , 3. (a@ a -moboe A & C T B E T ~ H O ~ .  

4. (4)' = Ilr*cp*. 
3 ~ x  micmm &oKW&~BWJTCB no -0% exe~e. HY=O n* 

- 2 x l ~ 3  - 2 ~ 3 ~ 1  -%'2y3 - X3&, (8.33) WaTb, ¶TO OEPaTOp B ~ P W O ~  meTCB 
S l ' ~ n e p a ~ o p o ~ ,  3 a n a c m  B CKO~K= B .raCm. CBO'- 
CTBQ 1, KCT~TE, yxe A O K ~ ~ ~ H O  B-. P W G M O T P ~  npwePa 
~ B O ~ C T B O  4. OHO YTBePXAfle'Ij ¶TO OnepTOP @(P* 
ripg)semhEM c OnepampoM (dl. ~ W B ~ P -  m: 

(&x, y) = ($x, 9*Y) = (2, Yrp*~).  



pa 9 B OpTOHOPm- 
bl n- (8.30), ammcaa~oe onep y- A - MaTpEma nESImorO 
Pb FP*. 3m E 00na9ae~, =ma onepamp Vp: Ga3ace e. Top,qa AT - MaTpWa c o m e m o m  Onepa- 

corrps=e- c onepampo~ +. a 9* x e  6mace. IIOCK(YL~KY ~ p e U m -  
Tpaecnompom~,  w (A - XEI = I AT -AEI, T.e. 

P e 0 8-11. O6~acmaw 3xavenud conpaxexx 
, p ~ e c m e  t+morOWU?KH MaTPW A a AT 

OmaKoBbI .  

oneparnopa P* med-aemm opmo2ox~anoe dononxexue rc oBaTmo, compato~ H x a p a ~ ~ e p ~ c ~ ~ ~ ~  pamopa p. 

a 8.14. Kamdbaa eo6cmeen~~a ee*mop cOnps- 

eN,,020 onepamopa pi opmozon~en mo sew co6cmemHMY 

(x, P*Y) = (px, I/) = (0, y) = 0, 

T.e. - m ~  P*Y wOrOHanen ~egmpy  z. 3 ~ 0  AOP(83-T, 

06nacm 3Hayed onepa~opa p* c ~ , q e p ~ ~ m  opToro-H ,.p nycTb rpx=~lx,  9*y=X2g, r,qe XLZAZ *OOnpeA- 

flonmR-Kfi~~0ne~awpap. ~ c o B u ~ & - ~ B ~ ~ ~ ~ ~ ~ ~  
X-oM onepaTopa ~ ~ c , m s e T c n  ~ ~ B ~ H C T B O  (9x3 Y) = (XI v*~)' 

CTPaeCTB A°CTaMWO m C T m  AX P~~M~PHOCT&. Icompoe cnysae np-~ BE&: A 1  (XI Y) = A2 (XI 

OnepaWa rpEDdeeT wMep=omb k, pa3Mep~r-b e m ~ f , q o ~  - oTclo~a mqye*, m o  (XI - ~ 2 )  (Z,Y) no-KY '1 

mpaecTaa PaeHa 91, T O  COrdXHO LXQCTBHH) 8.2 p=~ep=o~& 
oPToroH-Horo AOnmega~ K  my onepampa p pm=a n - k. 

, nomeAHee pepXReHYre MOXHO nepe+OPW~OmTb Ann Ma- % xe paaMqnmb ~~~mLCIi0 TTeope~e 5.2 -eT s * aHa? 
Tpa4 cneWIom ofjpmo~. 

KaX& ~ 0 6 m d  =Top Aeii- 
onepaTopa P*, TaK KaK pWW onepmpa C O B I ~ W ~ ,  MaTp- op~orm- xaw0W co6cmewo~ 

pmoM MaTP- OPTORO~po-m 6 ~ u c e  =, wp 
BeKToPY MaTPw A, ~ma@eXanleMY APFOMY ~ 0 6 ~ ~ ~ ~  

Ba-o* c P-M orrepaTopa rp. t 

Oc'oBBoe c ~ o f i c ~ m  COnpRBLworo onep<aTopa coc~oaT B - 
w4w. 

8.9. Cnmmarpwrcclt- 
0 P e a a 8.1%. Emu xeramopoe n o & p o ~ p a ~ m s o  L 

uHeapuaxmKo omwcumenbno meparnopa rp, mo opmozorcarbxoe 
donOnxenue L' amo2o nodnpocmpaxcrnaa unaapuaxmxo mPQIOPbl 
e~mmbno ConP8Wennozo oneparnopa p* . 

~ h ~ & ~ &  Onepa~op p, A e k c ~ ~ y ~ d  B 
eB-AoBoM -'- 

AG-=o, ~ Y C T ~  x E L  H y E LI. ~ - a  ~3 ycno- CTPiUICTBe E, E ~ ~ ~ ~ T  e w e r n p ~ ~ e ~ - ~  cowoconps- 
px E L  cneAyeT (PX, Y) = 0, a TW K ~ K  (w, $1 = (x, 9*y), To aceexlrm, OH ~ W ~ T O I  C O I I P I I X ~  c ~ 0 ' ~ ~ ~  T.e. 

( x ,  VY) = 0. Owroaa cneme~, pro rp*y E ~ 1 .  . . 
, Korga nro6b1~ BeKTOPOB x> BbmmeTca 

Op a 8.19. Xapamnepurmuvecrme uxozoqre~b~, a 
aedoeamedbxo, u e06cmeenxue 3xavenu conp~arcexx&z onepa- 
mopoe oduxa~oeu. (yx, y) = (x, VY). . 





308 - 8. G ~ B H  a m m n p t m  U ~ O C T -  - np0w8&A-e - ecTbTHa MaTPHqa UOpJIAKa 1, T.e. ¶eao, a 

He w"-eTea ~ p m m o ~ a p o ~ .  &A-mq 6 c T s e m  WKTO~OB na~em01-0 o n e p a w  cp, To MaTPw - x AX = = z T A T ~  = XTAT. 
onepampa cp B >TOM 6aaace -0-an (hn. Te'JpeMy 5.17)- 

-~TCR c m a e ~ p w e m ~ .  norro~y 
B TO x e  ~ p e ~ s  - m e p a ~ o p  p, U M W ~  C H M ) ~ - ~ -  MaTpW O ~ E O p  

FAX = xT& = ~ . T f i .  
-0-OM 6&1ace, m e T C B  --- (CM. 

3TEX paseacTBag q- O - ~ H .  *~PBT, a flo-a~MbCTB0 o6pa~Horo yTBepxAm npOBeAeM *eToAonr 
~ = e  m z e  p a ~ ~ b ~ ,  T.C. FAZ = =. nmMY YHm wTeMa~xrqe~ i i  mx,qywm no ¶my n m ~ e p e ~  eBKJraAaBa 

-ETCB A&-HT~JI~-,  it^( C O B ~ ~ ~ R ) ~ ~  co mm n p o m m ~ m  E. IIPU n = 1 y ~ ~ e p x a e m e  T W ~  ~ m - 7  
KO-KCHO ¶CZOM. & m- (8.35) - K ~ K  B OplOMePEOM eBWTE@BOM ~ c T p ~ C T e e m o 6 0 i r  
KseT, Ao, m~e O T H O ~ ~ ~ ~ O  ~ ~ y x  ,qeirm-- 0T06paatsaca B xcuuraaeapHhlir erq. C J W ~ T - ~ O ,  M o ~  

m e T C E  R~&CTBXTW&E&JM. 6a7ac wCTOUT 83 ~ 0 b G P B e m  BeKTOPOB. 
A ~ W B B B O ~  Teopem BUTeK- ace e~pan- A O ~ C T B M ,   TO ymepxneme B~PHO w eBRJNIA0- nPcF 

mepumuveercue m u  c - ~ ~ ~ e e m d  uampuw A ma- c~paEcTB pB7MepHOCTB n - I, a pacmoTp= npom-aoe ee- 
wm ae*-*-*auc~ B #me, AocTampBo paem* 
*peTb onepmop, M~TPW~* KOTOporo B o p ~ o £ x o p ~ q o ~ & ~ ~ o ~  d a 3 ~ ~  - A O ~  I~OCTP&IICTBO E pmMepHOCTH 78 S i  B Et%f m e T P E 9 e -  

MaTPH4a A.  TOT 00epa~op 6y4m w ~ ~ ~ ~ ~ ,  a cKnii onepa~op cp. B c q  ~ e o p e ~  5.11 8.17 c- 

m ~ T e p E T - ~  ~0~~~ 6 y m  c o q a ~ b  c xapxTeprrcTme- Tpmec. A-e&& onepa~op rp m e e ~  co6cT~eHHble ZHaq-, 
Cxmd MEOrOWIeEOM ~aTpsqu A. a m o ~ ~ ~ ~ ,  a C O ~ C T B ~ E E H ~  B~KTOW. DY- el - w6- 

e OP e Jt a 8-18. Co6cmeemmae e e m o p s  cwempcLue- C T ~  BeKTOp OIIQaTopa (P1 W A R W X ~  c06cT-0w 
cKozo 0neP4moPa, n~uxad~leasea~ue p m ~ l u ~ ~ ~  co6cmaexxbuc 3RaqeHHH) XI. ?~~OB(HO e P a T b ,  PPO 3TOT S P  eA-r TaX 

=xa~enwu,  opmuzomaa.xw. - -7, era ~cugno aopMEp0~aTL.. O~~HOM~PEO~ n P O ~ p ~ C T m  
El, nopo~eEEOe BeKTOPOM el, agnaeTm -Pam * ' 'ycTb BV PECTBB cpz = AX, fpfj = py, r ~ e  A # o n e p m p a  cp. O~TO~OE-w Aonaweme Bf  K ~ O J V W C T ~ ~ ~ C ~  fi. 11° Y a B m  CP - - e ~ p a H  onepamp. IIwoMJP 
By El TitI(Ige ~ u ~ o o ~ E o ~ E 0  OUePaToPa 9 (m. 8.16)- 

(vz* 8) = w), m ~ O e  ~ a a  P~CCM~TPIEM!- BeKTOPOB 3 ~ 0  IIOmOCTPaaCT~ m k e ~ e n  (n - l)-~ep-, mePaToP cp B 
Y 'QmaET mA (a, Y) = P (s ,  Y). II~XIKOCS npayro q-b n E: eaMMe~p~d. n03~0~y B W T B W C T B ~  c =m- 
R?BJ'FO* 3m-M~ ( A - ~ ) ( X , ~ ) = O .  A T Z U C - A - ~ # ~ ,  

w o l a , x e ~ ~ e ~  B E: M O ~  B S ~ ~ B T ~  O P H O P W O ~  6 (x, Y) = 0, T.e- BeKTOpbI x 3% y opw~poaaab- , 
ZHC e2, . . . , e,, a3 c06CT~eHwM BegTOPOB omPampa 9. 

OCHOBHO~ ~~0s- -e~prne- o n e p a ~ ~ p o ~  COcTOHT K 3TOMY 6 m c y  BeKmp el, 6a~n: E- 3T0T &WAC 
CnewIonqeM. 

aBnserca oKroEopa6ap~-, TS maep=x7 - -TQ 
p e Jt a 8-19. Zumebmatff onepamop 9, deacmaywWufi p a  B H ~ M  epmmmie, a ~OBTOP~DL, OHH noI=pao O P T Q M ~ -  

earunrdoeo*c npocmpaxcmee E, r6.a.nemc.q -empuuecw K p o ~ e  TOTO, K~X* =TOP es - 3TO ~ 0 6 ~  
mozda u mo.8bso mozda, xozda e E c y ~ e m e y e m  opmmop*cu~ onepampa cp. 3~a4lrr, 6 a 3 ~ ~  el, ez, - . . , &I e m  OPTOaOPMA- 
p o e a ~ ~ Q  6-c7 COCmOaWufi w co6cmee~- semnopo~ onepa- p B d  6 a u c  B E aj ~ 0 6 ~  BeK'l'OPDB OmPa*P 4'- 
mopa p. ar-o MW M ~ T ~ M B T B S ~ Q C O ~ ~  m q o e  rmHem0 



510 r- 8. - m a  ymapasse npon-, p. cWWe~pmeCRHe (camwnpay-) onePa*Par m 
MePHOe eBKJJWOm ~POCTP~HCTB~ meeT O ~ T O H O ~ M H ~ O ~  uce H3 CO~CT-X WKTOpOB HeCKQRbKO BeKTOPOB. Heom 
6-c B p~o6c~~e- BeKl'OpOB c ~ ~ ~ e ~ p n ~ e c i c o r o  onepa.ropa, -0 ~ T Y  CBmeMy BeKTOpOB OPTOHOPWOBBTb 3T0 Ha 

Cne  A c T BE e. C m e ~ p ~ = t e c &  onepamp ReJuleTCX onepa- 
TOPOM rrpoc~oi c ~ p y ~ ~ n r .  11 ,, M e  8-15. IIOCTPOUTL Kmo-eCKOe p-*eme 

c E M M e ~ P ~ ¶ e ~ ~ ~ %  MaTPB4bl 
Henoc~e~ememo m A O K ~ ~ H H O G  ~eop- Bm- OEAY- 

Ionree ymepqqemie. * 
T e op e *t a 8.20. Jw6an cuuuempuueclcu mampuya A 

~ O - N Q W ~ W  oPm020~~bx0fL uampuqbt T npueodumm dduozoxrurb- 
x0-W eud9, m.e. CyWecmeyem m o ~ a a  opmozonuanan mmpuya 
T ,  VmO ~tampuqo o p ~ o r o ~ ~ ~ ~ ~  T ~ ~ I ~ c ~ ? o ~ M R P Y ~ I ~ ~ ~  *aT~qeir. 

A = T-'AT (8.36) p em e n  a e. ~ a ~ a x ~ e p ~ c p w ~ d  MHoroW MaTPHIIbl A 

d u ~ z o n ~ b x m .  ~h6a .n  cummempuuec~aa uampuya A m e e m  %aca- - A  1 1 -1 
u ~ n u ~ e m o e  paz4031~enue 1 -A -1 = ( ~ - 1 ) ~ ( X + 3 )  

1 -1 -A 1 
A = PAT-' (8.37) -1 1 1 -A 

C OpV2ozoxanbxod wampuqd T .  HMeeT KOPm = = A~ = 1, X~ = -3. Bee o m  - ~ Q I  

CO~CTB~EJEL~MP 3HaYeHEXMU MaTPnmJ A. 
C-~TPE.I~CV~ ~ a ~ p m y  A  MOXHO p a e ~ ~ i ~ ~ p a ~ a ~ ~  K~ -- npE A = 1 CHCTBM~ ( A  - XE)x = 0 m e m  +yBA-em- 

TPI~~Y HeKOTOPOrO -eTPu=temo onepampa B OPTOHOPMH- cEcTeMy m TpeX perrremir, Eanpmep, 01 = (1, 190, OlT? 
Po-OM 6 8 3 ~ ~  e-AoBa UPocTpaIIcTsa. TaKo& onepamp = (1, 0, 1, o ) ~ ,  a3 = (-1, 0,  0,  T ~ K  K ~ K  aPo'fM Km* 

EM- OP~PMHPO& ~ R C  ~3 CO~CTB~- B~KTOPOB, B m9eeAoe p-lgeme ~aTpu3JbI A C O ~ T O ~ O H W O ~  

K ~ W P ~ M  MaTp~qa ooepa~opa e c ~ b  HeKOTOpaE q~qaaro-~ - MHPyrome~ Ma~PaqeH, TO AOIIWfEET'?JIbHO -0 0GeCne4RI.bl 

Tpwa A. M a ~ m  A E A, KaK MaTpW KjAHoro onepampa B PT0,5~ mp 6-a O ~ T O H ~ ~ M E ~ O B ~ A H O %  CHCT~MO%. 3T0r0 

p a a m  6a3mw7 ~ o A o G ~ ,  T.e. m e e ~  ~ e c m  FCTBO (8.36), B CECTeMy C O ~ C T B ~ H H ~ D C  ~ O W B  al ,  a29 opTOEOPqyeM. 
KOTOPOM T,  ~ a r p m a  n e p e x ~ ~ a  m o~aoro  O ~ T O ~ Q ~ M H ~ O - -  paym;ra~e noxyswa o p ~ o ~ o p a w p o ~ m ~  CUCT~W B ~ ~ ~ ~ P ~ ~  
Koro 6 ~ ~ c a  B A P Y ~ O ~ ,  OPTOrOEBJI6HB. (CM. TeopeMy 8.5). B~~opoe 

T e o P m  - O = E A H ~  n e p e @ o ~ m i p o ~ ~ a  nepB* 
Po, nocKaKY P&BWCTB& (8.36) ur (8.37) pa~~oc-. . 

n ~ w m  n o c q m  ~pmrORaJIbH0k MaTpEqhI TI nXoflq& 
B COOmiome- (8.36) A (8.37), eoxpaglreTWf T- xe, K ~ K  

Jno6blx OnePaWPoB n ~ o c ~ o i !  CTPYK'l'ypH (m. paq.  5.8) c npu = -3 cnmma (A - XE)x = 0 meeT @YEAaMmTmb- 

eAHacTBe- PammeM. ~~ onepaTop meeT ~pa~Hble  co& HYlo C H C ~ e ~ y  peme&i ~3 oflaor0 SKTOpa, HanPmep, a4 = 
1 

CTBe-e 3 H a ¶ m r  TO KB)$AOMY T~KOMY 3~a9eus5ro ~ T B ~ ~ ~ U O T  = , , , T .  ~oparapyx ero, n a n y w ~  4 = $1, -1, -19 I)*. 



b 
b (rpx, 5) = (Ax, x) = X(Z, x) = AlxlZ ) 0. 

I 
~ o c ~ a M b ~ y  lzlZ > 0, TO A ) 0. AH~JIO~H¶~H C J I Y d  IIOlIOHLHT@IbEO 

pnpeAmmoro onepaTopa: AocraTo9ao nemporae a e p a B e a m  
aaMeaaTb mporaMu. 
. I I y c ~ b  Bce C O ~ C T B ~ A ~ ~ I ~  3 ~ a ~ e ~ u r ~  XI, A2, . . . , An cwaMeTpaye- 
w r o  onepaTopa rp HeoTpmawwre.  B eBKnnqonoM npoc~pm-  
F m  BH6epeM 6a3Xc el, e2, . . . , en E3 c o 6 c m  BeKTOp 

ma r ~ ~ a  8. Emu~ruo~~a zf yBiT~p6X-m I I p o C T m  

~ 0 6 c m ~ ~ ~ ~ e  B ~ R T O P ~ I  e:, ei, ei, e& MaTpHqhl A COCT~B.TIIX)+ 
O ~ T ~ O P ~ ~ ~ O B ~ H H ~ ~  6mac B ¶eTwexMepEOM eBK.mAOBOM n p a  TO d o r o  C O ~ ~ T B ~ I ~ O I ? ~  31m¶e- A ~ P ~ a ~ e H L &  
WpmCTse. E3 CTOJI~JJOB KOOPAHHaT 3THX BerCTOpOB C O C T a B m  e ~ y  C O ~ C T B ~ H F Z O ~ O  BeKTOPa 3 nee&f 
M ~ T P H ~ Y  T a 3aumue~  UCKOMOe KmommecKoe pamoxeme 

1  1 1  -- - \/Z3 2 6 2  
1  1 r' 

A = TAT-' = 

2d3 
OB 

1  onepaTopa rp, p o p ~ ~ o s ~ s a r r  B~KTOPM 6muCa T a ,  9x1 = be*> - - 0 0  
\/Z t/.z 

X 
0 0 1  -- 
0 0 0 - 3  2 d 3 % % %  

1  - 1  1 1  -- -- - 
2 2  2  2  

n n n 

= ~ C ~ , z , x ~ ( ( e , , e ~ )  =Ck:>O. ~ T ~ ~ & c T ~ B J E E E ~  CUMMeTPE9eCKUX MaTPPm B BUAe KaHOHuSe- 
-1 3=1 ~1 CKOPO pa3~70XeHUS C O P T O ~ O H ~ J I ~ H O ~  T P ~ H C @ O P M H P ~ ~ ~ ~ ~  Mit- 

- TPT* =eeT came mElpoKoe upmenerne B TeOpHE E npmp 
xe-. ,&m mmpoeam T~KOFO KanomecKoro paanoxem 
nP=e- Kome-e moco6b1, awtpwaep, M ~ T O A  ~ p a r q e d  
(CM. pa3A. 11.1). 

CaMMe~p~secrtnii onepaTop (o ~a3bma1c~ neompuqamere- 
X b w  (no&omume~lbno o n p e d ~ e x x b w ) ,  e m  AJJS m 6 o r o  
HeHYneBorO BeKTOFa 3 BbmOiTEIIeTW HeparleHCTBO (qx, X) ) 0 
( ((ox, 2) > 0). Emu cm.me~p=~e- onepaTop 9 HeOTpHqaTmb- 
HI& ( I I O J I O ~ T ~ H O  o n p q e n e d ) ,  TO  my^ rp ) 0 (rp > 0). 

T e  op e AI a 8.21. Cu&.uempuuecsuii onepamop serraem- 
cs neompuyamabnbu? (noinoanume~xo onpedeinexnbu?) moada u 
monbso mozda, woeda ace eeo cobcrnae~n~e awauenw neompu- 
uamerbme (nono~umubn~e) .  

Cnqosa~enmo,  onepaTop rp ~ e o ~ p n n a ~ e m d .  B cny9ae, KO- 

rAa BCe c o 6 c ~ ~ e ~ w r e  3Ha¶eEUE X I ~ O ~ E T W I b ~ e ,  HepaBeHCTBO 
(px, x) ) 0 aa C ~ M O M  Awe 6 y w  C T P O ~ M ,  a OnepaTop - no- 
mxmenbao 0meAenemm.i. w 

T e o p s ~t a 8.22. Ars no6020 xeompuyameinbxoso one- 
pamopa (o u nw6oao wamypa~bnoao uuwza rn cywecmayem, u 
npc..no& eduxcmaexxbtd, neomps~amenbnbiii onepamop f,  ma- 
soil, umo f m  = p. Emu rp noinomume.+axo onpederennuii, mo 

H e o ~ p m a m &  onepaTop f ,  y ~ o a n e ~ a o p m d  ~WOBHK, 

f m  = rp, HmmaIoT a p u @ n c e m u u e e w  n o p x a  m-4 emene- 
x u  w neompuqame&arozo oneparnopa rp. 



3U r-a 8. E ~ m a o i w  II ynmrapme n p o c ~ p m ~ ~ ~  a6 
D n y n b  9 - neo~prrqa-fi onepamp B ~ - M ~ P H O M  e m A o -  Cme~pwec~ym MaTpEmy A ~ a 3 m m  neompuqamab- 

BOM IIpOCTPagCTBe E. TaK K a K  Heo~puqa-nr& onepaTop no (norcoaneumw~o onpedaennob), e c ~ ~  w C T O J ~  

0wje8mem c ~ ~ M ~ T P E ¶ ~ c K & ,  B E CJTqeCTByeT OpTOHopqo- a 2 # 0 arnonaae~clr YMOBE~ xTA2 2 0 (xTAx > 0). E3 sawM 
B- 6a3uc e co6c~~en~ib1x B~KTOPOB onepa~opa 9. B moM 
6a3~ce onepa~op (o u ~ e e ~  ,quaronam,~ym MaTpq  MaTpqa rmeTcx nempuqa~en~nofi (IIOJIOXUT-~O onpeAmH- 

TorAa H T Q ~ ~ ~ K O  TOrRa, K0rp.a Bce ee xapmTePncTxyecme 

I, -ma nempma~e~~ba=e  (nanoxm-rne). 
A =  (8.38) Apu&wemuuecmuc wpnea m-ti cmenenu w reompu- 

b l(omerbnob aampuqac A  naablBaJoT TaKYIo HemPHJ4aTeJIbwm 
MaTPHqY B, T O  B~ =A. Kax W e T  po Teop- 8.22, irro- 

PuTeM Bee ~ ~ a r ~ H a m m d e  3UeMeHTE.l - C O ~ C T B ~ H H ~ I ~  6a HeoTpHqaTeRbHaR. MaTpHqa MT q n n c m e d  K O P ~ ~  m-6 
OnepaTopa (o Bce HeoTprrqaTaabI. P ~ C C M O T ~ W  m e & &  OD+ 'c~enem, npmeM e m  MaTpHqa X I W X U T ~ H ~  OWeiT-a, ToH 
PaTop f, K O T O P ~  B 6a3uce e meeT MaTpw ' ~ o p e m  mfi c~enenu - nOlIOXHTWSH0 OlIPeAeJEHHa MaTPma. 

npu Bumme- ap~Cp~e~HseCxor0 KOPHII AOCTaTOT- 
n O m O H T b  Kaaom-iecKoe ~~~~~~e A = TAT-'. T o ~ a  

(8.39) ' "0 = T m&~-l , r,qe ~opeab m-fi creneaa mn ~ u a r o ~ w ~ o k  Ma- 
~ p -  A  BUAa (8.38) BblsYrWeTclr C O W m O  pmHCTBY (8.39). 

O ~ ~ P ~ T O P  f Cw~e~punecKHEi, TaK K ~ K  ero MarpHqa B opToHop n p u  M e p  8.16. &IE MaTPH9u 
MHPOBmOM 6a3~ce e CUMMeTpYmecKaa. Bce ero C O ~ C T B ~ H H ~ ~  

-ma - m6 AHaroHmbnbIe WeMenTu MaTpqbI F. Om Heel- 17 16 16 
TPWaTam,  a wleAOBaTeRbH0, onepaTop f rreo~puqa~enbwrir. A =  16 41 32 
HaKO~en, oneBE&HOro PWHCTBa = A BMTeKaeT p a e ~ c ~ e o  
f"=w 

(U5 32 41) 

n ~ c T b  g - A P P ~ ~  HeoTP~qaTenbd mmiefiwrir onepaTop, n o c T p o ~ b  KaaomyecKoe pa~mxeme c O P T O ~ O H ~ J I ~ ~ O ~  TPwC- 

KoToporo gm = 9. C ~ W ~ C T B ~ ~ T  O p T O H 0 p M u p o ~ ~  6a3~c  @op~HpyloIt(efi Ma~pUJJefi U, nMb3yacb m, &h'u a. 
e' a~ c o 6 c ~ ~ e m  B ~ K ~ P O B  onepa~opa g, B KoTopoM ero MaTpH- p e nr e H E e. X ~ ~ ~ X T ~ ~ H C T E Y ~ C K H ~ ~  morOmeH 
s a  AEI.moH=EaR. B 3TOM 6a3uce Maquqa onepaTopa 9 T-e 
& n m o n ~ ~ .  J H ~ ~ T ,  ~ = E C  $ COCTOUT KJ CO~CTB~- BeK- 17- X 16 16 

OnepaTopa (o. H e ~ p y p o  3%JIm¶UTb, ¶TO c 0 6 c ~ ~ e ~ e  I A - ~ (  = 16 41 - 32 = - x ~  +99X2 - 1539~+6561 
*OAnpOmpa~cma onepa~opa g co~naAaro~ c co6cme- noA- 16 32 41 - A 
WOCWaCTBaa OnepaTopa f ,  IIOCTpOeHHOrO panee, npuyeM 
~ o 6 c ~ ~ e ~ w e  3 ~ a q e ~ ~ l 1  onepa~opo~ O A U H W B ~ .  oTCIOAa ~ e e ~  KO:IHYI X~ = 81, ,i2 = AS = 9. I I m w  M ~ T P ~ &  A  ma- 

C J ~ A Y ~ T ,  9 ~ 0  o ~ ~ e ~ a ~ o p b l  f E g C O B ~ A X I T .  t e ~ i x  
81 0 0 

B ~ e ~ e m e  noMTEE A AOKa3aEHJ'm TeOpehfy MOXHO nepeH+ 
Cm Ha MaTPHIlbI ~~~ 0 6 ~ x 1 0 ~  (CM. rx. 9). 





xamYPailbxOz0 wuua n cywecmayw 

R = P'V, fi" = cpcp*. 
n O ~ ~ m b ~  mGlOTeJIb H 3BaMeUaTWh B 3TOM COOTHae-  

C @ O ~ M ~ ~ ~ o ~ ~ ~ ~  YTBePXAWEe AanaeTcX Ips- UeA-  me-^^ npH f l e i r ~ ~ ~ ~ a  OpTOrOHMbHbuc OnqaTOPoB? * 
BReM TeOpeM 8.22 A 8.23. b 

T e 0 p e a a 8.25. Oprnozoxwbx~d onepamop &W@W OP- 
c o r n a ~ ~ o  TeopeMe 8.24 A.M d o r o  onepaTopa y, B eB-- 

oxopmupoeaaxyw cucmuy eemopoe nepeaodum 6 oprnoxop- 
AomM IpOCTWCTBe OIIpeAWX3BId OuepaTophf fi H m, 

upoeaxxyw, a o p m o x o p a u p o e a ~ ~ ~  6amc - e opmoxopfiIJP0- 
ua3bmaemde COoT~TBeEEO npasblm H n e e w  woJya.ua one- 
PaTom cp. ,nraxxua ~ W U C .  EMU iluxetlxuli onepamop nepeaodum KQnoa- 

1 
,&o op~oxopfiupoeaxxbz~ 6a3uc e o p r n o x o p a u ~ o ~ a ~ k ~ ~ ,  mo 

Y ~ ~ e p x ~ e -  WpeM 8.23 a 8.24 MOXHO p a x n p o c ~ p ~ ~ b  
Ha ~d onepampa, A ~ ~ C T B ~ ~ ~ I W ~ O  E3 OAEOI'O eBICJIEAOBa - ' amom onepamop 0pm020ct~b~btd. 

CTPiLHCTBa B Appoe. D nepnoe yTBepxAemce TeopeMbI - m f l m H e  Tor09 ¶TO O P  

Teope= 8.23 A 8.24 HecnoxHo n e p @ o p ~ y ~ m p o m , ~ ~  Tepm- T o p o ~ ~ ~  onepamp coxpsaae~ 8- BeKToPOB &f =We* 
MaTPHq- J W ~ O ~  ( e o o h e  eoeop~,  noan.+zcccn&) opmro-xime B ~ K T O P ~ I  B O p T O P O ~ ~ ~ e .  ~ P W ~ M *  

*amPuWl A ~tamputw A*A u AA* .ae.aawmcs ewe- x=, TO ~ n u i e M  onepa~op cp nepeBoAzT OPmHOP-POBaa- 
mpuuecwu neo~pur(arnena-u, cyqecmeywm ~~b~jl ~ X C  e = (el, ez, . . . , en) B o p ~ o n o p ~ o d  6 m c  e' = 
~W*%O onpedenen~me apu#uemuuecme xopnu npom- = (e;, e;, . . . , ek). T o r ~ a  ~3 BeKTopoB 
e04bu0d cmeneuu m w mampuy A*A AA*, 
eta n e o m P u U ~ m e J b ~ ~ ~  m a m p u ~ ~ c u .  B qacmxocmu, z=xlel+xzez+ ... +Xn%, y =ylel f Yzez+...+Ynh 

~dxo~xauxo onpede~exba rsopuw 

I I I 

amoproronarmw c p z = s l e ~ + x ~ e 2 +  ...+ xnehr (ml=yl$+~zez+ ...+Ynen. 

OMPQTOpU C n e ~ o ~ a m b ~ o ,  

OnepaTop cp, A ~ ~ c T B ~ I O ~  B eBKJDfAOBOM =PC- (92, $ 7 ~ )  = 51y1+ 52Y2 +. .. + 5 n h  = c x r  Y) > 

cT6'aHcTBe E, na3HBaeTcX OpmOzonwbnbc&, e m  OH COXp-eT 
cKanapHoe n p o m ~ e ~ m e  nIo6wx Bexcropoe x, y E E, T.e. e- Bw 

H cp - O ~ T O ~ O H ~ J I ~ &  onepaTOP. b 

nOnaaeTea P ~ B ~ H C T B O  T e 0 p e a 8.26. EMU rp - o p m o z o ~ ~ ~ a t ~  one~amoP, 
mo onepamop q*, conpamerrxud c onepamopo* cp, coanadaem c 

( P t  (OY) = (2, Y). 06pamnw oneparnopo* y,- 1 . 
n".mraa B p B B e H m  (8.40) x = y, m x ~ p a ~ ~  ((p;c12 = 1z(2. 3To (> C~a-it OTMeTHM, ¶TO O~TO~ 'OH~-%~H& OnePaTOP meeT w- 
OsaaWT, O P T O M R ~  011epamp COxpaHne~ ,- BeK- XeBoe a ~ p o ,  T ~ K  KaK H ~ ~ B O &  BeKTOP MOXeT 6 ~ T b  06pa30~ Wmb 

TOPOB. TOTO BeKTOPB, K O T O ~ &  NeeT VneBYH) pw> T'e vneBoro 



'IWXH~OJCU~O m 
Gmgnag 'ddadam ~OH-o~oxIo pmdgo Ldm8dano (C 

!domdano p 
-~~oJ~Ufo - ~odO&%daII0 xI¶4Lw~onozdo amxaYaafxodrr (2 

!m9wao~o&do mm- dmvdano p%mau&oaYnrm (1 

:ffod~8dano xmiwe~oaoul~ -9093 
-om~L oxmr 'mxdzm XRB~HOJ~O ~EU~~~ BLL~MI~M 

4 'domdano ~rre~o~ozdo - h L~~wam~om~ 

' (fi 'x) = (&*h 'x) = (Rh <xh) 

:pua~~n 
=3=v&v=vxh- fi a x SO~OLH~E JIFI~OIV 'oammaed ox mmdn .o = d,d) 

-3n-d o~daa h edowdano oaoma m %YJo& .3 = yLv 
..&OU~ = vx2 -nmd -d~a&a~aoYL h sdavdano o~oqamur v 8hadr,8pu 

'V hdmpu HWOHS~~~OJ~L~D OH~VH~OHBB~ om .g = vLv :YVW ~~amh -dn xn -aYaamodn warn edomdano OJO~ p. TRradmn my aodo~ox ~3 = d,d, 
(~~8) E (1~8) EUH& 

5+&aeh maan amYaaaodn mabd ocx~nmd mza-uowa h %dhtrrdano oaon-oaoado mp q 
'p~u~vowzourdo dourod 

uouLc Om '~~9~~~020ULdo vdouLvdauo ozoxpaxnv vhndtuvw 
aanmg worrx~oodnwdoxouLdo ognv-vroxva a nwa 'urodogoot;l .pox 
-Qvv~~zowdo mtaawsa aanmg woxxoeodnrsdoxovldo wogav a DB 
-ndwor* vdou~vdauo ownqvoxozourdo A '~2.g u w a do a J 

y=mab% 
et'm dm%dam pmH0.10uio :madm auaxuat?cexoY 

a :HHKeao-m 'J.& md aha rraexdahito~ .annoham& 

(m,h 'x) = (Rdr 'xh) = (fi 'x) 



=Y, KOwpb~ a e ~ ~ p  x aacTB. I I ~ ~ U ~ X U M ,  wo ~ e o p m a  ~ e p ~ a  w BCm eB- 

mpxAeame &m Bcex eBrwMA0BblX IIPOCTPWCTB P83MqH0CTE 
(xr i )  = ( V X ,  WI = ( x ,  -y) = - ( x ,  9 ) .  

Bb16epe~ q o m m H o e  n-~epaoe emJwvm n p o c ~ ~ a c ~ m E  

=-OW ( 2 , ~ )  = O . ,  HeM IIPo~w~&  pro-wrir o n e p a ~ ~ p  rp. no ~ e o p e ~ e  
13 B E CyIseCTByeT OAHO- UJIU @yMepHOe ~ , 4 ~ O C T P a H c T m  L f  

T e o p e * a  8.30- ECAU nodnpocmpaxcmeo L u,, mpEaTH~e ~ T H ~ C E T ~ J I ~ H O  rp. IIO ~ e o p e ~ e  8.30 ~ Q A ~ P O C T P ~ H -  
axmno OmnOfXmabxo oPmowHaRbxozo onepamOpa rp, mo LL Tome -apA&HTHO OTHOCUWHO 9. Ha LL onepaTop 
oPmozoxwxoe donoa~exue LL m a m e  uxeapmnmHo omno 
mC%b%O q. 

c P B ~ d  Ha n"AqOc~c'TBl?,  T.e. paCCM0Tpe~b cy= . p83MePHOCTb n - 1 EJIU n - 2, TO corn-o n~%nmOXeHEno Ma- 

d~ owlPopa Y ,  ~a ~ O A ~ P O G T P ~ ~ C T B O  L. &epamP qL mew ,' T e M a ~ e c ~ 0 6  ma,qy~mur L' MO- U P ~ A C T ~ ~ ~  B BnAe ~ P ~ o G  
-O-- ~ a T o @ o %  a IIOTOMY 1 c y ~ ~ b I  mBaPUWTWM U O A q O C l ' p ~ m  OnvTOPa 9' Ao6- 

Y E  L CylTJeIX'B~T -Top 2 E &, K q m 0 G  CyMMe UOJfIXpOCTpBHCTm L1 n q m  PmXeme 
m a  Ko'mporo cpz = y. n p s ~ y m  cynaMy Bcero IQOCTpaHCTBa E. b 

IIYCTb -Om-0. YYCrnrn x E LA ma- 
% - ( $ 9  y)  = 0 Aria JfK6or0 s e ~ ~ o p a  y E &. BMepear nepeii~e~ K ncWreAoB~Hm0 CTPYKTYPU IIPOm-bHorO OPT* 

L, w Komporo (pz = y. T m ~ a  roaaub~oro onepa~opa E era MaTP-. 

bH OnepaTop rp AeZiC~~yeT B OAEOMepHoM npocTPmcTBe E, 
nIo60ro BeKTOpa e E E meeM rpe = f e. C J I ~ ~ O ~ ~ T - H O ~  

Tax KaK BeKTop 
0 P ~ M H w f e ~  nlo60My BeKTopy ~3 L, B  TO^ 

r p  - m60 T O B L ~ ~ C T B ~ B H &  OUepaTOp, d o  onqaTop qeaTpW- 

E *KMp~ 2. HO YCIIOBEe (VX,  y)  = 0, ~ 0 %  cHMMeTPHA c M ~ T P W ~ ~  (-1). 
* BeKTo~a Y E L, o a ~ a s a e ~ ,  TTO vx E LL. Tern cw nymb O ~ T O I . O B ~  onepa~op rp A G ~ ~ Y ~ T  B ABW~PHOM 

npocrpWTBe E. B d e p e ~  H ~ X O T O P ~  O P ~ H O P M H P O B ~  'a- 
~ U C  e = (e l ,  ez). B e ~ ~ o p  e: = pet -eTM '%-* x 'p er  a 8-31. r p  - opmozoxcuranbta onepa- ~ o o p ~ m & ~ b I  MOlKHO 321nHCaTb B BEAe (cosa,  sin^)^, r8e a - d e l - ~ w ~ u a  8 eemudoeonc npocmp(rx&ee E. E ~ ~ ~ ~ -  
yroJI, COCTWeT WKTOP e; c B~KTOPOM el. B~KTOP n ~ B c m p w ~ e o  E *coxem 6 b ~ m  npedcmesneHo a eu,je 

C Y m m  unaaPuaxmxMz fiodnpocmpanme onepamapa cp, 
e; = rpe2 opToroaaaea e: u meeT WHHWHJno F Y .  'Jhm 

P-ePxo*b ~a&zo w % o m o m  paem 1 2. 
BeKmpoe ABa. nePB&f HMeeT KOOPAUHaTbI (-sin% cosa)IP 

7r 
nMygaeTca n o ~ o p o ~ o ~  ~ e ~ m p a  e; aa yrm - ~ ~ C O B O ~  

L> aOx~ar- m o m  o p o s e A e M  - 0 ~ 0 ~  ewTarp CTP-. B~opoii ~ ~ O T Y [ B O ~ O J I O X ~ H  U~PBOY 2 nOIIYgaRTCR no 
no P ~ M ~ P H ~ E  r r p q m m ~ a .  YmepxAeme BoPoMM BeKmpa e; ~a yrm - 7r no ~ & C O B O ~  c~penxe. B n e p ~ o ~  

2 



5# r- 8. &~oasu mm I 8.10. O p ~ o p o ~ a n b m  onepamp 3 s  
mTPWa A mepampa cp m e e ~  s q :  I zde al, . . . , @B - deyuepam 6noxu euda 

B" BToPoM my- M ~ T P H ~ ~  011epa~opa p aMed BEA: JIOX- ~BKJI!?ZAOB~ U~O-CTBa E B n p m  W d W '  

1 
A B Y ~ ~  aa~ap- n o ~ n p o c ~ p a a m ~  omoMep= ~ O A -  

a uponpaacma nopoacflarom C O ~ C T ~  BeKToP-9 H EX 
sina - m o  . A=(eosa 

M O ~ O  paa~emmb ~a p e  rpprbz  c o 6 c ~ ~ e  mTOpbl, -a- 
OTMm7 - Maqaa -q-aK 4 -AOBa-HO, na,qmxaupie C O ~ C T B ~ E ~ E O M ~  WCJIY 1, E co6c~~embxe B ~ K ~ P Y  
n ~ A B o ~ ~  A H ~ O ~ ~ J = = O M Y  m y .  n-KY ouepaTop ,+, - npmapexaapre C O ~ C T ~ ~ H E O M ~  -1. A~yhaep-e -PE- 
~ ~ W C E  W onepa~opa Ae, mawmowerom oT ToxAeCTBeHBOm a~T13~73 U O A ~ ~ O C T ~ ~ I ~ C T B ~  IIO  any A ~ ~ C T B H ~  B HEX opmro- 
OnePampa E morn-, era m 6 m -  3rraPeaaa , HOm MOPYT 6- myX BEAOB. B mPaagTahDf U O ~ O ~ ~ B -  
a no TeopeMe 8.28 om0 co6cmernoe 

paBHO 1, a BTopoe e ~ ~ a x  nepmro BHAa ,q&em,xe onepampa COCTOUT B no~opme 
P-0 -1. O ~ ~ O M ,  B p a c c a r a ~ p m ~ ~  

MaTpHqa wmopa ~a H~KOTOP& y r ~ .  B -P- nOAIIPOW- 
O ~ ~ P ~ T O P ~  CP ~PEBOJPTCS K B E A ~  CTBax BTOPOM BEAa & ~ ~ C T B R ~  O l I e p B ~  COCTOET B npeoBpw* 

c w a ~ e ~ p ~ ~  WEOCEWEEO npmof. T=e -pmH-e (i - ; ) ?  1 1 0 w p c m a  COAepXaT co6mwmxe WITOP= onepampa 

a onem&' V' ecTb W P H a  OTHOCET~JHHO =eK-Oif 
E p a e n a , q m  Ha napy OAHOM~Pablx m P m -  noAnpow 

Pacc~o~peawre CW=E B m e  ~ e o p e m  8-31 oKa7mCB 
P~HCTB. ~ a r c a ~  06poaa, ~TOSHJUI TeopeMy 8.31, MOH(~M YTB~P 

H(AaTb, ¶TO @CX OpTOrOHaJIbHOWJ OIIepaTOpa a n A 0 m  
pv *-Ow -me- CTPfl- O ~ T O T O H ~ U I ~ H O ~ O  

O ~ ~ P ~ T O P ~ .  B 0%- ulysae Bepao --ae y19epxAeHBee. C T ~ ~ H C T ~  E ~ o x m  6 m b  npeAmaBllem B Bqe  

Te 0 P e a 8-32. &a 4~6020 o p r n ~ ~ ~ , , ~ ~ ~ ~ ~  oneparno- E=Pl@ ... @Pm@Q18 ... @Qi@R1@..-@Rkr 
Pa 97, d ~ ~ e m u e z o  e n-lcepxow eemudoeow npocmpaxcmee E~ 
eyu(emeyem o ~ m o ~ o ~ ~ u ~ o e a n ~ f i  boauc, ~omoporc uampw r ~ e  4, . . . , P,,, - o , q ~ o ~ e p ~ b e  ~aaap~i-e n o m 0 C ' f F -  
A oneparnopa urreem sud: cma, mpo~,qamme c06fmwmmmi B e K m F  C ~ 0 6 c ~ m m m ~  

amsemeM 1; Q1, . . . , QI - ammrmm~ omoMepme n o w  
C T ~ ~ C T B ~ ,  HO 0-e C O ~ C T B ~ H H O M ~  3m4emo -1; RI, . . . , 
Rk - @ p e p m e  HHsapnaame nO,4npWCTB% B KO- 

PFSX ouepamp O ~ ~ C T E U L U ~ T  nompm -TOP Ha 
 ran a. 

B d p m  B a m  HHsapHaamerx n o ~ n p o v -  opmaop 
bctxpo-e 6 8 3 ~ ~  a co6pa~ EX BMeCW, UWIYYEM 6a7Ec eBwa- 

n p o c r p a ~ ~ ~ ~ ~  E, B KOTOPOM 011epa~op (p meeT -~pw 







- e-maa MaTpma nopqq~ca n, v - C T ~ ~ W  KooP 
B o~TOHO~MHPOB~BHOM Ga311ce OAHOFO ' J U P e A ~ ~  

rnOpOB OTPaXLeHXU. 
O . r p m e ~ ~ e  c xm~pweri (8.46) B A ~ O C T P ~ O ~  -PaTYPe 

T a x e  npeo6pa30eanu~ Xaue*o.ade~a M a ~ ~ m a  
M a ~ p m a  = R  yxe -e~wr ~ a ~ p ~ q e i r  -=or0 BEAa. H~~~ .46) IIgnseTea caarare~pu%cmii E O ~ T O F O H ~ J L ~ B O ~ ,  T.e. YA- 
np"qecc n ~ e o 6 ~ a 3 o d  C n o ~ o ~  spmea& MOxHO 6- 6Y opaeT ycnosm~ H = IP = H - l .  
WOAOnXETb. B B ~ C H H T W H O ~  IIpaKTHKe OTp-em nPm-7 Haup'- 

Ompamenuem H ~ ~ T  OUepaTOp, n e p e l 3 o ~ e  ~(=~hIjl ep, ~ ~ r n  u3MeHeEEJl KOOp~aT aeKrOpoB B w w  n o 3 H ~ '  

-TOp VoBa npocTpwTsa E B CaMarerp~- ew BeK- , B y = (1, 1, 1, 1, 1, 1, yoxHo om OTpUe- 

oTEocHTeabHo n-~poro (n - l)-Meworo npocTpmcTBa - 06pa~uTb B ~ y d b  3-m, 5 I O  H 7-10 I(OOPAmaTbI. npE TaKDM 

L. O~TO~OH-HO~ AonAweme LI m e T c a  DAHmePHbIM up,,. M O ~ E O  O T O G ~ ~ ~ R T ~  ~d B~KTOP mbii BeKToP 

mpaaeTmMf a BeYmpoM, wqm BeKTOpy s = xo + z , %& , v, 8 7 ~  ax pa3HOCTb B Ka¶ecTBe OWeA-me 

me xo - O p T o r m ~  npoexqm ~a L, zl - opToro-aaa ro B e ~ ~ o p a .  B AarrHoM c ~ ~ y g a s  B ~ a s e c ~ ~ e  06Pma BeKTopa y 

aanaeTa BeKTOp Xo - &. B ~ K T ~ ~ ~  oPTOTOH- M O X ~ O  -6 B~KTQP y' = (-2, 1, 0, 1) 0, 1 7  OITr H M e w , ~  w- 
LL x a p m T e p 8 3 ~ ~  TeM, orn I((UYI~IH~- 

m ~ ~ e  %10, 5-EO H 7-10 KOOPAHH~TU, a no me paad Bexmpy 

WHbl w H O C ~  m r o  BeKTopa E ero o+=a. T- BeKTopbl y. n r ~ a  onpe~ixmo- BeXTOpOM 6yAeT BeKTQP V = Y - Y' = 

Ha3m 0 n ~ e d m c o t 4 ~ ~  aermo-u olpae- =(3,0,1,0,1,0,1)T.  
BMpae O p T o s 0 p ~ P O ~  6a3~~b1 B I I O A ~ ~ ~ ~ ~ ~ & H C T B & X  

He~py,qi0 ySHjJeTb, ¶TO B OnPeAeXeHm o w e m  FacTao- 

C O C T ~  gBX 061& 6 a 3 ~ ~ ,  MaTPlnry - T-KO qeT~p3 KWpAIIHaTbl Y, TPz OGRYJUle-e 

O n ~ T o ~  ov- KW-~CKOFO mAa (8.45), m o P O ~  e m  ofisca, pIenomosaaaarr nnx PerynAPoB- B"* mMeHeHHO* 
aeT LlayMepBhlx a C P ~ J ~  moliaRbHbDL 3JrwaeHToB BeKTOpa. ~ 0 3 ~ 0 h f J '  BMeCTO W m p a  y Mono 6- BJIITb -- 
O A H H ~ M ~ T  P- -1, ~ . e .  ~tampurCy ompomewar TOP x = (1, 0, 1, 4 1, 0, Y -PmO BBDJIH)TM 

T- u3m-e K ~ A H B ~ T ~ I  XKTOpa Y E W o w ?  A= 

HOM cnynan: rrepm, ~ W I I H P O ~  v. YT06H 06qmTb 
KooppaTa m~mpa y, B Ka¶C?CTBe o6pa3a BeKTOPa qeT 

*STb BeKTOp =&lzl8, rAez = (I, 0, O,O,  O,O, OIT. w o e  w 
. . . .  -2 . . . .  0 6 ~ ~ ~ - e  o ~ r a a ~ g e ~  aemuemmmi see -PA-a- -TOPB 

9/, XpoMe ~ K ~ ~ E H E S X  B =Tope z. ~ P E  ~ 6 o P e  oWeA-rqero 
mops v = z = zf lzlz eCTb ABe B O 3 M O ~ O C ~ ,  c m e  
c B ~ O P O M  3 m a .  06- 3HaK B 3~0% (POPMYm B m m T  TBKq 









338 r a a ~ a  8. ~ E B B A O B ~ ~  A yBliTapm npoc- 

0 c ~ ~ 0 ~ 4 ~ ~ ~ ~ ~ b  B no384ww 032. &,I W O ~ O  -- 
3 4 
5 '  5 

I3 dAeh4 MaTPiHqY 

M a ~ p ~ s a  A3 m e  HYXEOTO m,qa - m m o - .  

--P-w cpp* = (rln))(h)* = clnlr)*lj, = q2'2, 

*-Apocrpcmcrw 
litK qll* = opmrouaxmocm OngPamPa V. T-M 

W J m m r o  n m e h o m  onepa~opa 9, ~ e i c ~ ~ ~ ~ ~  ~ 6 p a 3 0 ~ ,  e- cp = $7, TO c a ~ ~ e ~ p w e -  o n e p a ~ o ~  ?# - e ~ m  
eB-AOBOM nPOCTPaHcTBe -8, KW YCT~H-HO me, one- ~ ~ W ~ T H ~ I M  K O ~ H ~ M  onepampa w*, a n m w  owe*H OAH* 

paTWx ~ ' 9  a W* I~BIUIKYTCR ~ i e o ~ p ~ ~ e n b ~ ,  H3 RBX Y13- 3~a4~0.  'l?a~ KBK 9 F I ~ B ~ ~ ~ O X A ~ H  no ~rn0B-1 EeBWoxAeH 
=VCB qRB JIl"60g mK%3E. ~ T H  @iiK~61  ma^ B O ~ O M  cany -& OpTOI'OEBX6HOC'l!~ TO 3% OIIeWTOP $ HeQbIPOxAeE. 'O 
-0 YTeepXJwm.u. ~or ,qa  onepa~op q = o n p e ~ ~ e n  OAH03Ham0. 

oP e * 8.39. JIw60ii necupomderclc~" m~ruxe*~~a One- 
pamop Pr $eam@!~wuluil e eemudoeo* npocmpaxmee, aMICem 3aeuanae .  Atranorarao MOXHO Roman, -TO W HeBW'owea- 

npedcmaeaen e e d e  9 = nl,ae + - wrempuuecmra, a Horn onepampa 9 cyqecrsye~ em-oe paanoxme P = ~ $ 1  

7 o P m o 2 0 n ~ ~ u ~  onepamopu. Taxoe npedcmnadexue edun- npomqeme o p m r o ~ a n b m  onepa~opa VI w ~ T P H ~ ~ T ~ ~ ~ ~ ~  One 

C Y ~ T I B ~ M U O .  pampa Bnponw, a m  ppaan0zeHRB Mom0 n m ' f b  YTB'TxAe- - ~eopem,  T ~ K  x a ~  npe~c~ae~~eme  v = VI$I PBBaO-m Pa3JIoXe 
.& a ~ ~ A ~ o r o  rnezboro onepa~opa (p cymrevm - = $,$, m p b e  B csmy A O K ~ W ~ E H O ~  T ~ O P ~  onepaTOpa 

cw- o n e ~ m ~ ~  d, = J+. A, m r o  onepaTopa 9* CyU(ecTByeT a e,wFtcTsemo. 
pmccTBo @ = VP*. %% K W  OUepaTOjJ 9 aeB&QOx~a- OTM-M * m e e r  PN) p83310~emfe 9 = h, P&BAO H pa31roxeme 

1 -* A O ~ ~ ~ ~ T O P  9* COT-o m p e a  8.11 CmWTByeT ~ ~ u r  JI&OM onepampa, a =e m w o  w X-P* 
IlrnroMy @tp*)-" cp. ~ O m x a i ~  7 = Jt(9*)-1, Tqa (b *, XAemoM. opgs~o  B ~ I ~ O ~ ~ B A O M  OIIePaTOPa  am panoseme 
OCTmCS AomTb,  ¶'O OnepaTOp f) O P T ( R O H ~ ~ ~  yxe He 6yge~ eRUHCTBeHEbIM- 

I 



-c-pSmU.~u. 
or#paropuey=mpmM 
np.crpamw 

FapEOM) W e C P a E m  u mw CooTHOmeaa~ 
~ ~ i I 3 m O e  0 m h  onepa~opax B nmce&o~ npocp, - --I 

A l = r  A T ,  (8.48) PCTB~ ( ~ a .  m. 5) a- H B uqpae, x o r , q ~ ~ o e  
C T P B H C T B O ' ~ ~  YHHT~PH~~M. B pmapmm n- Ae r - MaTpEqa rpa~a 6aaaca e. B n a c ~ ~ o c m ,  e- 6mnc 
P m ~ e  cKaaapHaM npo~8eu- nwmwm B ~ W  H~EK- ~ ~ o p n a a p o ~ ,  
KO - &NICcOB i m E e r  OnepampoB, --yronpam --T A l = A  =A*,  (8.49) 
A- CBO-. OCT~ENJ~CR =a 

O ~ ~ P ~ T O P  B YHHT~PHOM upompameme', a -r-e 0- ae. op~~~opMEpOBa333OM 6a3~n-e M~TPHIIG *--OTo One- 

m~ ~ ~ a P ~ ~  Ymap= H ~opmmbwx onepa~opo~. pampa -em conpluge~~aa ~STpIrqa, a ~ e ~ "  mTPqa, 
.hie+ onepa~op p*, ~eiic-r~ymnqsii B mapHOM q+ n - ~  a pe3ynTTaTe ~pa~rcno~apo- KobmneKcEoro 

m m m  U, Ha3-T COflpaXe?€nb~& e mwe&auc one- 
pamop04 V, KXU w BeKTOpOB s, E u BmmeTCa 

paBekrnao e p 8.20, nycm m* onepa~op v 6*ace 

( ~ $ 7  9) = (2, P'Y). el = (1, e2 = (0, 1IT HtreeT MaTPlrqy 

H ~ T P Y A ~  YmAeTb, ¶TO A m O e  OnpeAeiIeEIfe ,qwzomo 1108- 
PreT OW%- c o v x e m o r o  onepampa B eB&UfJ(OBOM np* 
C ~ a .  B YHHTaPm D P O C T ~ ~ ~ C T B ~  uepeaocy~~c~ ~e ~ K Q  ~d~~ MaTpaqy A, conpmcemoM onepa~opa P' -M x e  
m0 OnPeA-e, HO E me mxxm~oe o c o q ~ ~ x e ~ w ~ x  0nepaTOpax fjaarace, e- ~OopAHBal'bf BRKTOPOB el, ez 38A&HbI O F O P  

B e-AoBOla npompaac- (CM. p q .  8.8). IIOBTO~SIOT~~ ~e MH~OEWIEOM 6iuace. 
-KO Q ~ ~ P M Y ~ o ~  Y T B ~ P X A ~ ,  HO u EX AOKa3amBa. 

p e e. T ~ K  ~carc B~KTOPU el, ea 3 a A m  KOOPWaTaMH 
O p T o a o p a w p ~ ~ ~  6aaace, M O ~ O  Bmszc~~UTb C K m m e  

npomw,qemin 6wa- BeKmPOB 

AM rw6ozo nuxeffm80 onepamopa p, de&-meme- (el,el) =2, (el,e2) = (ez,ei) = (41%) = 
so e W m P x m  npocmpancmee, eyulecmegem, u npu- 

A CoCTagaTb m ~ p s q y  r~- &=a el, ez: 
mxw e*-ef?rxml, conpaacenubad onepamop p*. ~ ~ p u  

OnepnmoP cp *&emcs eonpaxenxauc c omporno- 
P- Q*, mas -0 zoeopunra, urn0 onepgmopm (p 

Y p* wauwrto conpaxenwe. 3mm MaTp119y rpaMa, no +opMYm (8.48) MoxeM m-6: 
a e p s m p ~  o651auqaro~ -kw 

-: 1 i 

1. (@)* = p. 



onepaTop cp, A & c T B ~ ~ ~ &  B y=~ap~ohb npo- 
HB~XOT apnumoabwr, EJIE ccwtoconp-ennq 

- --I m 

3auany M W X ~  P~UTTE-  up- CIIOCO~OM - n y ~ m  nepm 
~TOHOP~PO-oI+fJ' 6 8 3 ~ ~ ~ .  W T ~  fi, f~ - OpTOHOp 

= cp. onepaTOp cp ~ T C E  3 7 -  -AL. 
6ai?~c, B KOTOPOM ~ ~ a a b l  KOOPARRaTbI ~ ~ K T O P O B  el, e 

m r ~ a ,  K O ~ A ~  w Jno6m -TOPoB Y M ~ T P W ~  T nePexoAa OT fi, f2 K e l ,  ez meeT BEA: 

noMont6~ M~TPWH uepeKOAa MOXHO aairra MaTpaqy A on* ~ m ~ ~ e m e  (p, x) rmmxeTa A~*CTB-- mCaoM. 

PaTopa cp B ~ ~ H O P ~ O - O Y  6amce fl, fi: 3 p m o ~ a  onepaTopa cp =PRO PaBeHcTBO 
" 

VS- 

-w B mm(?gcHOM 2ZEW2SSHObl IIPoc-k--, - 
eu: (2, q) = (9x9 x). nw0MY Tene~b +OPMYJR (8.49) OUpWWeM MaTpnqy Al OnepaTopa 

cp* 6a=y fi, f*: 
- 

(yx, x) = (9x7 x), 
-. . 

H - H ~ ,  c n m m ~ ~ ~  ~ a ~ p a q h ~  nepexoAa T ~oo~p&rq-m 
6mxc e l ,  e2: 

mops a opmoxop&upoeanNoro*c 6muce SeMemcJI 3pmm0ea -- 
jnpuya. Emu ruseanbla onepamop, d e g c m a ~ ~ g  a YH~maP"OY E-u AI? Xa, . - - 9  Xk - c06cmaexncre s n a u e n ~  One- ..- 

PamoPa 9 a ytumaP** ~po~mpancrnae ,  mo  XI,  Aa, , . . , 
% - c o ~ m s e n n ~ e  snauenur onepamopa +,*. Kar 
eaffn~doao* npocmpancmae, o6nacma snowxu4 onepa- 
moPa ip*? conPaxe%Moao c onepamopow p s ynumapnoa 
nPocmPaemaet cosnadaem c o p m o a o n u a n ~  d o n a s e -  T o H O P ~ ~ ~ ~  6mme m~pHqa  AI COn~m-mO u*aTiry" 
nu- * rdpy oneparnopa 9. rnTpq& A onepa~opa cp ~-0m- A* t A*. ".. E m u  xe*omoPoe nodnpocrnpa~cmao L unsapuaHmno 
Omwoc~-b* oneparnopa p, m o  opmozonanbnoe do. 
nanenue LL am020 ~odnpocmpancmaa unea@aanmro 
omnocU??se.4bHo conpsxennoao onepamopa p*. 

k , x )  = (x, px). B TO x e  BPW, y m ~ w  C B D ~ C T B ~  a- " . .-- - -- -,w 

ouepampoa B o p ~ o ~ ~ o p ~ ~ p o - o ~  6a3~ce. 

T e o p e u a 8.34. Mampuqea dm6020 3pwumoaa onepa- #,"- 

I 
npocmpancmse, a ~acorro+~ubo opmmopmupoaanxom bmuce u n ~ -  
em 3p.uumoey mampuyy, mo m o m  onepamop 3pxumos 

r> ~~OKB?~T~ZECTBO 3 T 6  mopem ariwomw ,qoKa3am=bcmy 
~ e o y  8.15. ~~GCTBZT-O, cammo rpOpdaym (8.49) B ,-.- op 

I 
I Ecna onepamp a p ~ a r o ~ ,  TO p* = 9, sew B mmop-~~o~ w 

IIECR B ~ O H O p s d a p O B ~ M  6aam COOTBeTGTPfYeT 

A* = A. C J I ~ O B ~ T ~ E O ,  YWIOBSW, TTO me- *-TOR, p m  
E O ~ ~ ~ H O  yw-, m o  ero asa~puw apMHToea. D 
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( , P e m e H He. Xapa~repncTasecKHir M E O ~ O ~ ~  

c r ~ a  mmaeTpwecKHx onepaTopos (CM. pa3~.  8.9). I I p m q e ~  
3TU C B O ~  C T ~ .  la-XEI = 1 - A  l+i =~2-! , -2 

I - i  - A  1. Bce C O ~ C T B ~ E H ~ I ~  mcna ~ ~ M E T O B ~  onepaTopa JEWLIOT~ 

A ~ ~ B V  ¶UWaMU. C O ~ C T B ~ I ~ H ~ I ~  BeKTOpEd, OT8eW l ~ a ~ p ~ q b l  A UMeeT K O p m  = 2 H X2 = -1. ~ O ~ M M Y  ~ ~ 0 H ~ -  

m m e  L- C O ~ C T B ~ H Q ~  .iac.na~ ap~u-roaa onepampa, 
OpTorOHaiAHLI. + 

2. J1106o6 rolaeiimui, B Y~CTAOCTE ~ ~ M E T O B ,  onepa~op m e e ~  A = ( '  O ) .  
OAHOMepHOe RHsapHLlHTHOe lIOflIIpOCTptLHCTB0. ' 0 -1 

3. Jknu L - mnappaafi~aoe n o ~ l n p o c ~ p a ~ c ~ ~ o  a p m m ~ a  one- up= X = 2 cncre~a ( A  - XE)x = 0 RMeeT BEA: 
paTopa, TO opToroaaabnoe Aonomeme LI - TaKxe mrBapuam- 
Hoe IIOAIIpOCTpafiCTBo 3TOr0 OIIepaTOpa. { 

-XI + (1 + i)xz = 0, 
4. ) & U X ' ~ O I ' O  3PMETOBa OIIepaTOpa CyWeCTByeT OpTOHOp- (1 - i)xl- 2x2 = 0. 

M U P 0 d  6a3ac7 COCTOETIW~ 113 C O ~ C T B ~ H H ~ M  BI?KTOPOB m r o  Ee C p y f t ~ a ~ e ~ i ~ a ~ ~ b ~ a a  CECTeMa p e l t l ~ g  COCTOET OAHOro BeK- 
onepaTopa. 

Topa, ~ a r r p n ~ e p ,  bl = (1 +i ,  H o p ~ v y a  ~ 0 ,  nw-: el = 
5. IIpom~e~eme JPMUTOBEJX onepaTopoB 9 u d(, RBRseTa = ('+', ')I. nprr x = -1 a~ano-m.4 OWOM oIIpeAeneeM 

3PMHTOBbIM OUePaTOPOM TOrAa B -0 TOFfla, KOrAa 3TEI OII* v5 fi 
~ ~ T O P H  nepec~ario~o-niu, ~ . e .  p/.~ = $q. B ~ K ~ I )  el = (E, -2)'. ~3 ~ a i i ~ e m m x  m ~ o p o e  W T a B N I e M  

6. 3pMEm~ OnepaTop XBJIEeTW OIIepaTOpOM npoc~06 C T ~ Y K -  fi fi 
~paIiCQKIpMUpprqYm MaTPHqY 

TJ'PbI: B HeKOTOpOM OPTOHOPMEpO~OM 6a7uce MaTPHqa 3pME- 
l+i  l+i m ~ a  onepa~opa m e w  ,qwaro~-oti. - - 

T =  v5 A 
I Io~~~qmee m nepewcnemwx CB&CTB ~ B B H O ~ U O  wqyrc- 

IIIW y m e p x A m  A- m ~ p r n :  nw6a.n apaumoeo mampu- 
qa A M e e m  noxoxuuecnoe parmomexue A = TAT-', e 

( 5  -5) 
3 m ~ ~ ~  EeKoMOe KarromsecKoe p-x-e: 

romopou A - duozoxwsna.n mampuqa, a T - ytumop- 
1 + a  l + a  1 - i  1 na.n mampuqa. ~IOCTPOUT~  awe pamoxeme MOXHO T ~ K  xe, - - 

K ~ K  a a clrysae c m m e ~ p a ~ e c ~ u x  ~ a ~ p u q  (CM. paq .  8.9). A =  TAT-^ = TAT* = (z  7) (i -;) (= -L) .  
8 75 

II p H M e p 8.21. ~IOCT~OETE. KanoawecKoe pamoxeme ,I% & 
~ P M H T O B O ~  MaTpHqbl 

3-uaxue. %cnemoe nocqoeerre K a u O ~ e e K O I ' O  mx-s  
M O W O  r r p O B O m b  MeTOAOM BPCUIXeHBll (CM. Pa& 11.l). 

A = ( ~ ! ~  li2) 
3p-OB OnepaTop arw-anm neompuuamab- (no- 

~~oarcumaaxo onpede~euna*w), e m  w m6oro BeKToPa 
c yHmapH0f ~paHcCpopMHpyr04ef Ma~pHqeS T .  X # 0 BblnOnaReTCA Rep&W?Hcm ( 9 ~ ~  2) 2 0 ( (PX, X) > O ) .  
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au.~nwrapluw-w 

HaTYP-om =ma m CmecrByeT 8Amc19em& ire 
jlme- onepaTop rp, ,qeftcrny~omft B YEHTaPEoM -- 3PMAm~ onepa- f ,  TW&, pro f m  = rpT o~~~ parrcTm, H a 3 m  ynumapnwa, e m  OH He u m e ~ ~ ~ ~ ~  ma- 

f Ea3mmT apU@*em~uecmuc Nopnw m-fi c&eneau w npomweHHIi -~opm, T.e. ~CJIX AJra J I I @ ~ * ~ ~ ~ ~ ~ ~  

onepamopa cp. 
mobOrO on*aToPa (o, ~ e i r e ~ ~ y m ~ ~ r o  a ,&- (c~x, CPY = (XI Y). 

H e m c p q C T m  E3 OUpefiCXeaPIR m w ,  m a p -  
a e a r p ~ a T e J I b ~   TOT &KT pacIIpOCTpitaaeTca o~d nepamp caxpaga~ ~ E I  B ~ K T O ~ O B .  Y-apd  0nepaTOp 

mzeh01-0 onepa~o~a,  ~eGcrnyrorqer0 OAHorO ,nepeBoAaT m 6 y ~  o p r o a o p ~ ~ ~ o ~ y r n  C ~ C T ~ M Y  =TOPO~ OP- 
=OM npOcrp~- 

E f l p m  mimapi%x rrpoCTp~clg0 V. ' ~ ~ ~ o p ~ p o ~ - y l o  E, B ¶aCTHOCTU, O P T ~ H ~ P ~ P ~ ~  6830c 
C ~ O ~ C T B ~  ap-smc o n e p a r r o ~  

nepewvmrpcr 
,B ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ d .   TO C ~ C T B O  YmTaPHorO onepaTopa 

BaTb 3PMFP- MaTPW T~amr, 3 P m ~ y  M a ~ p m  A - ~ ~ ~ ~ e p x - o e :  e m  W B ~  onepaTop p nePeBoA"T HeKOT* 

3mamT HeoTP=W~ena~06 (namo-tio oqeAenemo&ii), p,& opmEopaWP~d 6aaac B O ~ T O H ~ ~ M W ~ B ~ ,  3*T 

@om C T ~ W  $0  B ~ ~ ~ O J I R U ~ T C R  
x T h  o onepa~op m a p & .  

( ~ ~ & > 0 0 ) .  B ~ ~ W I Y = = U Y T A ~ O ( A > O ) .  ap- ymTapd onepa~op uo c- C B O ~ ~ ~ B ~ M  6~53% OPTO~O- 

MaTpm HeoTpasa~-aa (~w-J~~Bo onpe~-~) TorAa mr -OMY OnepaTopy B eBKJnWOBOM n p O C ' J % ~ ~ ~ .  y ~ x ~ e w  
xorAa ee xaP~TePCT~isecrc~e maa HeoTpa- y c T ~ o ~ ~ b I e  OpTOrOiX&TbHOOrO ouepaTopa (on. P ~ U .  8.10)* 

mT"wH"e (ncuxoam~ewu.m). nepenomTw na p m ~ a p m e  one pa^^^". I IPHB~A~M OmOBme 
A ~ " d * e m u ~ ~ ~ ~  le0p~e.m m-$ emenexu "J;I (PSTH 6e3 A O K B ~ ~ T W C T B ~ :  

m l J ~ a * ~ ~ ~ ~ ~  *A-606 wnrnpuw A a;u-T 1) onepa~op (P SaRlIeTm Y-TaPHIJM E TOllb- 

KO TOrAar ICOrAa V*(P = €; 

-m p=oxe= A =TAT-' WTP- A a 2) yrraTapd OnepaTOp cp H e ~ b ~ p m g e d  (o-' = P* i 
@OPVJW 3) c o 6 c ~ m m e  3ria~e~rur y ~ ~ ~ a p ~ o r o  OnePTOPa 

"A = T *&T-', p a ~ m  e p m e ;  

rae 4) c o 6 c ~ e m  BeKTOpH yBATapHOF0 OnePaTOP% qHHw 
,- p- co6c~~eHHbIM 3H&WAHIIM, OPTO~OH-~; 

5)  MaTpHna yarrTapnoro onepaTopa E o p ~ o H o p ~ P 0 ~ ~ ~  
h c e  aBnaeTca pmap=oEi; 

6) E d a T P ~  m e h o r o  onepaTopa B AeKoToPoM OPT* 

Ans.ruob* Boo*e roBo~q myl.-g iaaTP- A - n o p m p o ~ ~ ~ ~  6aauce yHnTapna, 3 ~ 0 ~  onepaTop w a p  
T P m  A*A AA* ~ T W  3- Heo'rl,-mm 



a48 r a a ~ a d ~ ~ ~ ~ ~ p - ? ~ ~  

7) npom~e- yrrarapmu ouepampo~ -eTea yrra~a] 

wna onepampoha; 
8) &IDI A%OM ymmapm onepampa, &eiirnymqero B 

TapHOM I Q O v C T B e ,  m C r B Y e T  O P T O H O P M E ~ ~  6Z13m 
c m  I ~ J  CQ- -po~ m r o  onepampa; 

9) d i r  ~HHT&P& onepa~~p nwrne~~a o n e p a ~ ~ p o ~  up( 
mo* crpyxrypis. Z - I  



OTPaXeW OnpeAenrreTcn paBeHCTBOM 

a e e T  MaTprrsy A*. I I o o ~ o ~ y  ~ C T B O  W* = p*cp B 
nrroir aanaca mmeT ~u,q AA* = A*A. 

a T p m ,  nepecTamm- co CBO& conpa~emo% MaTpn- 
rAe v - mon6e~  KOOPAUH&T O I ~ ~ ~ , + V L R I O ~ ~ ~ O  BeKTOpa owme k, mbIsawr WOPMbHbMt* .  
HIUI. M a T ~ ~  H He TaRbKO YIiETapHa9, HO %f $ P ~ ~ ~ ~ a ,  ~ , e .  K HOpbfitlIbEbIM OlIepaTOp&M OTHOUITWf 3PMHTOBbI H YHUTaP 
YAoBJleTBopseT YcJIOBEJLM H = H-' = H*. 

onepaTopM. Emu p - 3pMHTOB O ~ P ~ T O P ,  m P* = 9 
M a T ~ ~  Fj' H nPmeIUIW)TM TaX Xe, KaK U MaTpn- 
 pam me^ E o ~ p a e n ~  B ~ B K ~ ~ A O B ~ M  n p o c ~ p ~ c ~ ~ .  H ~ -  pa~op, TO cp* = v-', a ycnosue nepenaao~omonu ~paac- 

npmep? T P ~ O ~ M  C nOMOmbX) oT'pa%eKIUI 06pa~ETb B ayJIb B T ~  ~ n p y e ~ c n  B Y ~ O B U ~  U ~ ~ ~ C T W O B O W O C T H  orrepampa co C B ~ A M  
pYm TPeTbIO KOOPAUHaTbI BeKTOpa 2 = (0, 3i, 4/)T, =ajiAeM 

(CM. P ~ A .  8.10) 1x1 = 5 E n0n0)gwb z = (I, O, o ) ~ ,  v = - lx lZ  = , OCBO~FBI~%~ CBQ&CTBOM HOpMWbHOrO OnepaTOpa RaaaeTCS Cy- 
= (-57 3i7 4i)=. Amee K & ~ M  lv12 = 50, C O C T ~ B ~  MaTPm ~ ~ ~ C T B O -  OpToHOpMHpaBamOrO 6 a 3 ~ ~  BJ C O ~ C T B ~ H H ~ D [  BeK- 
OTpaXeHIUI 

mpoB 3 W O  OzTepaTopa. Y~06bI Ifp&!d K WMy 3aKmOWareOr 

~ O K ~ E M  ABa e c n o M o r a m m  pe3yaraTa. 

Jl e u u a 8.1. lTyema 9 - nuxeaxaza onepamop, deil- 

c m e y w ~ u a  e ynumapxoa npocmpaxcmse U. Co6emeexxoe nod- 
npocn~pa~emeo LA nuxeilnozo onepamopa 9, omeeualowee co6- 

E UOACSXTaeM: 
cmeeunoay 3xa.uenuw A, uxeapuanmxo onwcumenaw nw60zo 

0 -15i -2Oi onepamopo $, nepemarcoswnozo c onepamopo* cp. 

D Ha80 noKasam,  TO emn x E LA, TO $x E LA. Ycnome x E LA 
03HaWT, YTO (PX = Ax. O T C K ) , ~ ~  cnemeT, T P ~ O  

~ P U M ~ P  npme~eme  M ~ T P H ~  ~ 4 1  npmeAeH B p a A .  11.1. 9($x) = $ 9 ~  =$(Ax) = WX, 

a~"om-oncparrOpU Ji e u .u a 8.2. Jw6ue dsa nepecmaxoeolcnbcz runeilxarz 

onepamopa 9 u $ e yxumapxom npocnpaxcmee welorn o6wud 
onepaTop 9, A ~ ~ C T B Y I O I I I E I ~  B YHETilpHOM npo- 

co6c rneexx~~  aemop. 
mPaacT% U, HmbIBaroT nopmwbnawc, emu OK nepec.raaomya 
co CBoHM conPmernblM OIIePaTOPOM (P*, T.e. eWH B-OJIHIIeTa D P a * : c ~ o q ~ ~  o o 6 c ~ ~ e ~ ~ o e  no,qnpoc~p- LA onepaTopa 9, 
C O O T H O ~ ~ H U ~  OT~=EUOW K ~ K O M Y - ~ O  C O ~ C T B ~ H B O M ~  a~a-zeaa~,  A. Corm- 

w* = (pap. HO JreMsae 8.1 noppoeTparicTBo LA HHsaprraTAo O T H O C E ~ I ~ O  



onepampa 10, nepec~mo~omoro c p. ~ T O M V  na ~~nneirira 

onepamp B KOMM~KCHOM mmeiaro~ npocTpmcTBe, meeT C( 

C T B ~ ~  BeKTOp 20.   TOT BeKTOp 6yfleT CO~CTE~HWIM n ,q. 
1 onepaTopa +, nocxoIIbKy ~ e r i c ~ m e  10 Ha LA coBnaAaRT c A~&CTP- 

e~ ero cyxenm. On TaKB(e ~ Y # T  c o 6 m ~ e ~ w h a  u jpm onepaTo 
9, nocKMbKy B LA ~ a ~ f ( ~ b I j l  ne~ynemir B ~ K T O ~  mmeTwI ca- 
cTBeHHbn\a &as cp. , 

4 

T e o p e .u a 8.35. IIycmb e yxumapnou npocmpaxcmee 
U derlcmeyem aunerlnwd onepamop 9. Jua moeo vmo6w e 
U cyurecmeoean opmoxopuuposaxxwrl 6wuc u3 co6cmeexnm 
eemnopoe onepamopa cp, xeo6xodwo u docmamouw, *4mo6~ 
onepamop cp 6m nopaanbum. 

a% rhea 8. E8x.m~oeM n ymapHare npompanc 
- 

npoCTpanCTse LA onpeAwren DnepaTop, -w&ca cyxe 
na LA onepaTopa +.  TOT OnepaTop, K ~ K  u BCRKZ& mm 

D nymb onepa~op m e e ~  o p ~ o n o p ~ ~ p o ~ ~  6 m ~ c  e e, 
co6c- BeKTOPOB. B 3TOM 6mnce OIIeDaTOD v) m e e m  

- 

- 

IIyc~a onepamp (P HOPM~R~HJ&, T.e. cpcp* = q * ~ .  Corracno 
JIeMMe 8.2 OnepaTOpbl~ n cp* E M f 3 0 ~  0 6 ~ f  C O ~ C T B ~ ~ ~ B ~ K T O ~ ,  

T.e. ~ a ~ o i r  BeKTop el ,  a o  9e1 = Ael u @el =pel. MOXHO CSB- 

A O P M ~ J B ~ ~ M H  onepaTopawi, TO m ~ 0 ~ 8 3 a t i ~ 0 1  Teopem cne,qy- 
"m, ¶TO Jw6o1 ~PMETOB y H m a p d  onepaTop m e e ~  OPT* 

I * B O P M E P O ~  6a3EC HJ CO~CTBI?EH~D[ BeKTOpOB. K p o ~ e  MrO, 

, HJ CrneCTBOBaEHS OpTOHOpMapOBFUiHOrO 6 a c a  E3 C O ~ C T B ~ H H ~ M  

BeKTOpOB BbITeKaeT, YTO C O ~ C T B ~ ~  BeKTOP HOpMWbHO~O One- 
pampa -~TCX B TO xe  ~ p e ~ a  n C O ~ C T B ~ F I H ~ I M  B~KTOPOM 

conprnxemnoro ouepampa cp*, npmeM co6rn~emrm 3 ~ a n e ~ i ~ n  

3TEX OlXepaTOPOB, OTBe¶aBIlTEe AaliHOMY CO~CTB~HHOMY BeKTC- 

py, aarrrwTcR KOMnneKCHO CO-e-. B -OCTJI, OpTO- 

EI0pMEpoBaaabdi 6amc kn C O ~ C T B ~ H W ~ X  BeXTOpOB HOpXaJIbHOI?O 

onepaTopa 9 B TO xe spem aBnseTcs  KCOM OM a3 c o b c m m i n ~ ~  
a e ~ m p o ~  onepaTopa cp*. 

E13 TeopeMm 8.35 W y e T ,  w o  n o p m d  onepaTop SBJIS- 

e m  onepampoaa npoc~oir C T P ~ K T ~ ~ H .  06paT~oe yTBepxAeme 

neBepno, T ~ X  Kax onepaTop upomir c ~ p y ~ ~ y p m ,  XOTII n nMeeT 

~ B ~ E c  E3 co6cme~tmrx BeKTOpOB, MOXBT He EMeTb CpeflH T- 

6 8 7 ~ ~ 0 ~  OpTOHOPMHpO~O~O. HO MOZEO YTBePXAaTb, ¶TO eUIE 

B KOMMeXCHOM RBH&OM IQOCTPaHCTBe U R&CTBY~T lIE~&lbl% 

onepaTop npocmir r n p y ~ ~ y p m ,  n, B U M O ~ O  BeecTsi crtamrpaoe 
npomBqeme T ~ K ,  ¶TO y r o ~  onepaTop 6 y ~ e T  HOPM&R~R~~M. 



apmm) npeo6paao~md. 
TWIbKO Om, n p m w a  K PWOHB-~~~HOM~ B U ~  c IIOM n y c ~ b  B Ma~puqe A =  (al ,  az, .... an) C ~ W  a17 .... 

n~as~cmxEle. O ~ T O ~ O H ~ ~ ~ E ~ E P Y ~ M  3TY mmehay BeK- 

.ropo~, npmo~n  npoqecc 0p~oron~n~~aqHH. 3 a T e ~  HOPqYeM 
KaxAs ~ K T O ~  n ~ y n e m o l  o p ~ o r o ~ & n ~ o i r  CHCTeMbI BeKTOPOB. 

c W T ~ P H ~ ~  ~ a ~ p n ~ e i r  T ,  a e o 6 x o ~ o  u f l o c ~ m s a o ,  WT B pWymTaTe IIPEA~M K O ~ T O H O ~ ~ ~ ~ O B ~ H ~ ~  mCTeMe 
MaTpaqa 6 a a  H O ~ M ~ O H .  Tame pwoxeme c ~ p o  

91 = ullal ,  
Te.UbHo OPTOHOPMHPOB~T~ C TeM, - 6 ~  IIP&TE K y- 92 = ulzal+ U Z Z ~ Z ,  
MaTpuqe T .  . . . . . . . . . . . . . . . . . .  

q, = ulnal + uznaz + ... +%*an. 
aw. np0w-w 

B M ~ T ~ W I I O %  3aIIUCU 3T0 AaeT PaBencTm 
- ~ ~ ~ P Q C O P U  
ymrrclpnomrqrocrpancn~ Q = AU, 

r ~ e  Q = (ql, qz, ..., qn) - OpTOrOHmHaJI ( Y ~ T ~ P - )  MaT,T- 

WmcTw nePeHocmTcli ~ e o p e ~ a  8.33 06 onepa~opax eBKaaAo- 
BOM UpOCTparrCTB@. U11 U12 ... U1,n-l uln 

... T e  O P  e a 8-96. A~ro nw6ozo numedmozo oneparnopa 9, 0 un ~z,n-1 W n  
. . . . . . . . . . . . . . .  deGcmeyKWez0 8 ynumapmo& npocmpanernee U, cwecmeyem 

Pa3aomel+ue 'P = $T ma 3p~umoe onepamop $ u ymumapnua 
onepamop (1. E a u  onepamop cp meeupoarcdenmuil, mo mame 
pa3nomelcue edumcmeelcxoe. 

A O K ~ ~ ~ = T B O  ~ T O H  TeOPehm AOOIOBHO IIOBTOWeT AOKmb 
Te~xbcTBo TeOpW 8.33 a n m ~ y  He I IPBBOA~T~.  

QR-p-xeme MOXHO CTPOET~ C IIOMOWm ~parqe-5. Am 
~ T o ~ o  manma WAyeT MaTpw A c ~o~orqbm ~ ~ a r q d  UpE- 

am. &A-nc.n*c BecTE K ~peYrMbHOh4Y B U W  ~ Y c T ~  m"M uCU0iTb30BiLHbI 

.... m- ~pWeHm c MaTPUIX- T I ,  Tzr T k  E IIanyTeHa TPeyr- 
HacI MaTpma Tk ... T2TlA = R. Tor@ A = QR 6yAeT ECKOM- 

QR-p-oxe%ut!u ~adpamccoa .wampuqar A =am- QR-p=oxeH&Te~ c o p ~ o r o ~ m a o i i  (YHET~PHO~)  M ~ T P H ~ G  4 = 
ee nPeAm-e B BEAe V O E ~ B ~ A -  A = QR c opmro-aofi = ( T ~ .  . . T ~ T ~ ) - ~  = T~T; .  . .T;. 

QR-p-xeme MOXHO TaKXCe CTPOETb C IIOMOWW OTPaxe 

H&. 3TOr0 MaTpUqY A C UOMOWm O T P ~ ~ ~  Heo6xoARMo 



P e m e ~ ~ e :  K c d a m  a1 = (3, 0, 4)=, a2 = (0, I, O)T, 
a3 = (1, 2, 3)' MaTpnma A npwaeHaM npoaecc opmrm-. 
B pe3ymTaTe nanywha: 

bl= al, 

TaKHM O ~ P ~ U O M ,  

H 0 p ~ y . u  B~KTOW b ~ ,  bz, b, nonpns.4 opmxopmpoBamy1o 
CACTeMy BeKTOpOB 

p. QR-pawozeaae rraTpama as7 

paaa~psao5 3ansic~ 2.m &aeT p w m m  Q = AU, r ~ e  

m(o 
0 

sin y, 

0 - s h y ,  
1 
0 cosy, 

Mar n p ~ x a ~ a ~  K ECKOMOM~ Q R - p m e ~ a r o  A = QR, rRe 



SE8 rnma 8. E~XIMAOBM zi y m f ~ a p m e  opoc~prtirc~sa 8.17. Q R - w x -  m a p -  S59 - - 
~ P R  n o m p o e ~  QR-pa3~10~em MaTPHqbI A C UOMOWH) .cosy = 0, sin9 = 1, (I d o e .  B03bMeM (I = 0. Tm,qa 

o~pmerrari ee H ~ O ~ X O ~ ~ E M O  n p m e c r ~  c UOMOWH) O T m e e  
0 -1 0 -3i 10 1 

K TpW?OlIbHOMY BRAY. B03bMeM 2 = (3, 0, 4)=, Z = (1, 0, O)T .  
T o r ~ a  u=x+lxlz=(8,  0, 4)T A TZ1 = (: !) A ThA= ( :i :). 

2uuT 

cosy 0 -e*siny 
I T31= 1 

B~PIH- e-@sincp 0 cosy, 

nu- -fib a ~ p e ~ a e s  CTpW IIepBOM CTM69e. &R 3TOm 

B MaTpHge TS1Tz1A onpqenae~ WMem B ~ ~ ~ ~ T c T B Y ~ ~ G  
-4 0 4 0 3 0 0 D ~ ~ A Q ~ H  -3ie-*sinv+4i~cp R frPIBPa=mM K BYm. IIPA 

tj=OnnonyYEM tgcp=4/3 K nOlIy¶md UcKoMoe QR-pamoxeme A = QR, rqe 

tg P 4 1 3 
-3 o -4 ~ i n p = ~ ~ > = g ,  l + t g  Y' J- = 5' 

-4 0 Coc~agm MaTpuLQ' T31 u BbFIAClMM IIPOm%Reme T ~ I T ~ I A :  

- 0 -5 n P = ~e P 8.24. ~ O C T P O U T ~  QR-pamoxeme KOMIIJI~KCHO~~ 

MaTPHqbI 

B MaTpnne T ~ ~ T z ~ A  C U O M O m  MaVWH 

P e me H H e. QR-pawmxeaae noc~poaaa, npmoga MaTpAw 0 
A K ~peyr-no~y BRAY YmtoxemeM ee Ha IIOC~~AOB~-HOW~ 

yHmaPWrX MaTPU9 Zj (CM. p m ~ .  8.14). Hanne~  c nuyneHHs 
WrVI BO B T O P O ~  CTPOKe UepBoM cpo.u69e (1103- aZ1) c noMowm 
MaTPUqbI nu- WJ& Tpe~beG CTpOKe BTOPOM ~mi6Ixe. Am more, 

coscp -e'$sincp 0 BbISHm C O O ~ T C T B ~ ~ ~ ~ ~ ~  6ie-Ceincp+ 8 ~ 0 ~ 3 ~  IIP* 
m ~ e ~ e ~ a n  T3fi1T~1A, np*a~~~eM K aYJao. ~ P K  $ 

0 HaX0,qUM tgcp = -413 K 

h¶fcmm 3JIeMeHT B 3 ~ 0 6  II03U4zm Y n p O m B e ~ e ~ ~ a  T21 A, pap 4 1 3 

3 icos~ ,  Wap-eM K HyJw. B. pe3yJIbTaTe HaXOAHM 





C n o ~ o w m  s p a l I & e ~  HnH oTpaXce&. 

E m  ~ ~ B e m o  QR- K.UE qR-pamoxenue ivaTp- A, 
no C T M 6 ~  M a T P m  Q ZmxO BbmaCaTb O p T o E o p ~ ~  

MaTprrqe& A B EeKOTOPYIo O p T O ~ O E & R b ~  CnCTeMY WKT0PoB 
el, Aez, . . . , Ae,, TZ K ~ K  

(AG,Aej )=(A*Ae, ,e , )=0:(e , ,e3)=oy  i#j. 
T-n x e  ~noco6- MOXHO ocyrqenruraTa ~ p T o E o ~ m ~ - ~  
UfCTeM BeKTOPOB. K p o ~ e  mro,  MoAYJI~ BeKTOPa Aei PaeH fli, KaK 

Q R - P w x =  MaTPAq BMeRYT xuupoxoe npmexeme B =. 
aembm MeToAax meEirtoti oire6pu. O m  omOBof 

IAe,l = d m =  Jo:(ei,e,)=U%. 
QR-anrop~wa (CM. paa,q. 11.2). DWTOMY B~KTOP Ae, o ~ m ~ e a  OT AYneBoI'o BeKToPa TorAa * 

~ J I U ~ B ~ ~ O  Q R - p ~ o x e m e  A = QR M ~ T ~ -  A c=c~~M= TOnbKO Tor@, ~ o r ~ a  ut # 0, ~ . e .  npn i = 1,2, .. . , T.  Hewnew& 
YP~BE- AX = b, TO ~ H ~ - T ~ J I ~ w )  ynpomaeTa pe- BeKTop Ae, -eTm C O ~ C T B ~ H I I ~ ~ M  BeKTOPOM OnepaTopa no 

l n e ~ e  3~05 U~CTW, TBK K&K oaa c ~ o ~ a r c ~  K c a c ~ a e  RX = Q T ~  C O ~ C T B ~ H H O M ~  ~ x a ~ e -  u:, T= K ~ K  
C TPeYr~l~bmii ~ a ~ p n q e 5  R. 

AAS(Ae,) = A(A'As) = A(u:e,) = u?Ae,. 

8-18. Bepno a 0 6 p a ~ ~ o e .  C n e ~ o ~ a ~ e a n o ,  HeHyneBme x a ~ a ~ e ~ a m ~ -  

PaUoJK-mmpmlu 
qecme w u a  MaTpUlI A*A U AA* COBUWWT c YTeToM Six 

Kpamoc~ef n YM 9 ~ c n o  panHO T ,  8 KpaTEOCTH HYneB'JrO XaPWTe- 
C ~ m B o ~ m e  Mfi ~ H M M ~ T ~ U W C K O ~ ~  ( ~ P M H T O B O ~ )  ~ a ~ p n -  pnc~~qeCKor0 ¶UCJIa 3TEX Ma'l'pm P88m COOTBeTmBemO 

- 
K W ~ m ~ e ~ ~ ~ r ~  pa3mxeiim c O ~ T O ~ O R ~ J I ~ H O ~  (yKaTapHoir) I m - r. 06- xaparc~epnc~u=xecrurx WCW Y ~ T P -  A*A 

T P W C * P M ~ ~ Y ~ W ~ ~  ~ a ~ p ~ q e E i  110~~0aam n011y-% m e m m -  AA* 6 y ~ e ~ :  s = min{rn, n). 
p-*ewne +W ~PoW~BWI~EO% (m X R ) - M T L T ~ ~  Dpexge A p ~ ~ ~ e ~ S F i e c ~ u e  3HaYeHKfi 01, 02 ,  . . . , 0 s  KsaAPaT- K O P  

Bcero 3 a M e m ,  np0113BOJIbE0ir (m x n ) - ~ a v r r q =  A pas- & m 06- x a p a ~ ~ e p n c ~ ~ ~ e ~  YUCW MaTPHq A'A II till* 
ra M~TP- A*A AA* aarrrno~ca cHMMeTpwecrc- (3PMH- c u n z ~ ~ p ~ a u t ~  (mi znaanautu) u u c d a ~ ~  AQ- 

a e o T m a T w m  m ~ p ~ q a ~ a  panra r H n o p ~ ~ 0 B  
CooTBeTC-~o n n m. Xaparc~epac~agec~ne mcjra y r ~ ~  M;b B n p o m p a ~ c ~ ~ e  X ~ E M ~ M  aa 6a3Hc o P T O H o P W o ~ w  

Tpm A ~ ~ ~ ~ T B E T ~ F I ~ I M U  ~eo~pnqaT-- .lao1-. c n c r e ~ y  el, ez, . . . , en co6cTBeaabIx BeKToPoB Onepampa 

0 6 0 3 m ~  ~ P i t K T e P n c T m e ~ ~ ~ e  m u a  M~TP- A*A qepe3 ~ a ~ p w e i i  A*A a nompom O P T ~ H O P M H ~ O B W  a n e M Y  -- 
49 u:, ..., 0; n 6 y ~ e ~ c m a ~ b ,  a 4 a e i u 2 . . . a 4  ( , t o  
IIPn i = 1, . . . , r). Onepa~op c ~ ~ ~ ~ m p a r e c m n  (3PmTO&) M& 

T P H ~ ~ G  A'A =eeT ~ P ~ H O P M U P O ~ ~  cHcTehay ~ 0 6 ~ -  



~ & 8  (yHaraPa~) MaTpW nOpfi&m m, cTm6naMB KOmpO" 
C T ~ 6 ~  KOOpAEHaT BeKTOPOB fl? f2, . 9 f m  

W c e  IQOCTpaHCTBa y. 
P&u~oxeme (8.54) a~3HBEUOT C U U Z V ~ P ~ W  pa3JL0"e"u- 

yME0-3TE F- UIm Iia A* I3 y w ,  A*Aei 
= g ? ~ ~  n- CooTHome- 

O ~ T O a O ~ ~ O B ~  6mxm el,  e2, . . . , en H fi ,  f2, . . . , f, A = UZ,V', (8 55) 
npOcTpaacm ' y l  ~ a E I H W 2  COOTHOIU~HEE~%E (8.51) yr (8.52), 

CU"W*WPX~U(U 6-u~-U. IIpn y M M  rnTOPY el, 

fiampum a BeKTOPu fi, fz, . . . , fm - ee 4ee-u cunzg- 
AsPHauru semmparcu. 

O ~ ~ P ~ T O P ,  mew& B nape EcxoA- 6amCOB IIPOecTB1 - -m- Maw- n o p ~ ~ p a  r, 9, (mxn)-~* " M a ~ p m  4 B - Y - P ~  h u c a x  el, ez, .. ., 
TPHabI C ==ep-ebz n - r H~JX~BHX CTM690B CrIP- = - I' " fl> f ~ >  .. . > f m  I IPOCTP~~CTB B C a y  onpeAmm Ma- 

TP- OnePaTOpa (CM- PWA. 5.2) E COOTH& (8.51) EyLeBa c w ,  U - (m x T) -M~TPH~~*  C m O -  * Irep 

(m x n ) - ~ a ~ ~ m q y  B~ T C T ~ ~ O B  MaTpm Q, V* - (r n ) - u a ~ m l  'OCTolnqas 

nepBbM T CTPOK MaTP- P*. 
cl 0 ... 0 ... 0 p - ~ m e  (8.55) aa3~lurrr emopod @opwoa cunzU"p- 

nozo p&3.Wxe%U M a T P e  A. B E X O W  MaTPRIIhl 
pa3~epo~,  P ~ M  B n e ~ w  @opq7 Kp"Me HeM 

MBTPma xr - W T w  EeBmpoxg-. Bce ma MOxm 
cym(em~m, oco6ernro n p  KoMahmTePw Burn- 

. . . - .  . . . . . . . .  
0 0 ... 0 ... 0 

*OPM~m, YCTm-qeH CBWb M a T p m ~  Y ~ ~ O ~ F L O ~ P E & ~ T ~ B E A  
ogaoro xe onepa~opa B p a a m  6-cax, nw98eM A = QC,P;, (8.56) 

A = QCP*, rae zm - -,qpaTaau MaTpHga m-ro ~OP*&% coAePx~asIm 
nepBba[ m cmo- x ~ T O X ~ I V ~ X  MaTpZlW 2, MaTPWa Q - Ta 'Ae - OWr0-m ( m a p a m )  MaTp- nop~~jlR:~ n, - pmoxeriun (8.54), a - (m x n) -~aTp~sa ,  cocToaBR 

cTQR6WM13 KoTo~oir GnYxaT c T a R 6 ~  KoOpAma~ m ~ ~ o p o ~  el, m nepBhoc m T O K  Ma-- P* 



PE m > n C H H P Y N I ~ H O ~ ~ ~  pa7.m~ 
6-T ~ ~ 0 6 ~ 0  xtpn,qwb BE& 

A = QlC.P*, cxrwr, cyme- ye^ c~mry~~lip=oe e x e w e  A = QCp1 

POM op~oM~mhHhR (ym~ap=e)l M ~ T P H ~  P 
Q CoBna- 

rAe En - KeaApa~Hm Marpaqa, coRepmmmxcsI B ne- n cTpO-' 
Kax -9a MaTPEIIP.I C,  Q1 - (m X n)-~a~pxiqa, cornom& 

mP= C T Q ~ ~ ~ O B  MaTPH9bI Q, a ~ a ~ p ~ a  Pa*- ~a xce, T T ~  

u B pmnozemn (8.54). 
11- KoHcTpjrrrpom -y~urpao~.o pauroxced mpaam,& 
(m n ) - m ~ ~ ~  A pama r WWeT npHAepXEBaTbW 

mere nopqKa &~cTB&. 

1. C o c ~ m s ~ b  MafPHM A'A, naiim ee xaparc~ep~c~wewsie Pemeaxe .  ,&w MaTPm 
Al ,  . , Am (He HaPYmaR 06nproc~a, m kiox~o n e p e ~ y ~ e  

PoBam Tm, ~136u B=-c~ y w w  XI 2 . . . 2 An, Xi # 0 
= 2 ,  . . . , ) IIo~mmam. HeqneBue cmqn.qme BC- 

na mi = A, i = 1,2, . .., r, E no +op~yae (8.53) mT-Tb 
(m x n ) - ~ a ~ p m y  C. 

EOcT~Omb O~OPMapOBawIyIo C E C T W q  c06nae~wax 
BeKmpoB e l ,  ei,  . . . , e, anepaTopa c ~ a ~ p ~ q &  A'A, n p m a m  
x m  COOTBen:-O C ~ ~ C T B ~ H E ~ M  3 m 9 m  X I ,  A2, . . . , An. 

cTQn6qoB KooPAHsaT 3THX BeKTOpOB C O C T ~ B H T ~  MaTpnuy P. 
3 ~ 0  ~ Y U ~ T  Mawma mpexoAa w ~ ~ c x o ~ o r o  68311ca mpompag- 
CTBa X n  K 6a3scy el,  . . . , en. 

3' n O ~ O m  O ~ H o P ~ p ' = ' ~  CHCT€3dy BeKTOpOB 

flon-Tb ee illc6= BeKMP- f,+l, f,+2, .. ., fm A0 
o p T o H o p ~ o ~ o r O  6amca IIPOCTpasIeTBZi Y. kb cTan6qo~ 
Koop8m'f BeKToPoB fi, f 2 ,  - . fm COCTagkITb MaTpHqy Q. 
~ Y W  W T ~ ~ G  nepexom OT E c x o ~ r o  6mnca IpocTpaECTBa Y 
K 6a3ucy fl, f2, . - fm. 

4. 3mE~am EmoMoe m y n a p ~ o e  paxoxeme A = QCP*. 

~ o ~ p o e ~ = 6 a = c b l  el,  ez, .. . , e,, E f l ,  f 2 , .  . . , fm h llPEl = 1 C H c ~ ~  (A*A-AE)X = o EMeeT +y~r~~me*T-HJrto 

crwry9-  6 a ~ -  ~ P O C T P ~ ~ ~ T B  X E Y, n p a n e ~  e e ~ ~ o p u  cEcTeMy pem- n3 ABYX BeKTOpOB, HmPaMeP, ('7 



flaJIC?e CTDOEM BnYmnn'. 

I ' L. 

B ~ K T O P ~ I  el,  ez, e3, e4 ft ,  f2, f 3  ~ c ~ m  ~ Y ~ ~ P H W  

1 Oa3HCu U ~ O C T ~ ~ K C T B  X I Y, ilpnge~ el,  ez, e3, e4 - m o  npmae 
I am-ynapae WKTOP~I MaTpsw A, a fir fir f3 - neme. 

p H M e p 8.27. I Ioc~pou~b cHarynnpHoe pawoxerne p 
MaTPEIW 

2 -1 0 

p am P H R e. COCT~BRM MaTpm 





06- PmemeM m~opoir m e T c n  z = (0, I/&, c ) ~ ,  rAe c - 
npmimoxb=oe noCTomIioe. EI3 ypaBaem P*Z = z H ~ X ~ A H M  H=QcQ*, U=QP*,  (8.59) 

,, nonapHoe P-X-~ A = HU. A e i i c T B E ~ ~ o ,  One 
H = Q ~ Q "  c n ~ ~ e ~ ~ ~ q e c m i i  ( a p ~ n m ~ ) ,  T U  - 

H* = (QCQa)* = QC*Q* = QC&", 

a = QP* op.roronanbd ( m a p - )  KBK qoH3- 

~ ~ a e  p J T X  0pTOFO-HhM (WT~PH~OO OnePaToPoB' 

np e p 8.30. nocTp0HTb UoJurPHoe vxeme Ann 

8.w. n q  paanoJKamo 
m=P=w 

J11060ir -ebHi onepaTop, ~ e i r c ~ ~ y m d  B eBUHqOBOM P e m e ~ u e .  
(PT~PHOM) IIPOCTPmCTBe, pa31IaraeTcn B npomneAeme cm- 
MeTpa=cKoro ( ~ P M H T O B ~ )  H O P T O ~ O H ~ R ~ H O ~ O  ( y n u ~ a ~ ~ o r o )  One 
paTopoB (CM. PmA. 8.11 H 8.16). ,@M MaTpU4 3m 03HaqaeT, 3 ~ 0  

KBaApaTHm A ~ ~ C T B U T ~ . ~ ~ ~ H B R  ( m m e ~ m m )  ~ a ~ p ~ l q a  p a -  xaparcTepxcTme~~& -01-0- lATA - AEl= A(A - loo) HMeeT 
naraeTwr B npoumweme K o p m ~ l = l ~ ,  ~ ~ ~ 0 .  n r n ~ y o l = f i = 1 0 , u z = ~ ~  

A = H U  

c-e~~nnecx~ir (~PMHToBOG) MaTpHW H H OPTO~OH-O~ 

(ymapm5) MaTPHsbI U. Tame paamxeme MaTpBqbI A llpA = 100 cxc-a (A'A- XE)z = 0 ZMeeT @ ~ A ~ e ~ ~ p  

,cTeMy paeH~f oporo  B ~ K T O P ~ ,  H ~ ~ P H M ~ P  (19 71T. HopMH- 
~~~T ee n-puawc pwaoxenuem. K ~ K  Te- 

OpeMax 8.33 n 8.36, B ncNIqHOM pWJlOXeHEU CHMMeTpHgecKa pylr 3TOT BeKTOP, mmM 
CocT-mm H OnpeAeneHa o ~ ~ o 3 a a w o  H cosnaAWT c &@. 
EoIE MaTPqa A HeBbIPOXA-, TO H O P T O I ' O H ~ ~  COCTa- 

U o=PeAene=a opo3nawo E co~na,qae~ c mTpaqe$ 
A-'H = H(A*)-'. Anaaornwo npE" A = 0 EaxoUm 

nomp~oe  paJnoxeme MOXHO n a n y ~ ~ ~ b  HcxoAa m C-Ymp- 
nor0 PmOXeEm. A ~ ~ C T B E T ~ J I ~ H O ,  e m  A = Q C P ,  rAe Q H P - 
OPT~~OH=- (y~n~apmae)  MaTp-, a c - ~ ~ o = - B J I  

MaTPqa, TO q e o 6 p m y e ~  c m y n a p ~ o e  pamoxeaae w- 
06pa30~: 

A = QCQ'QP*. 







s ~ n  s npmep 
-JrapBoe P-~eme A = QC,p;, . KoTOPOM 

8.20. C k a v  
M(IIPIII(I 

a T p q  A+ paaiepa n x rn ~a3sw.m~ ncesJoo6pamw~ 
C T B U T ~ ~ H O ~ ~  RJIB. rmmm~caoir (m x n)-m~prrqe A, e m  

c m o m e n u n  

M + A = A ,  A+=UA8=A*V, (8.64) 

pa3m1Y(eHHB~ no +opaaynaM (8.60) 11 (8.61 p ~ e  U n  v - a e ~ o ~ o p w e  M B T ~ ~ .  
EaX0,qm.i: P ~ ~ ~ ~ c T B o  A+ = UA* oJHa.raRT, T l W  CTPOKE MaTPW A+ 

- e i k ~ ~ ~  XOM~EE~WVXMU C T ~ O K  mqmm A'. Am- 
m r u w o  ~ ~ B ~ H C T B O  A+ = A*V oJnawT, =rro c m 6 m  M a v w  

Af -ro~err irau&~&C~$# ~ 0 ~ 6 ~ ~ a q r r a ~ a  -690~ M a ' W E m  A'. 

f e o p e a a  8.97. An* rm6otl (m x ~1)-~ampuvu A Cy- 

u(ecmsyem, u npumow eduxcmeenntu, nceedo06~amnu wampu- 
qa A+. Eenu pow rcarnpuqar A coanadaem c fcoruueem6o.u ee 
cmor6qoa (A wceem ~ascuancanbnbttl cmor6qoebaM poxz), m0 

A+ = (A*A)-'A*. (8.65) 

paHa mmpuubt A coanadaem c rsoruueemeo* cmpox (A 
weem r c a r s c w ~ b ~ b ~ d  cmpounwB paxz), mo 

A+ = A=(AA*)-~. (8.66) 

B 0 6 c y ~  ayuae, emu A = BC - csenemnoe pmnorcewue Ma- 

A+ = c + ~ +  = c*(cc*)-'(B*B)-~B*. (8.67) 
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D E A E H ~ T B ~ H E O C T ~  M " MaTpm? m I W X . 6  l I c e B f i 0 0 6 p a ~ ~  K 
,, w= -6m m ~ p q s  A naaeko ae3msic-t a 

TOrfia B C ~ Y  OnPeA-eW I I C e ~ ~ o o 6 p a ~ ~ o i  mTp- a @a A* A CECWMH C T ~ J ~ ~ ~ O B  ~ W W J '  A -Tea 
oxAemof. I I ~ O X E M  A+ = ( A  * A)-'A* n npo~epm sm- 

M:A=A, A : = L ~ ~ A * = A * ~ ,  e C ~ O T F I ~ ~ H K &  (8.64).  be^: 

&$A=A, A~+=U~A*=A*@. AA+A = A(A *A)- 'A*A=AE=A, 

B B ~ A ~ M  06w~aq- HCTBO A+ = UR BbmoiTXJIeTCs npsi U = (A*A)-', a w e n -  
+ = A"V B a m e T C S  l IpE V = A(A*A)-~A*- C ~ R O W  
, MaTpHaa A+ = ( A  + A)-'A* -mea n c e ~ ~ o o 6 p a ~ ~ o k  

Torna: 
AHanor- 06pa30~ MOXHO Y ~ ~ A H T ~ C B  B TOMI W' 

ADA = A(Af - A$)A = A A ~ A  - + - A ~ ~ - a o b ~ o r o  cTpO¶lIOrO pama MaTPHsa A+ = 
A2A=A-A=0, ' (AA*) -~  -em n c e ~ ~ o o 6 p a ~ E o ~ .  PacodOTP~ W- 

=A: - &+ = VIA+ - U2A+ = (U, - &)A+ = UA+, -irym M ~ T P H ~ ~  A co meneTHbIM p&3nameM A = BC. Ira- 

D=A:-A+- 2 - A  + K - A + h = ~ + ( v i - h ) = ~ + ~  A+ = C+B+ = p(cc*)-'(B*B)-'B'. 
O T ~ A ~  CJRAyeT, ¶TO 

(DAY(DA) = A*D*DA =A*(A*V)*DA AA+A = (BC)(F(CF)-~(B*B)-~B*)(BC) = 

= A*V*ADA= A*V*O = 0, = B ( ~ ~ * ) ( ~ ~ * ) - l ( ~ * ~ ) - l ( ~ * B ) C  = BC = A, 

T.e. Maqq b- cacTeMbI -640~ MaTpn- DA pasaa ay- ~WACTBO A = UA* ~ b r n - e T ~  
'ICo. 

'TO PagEoCaabE0 YTBePaCAeEmo, ¶TO p- camem CTon6- 
DA P- H Y ~ ,  ~ . e .  DA = 0. T - ~ ~  no 8-T. 

u = c=(~c*)-~(~*a)-~(cC*)-~C, 
M a T P q  glcreuu C T X M ~ ~ O B  MaTp- D*: 

apamimm A=AVV-npn 

DD* = D(UA*)* = DAU* = OU* = O, v = B(B*B)-~(cc*)-'(B*B)-~B'. 

Cnew~a-ao, D* = o AT -A$ = D = O. My A nO3m&fy y~m&IIHag MaTPm A+ ~~&CTBE-0 meTCB nCeB- 
-AY, qm ~ a q a q h l  A t  pl A$ pBSBhl. ~006pamoir K MaTpHqe A- . 

C ~ m e c r B o s a a J Z e  MaTPEqm A+. & K 8 3 a ~ T m C Y -  C n e A c T B si e. &w m a ~ p a w o i  H~BWOXFOB m T P m  
4eCTBOB- ~ ~ ~ A O O ~ P ~ T H O ~  Ma~pmp~ CBOAaTea npoBeprce 
CBOiim~ (8.62) B n p e m m z e m ,  =~n, MaTpaqa A+ -- A nceB~006pEb~~ baaTpW8 A+ CoanaAaeT c M a ~ ~ ~ &  

' 3aBHcEbfOCTH OT piurra no 0 ~ ~ 0 %  E3 (POPMYJI (8.65), (8.66) , I> B 3TOM cllyPae &m ~hf¶uIeHHlI U C ~ B , ~ O O ~ P B T E O ~  MaTPw 
mif (8.67). ~0x1~3 ~0rX~0BaTbClI o,I(Eo% XTJ $opMYJI (8,65) (8'66)' 



b 

I @ o p ~ y n ~  (8.65) nonysae~ 

A+ = @*A)-'A* = A-'@*)-LA* = A-1. 

JI e m a a 8.3. Emu (m x n)-uampuya uaeem pa3noxe~ 
A = RDS c opmoeoxcmbwslacu (ynumapxbwu) aampuywu R, 
u npouaeoilbxod aampuyed D, mo 

A+ = s*D+R*. 

D no OIIpeAWHUIO ~ I C ~ B A O O ~ ~ ~ T H O &  MaTpHqbl  UMeeM 

DD+D = D, D+ = U ~ D *  = D*V~. 

IIPOB~PHM BbmaRHeFIEe aHWOI'UYAboc C O O T H O I U ~ I ~  Ans MaTPU- 

q b ~  A = RDS B u p e ~ m x e m u ,  YTO At = St D+R8. k13 P ~ ~ B ~ H C T B  

I DD'D = D, SS* = E, R'R = E BmTeKaeT, STO 

AA+A = (RDS)(S'D+R*)(RDS) = 
= RD(SS*)D+(R*R)DS = RDD+DS = RDS= A. 

Arne, 

A+ = SD+R* = S'UID*R* = 

= (s*UiS)(S*D*R8) = (S*UiS)(RDS)* = UA*, 

rAe U = S*UIS, H 

I A+S*D+R* = S*D'VIR* = 

= (S8D*R*)(RVlR*) = (RDS)*(RVIR*) = A'V, 

r ~ e  V = RVI R*. TaK KX A+ = S* D+ R* abmowe- B C ~  

T P U  PaBeKcT.Ba (8.64, 3 T a  M a T p U W  aBaa@TCS U C ~ B A O O ~ ~ ~ T H O ~  K 

MaTpHqe  A = RDS. 









- A+ m a %  Hop-- nCeBAO 
cEcTm = ei, r,qe q - Gf c~on6es e m 0 2  JmTpm- 

paeexcmea 

c ~ f f ~ n  c KpETePHRMH O'PMeTm ~ ~ ~ e e '  
ncepflbpefhe~ 06cyar~aro- HHlge (CM- Pa3& 
4 y8&m ~Ozanmepabot B*-RX. * P M Y ~  

, , n C e B ~ 0 6 f j p $ ~ ~  MaTPaqall ij- .&eaeEIo B 1920 r. 

;B: M~~~~ c u c j ~ o n p , ~ ~  npe~e~ra ( K ~ H T ~ ~ H B  2 a 3)- m o ~ o e  nP*- 
beHeHme ~ c e ~ n 0 0 6 p a T W  MaTpHg ~ a ~ a n o c b  3 a m T w H O  

' > . .  dcd TTDrb.KBK p. neAP0p 1 11155, r. a m  udaa~ne nceg~006pa~- 

, i. , ,  . .  , .  , I  I .I',', ' , ,  

'a.mPan--.~* 
i, " .  " " '  

~ -n#- 
w.MA0M-e-- 
K V .  

~ Y C T I .  8-a ~ ~ ~ C T B W  
mCTaMa ;IYH- 

I ,  . 
H e k  y p a s ~ e d  , 1: . . ' 

. . ~ '  

. . . . . . . . . . . . .  
h 1 x 1 +  ...+ a,zn=bm, 

. . ~ .  - .  

qecc, o ~ ~ ~ ~ c ) I  Ee~omieckxio2, TO ecTemBeW0 BBecTB 
4 M ~ T P W  ~ r s n a e ~ c a ~ o p m -  nceBAopem& Ma- KoppeKTm B M ~ T ~ M ~ T ~ ~ C K Y I O  M O A ~  n, B g ~ H O C T u ~  smMe- 

TPn¶oro yp===~u~ AX = E, me, I C T W ~ ~  a;,. i.= 1,2, . . . , *, HHTb T P m ~ B ~ ~  1~~~~ ,,pememU. Hanp-ep, YacTo mHB- 



-. . .., 

.+.- . . . 

C U ~  Moxm H M ~ T ~  H W A ~ ~  nOeBAo-e. Ll;+ 
A n  BCeX m e ~ ~ o p e m e d  CHCTeMbI n o p ~ w b ~ ~  nceedo~eue- ' 

~uny. Ha 
. 

x1oco6 EX 

H ~ o ~ A - .  @ m r o  3a~e-m.b~~ sn, neBait P & c T ~ " ~ - ~ o  

semis CncTem (8.70) npa ~ O M  ~860pe 3 ~ ~ i e d  51,  2% . . . r 

Zn oTJI%q%z@TW OT ero npwir WCTR aa HercqTopyx,  aewv.  n* 
H o ~ e p  P a ~ a ~ a ~ b I  rn~epe~si i i  q ~ y  BM~CTO CECTeMbI (8.70) 6yAeM pae,&@TPa~aTb C H C T W  

3KCuePmeHT5 
0.1 I I . .. I I P 

1 1 QIZ ( ... I ax, I p, 

CTP~MIIC~ OnPeflaZlTb KO~@@UW~BT~(  al ,  . . . , 3~0$3aBEcHMo- 
CTH, HCWC?!-(OOBTeW UpOBOAlfT pff4 3KCUepEMeHTOB, B pe7yJIbTaTe 
KOTOPMX E3MePRH)T B Pa3RbIX CHTYaqEIlfX 3Ha¶eBRB UaPaMeTPOB 

al, . . . , a,, 0, a aaTeM coc~aannro~ c n e n y m m y m  T- H~~JIIC- 

A e m G  ( T ~ ~ J I .  8.1). 



*O-O- ~ ~ o r , q a a ~ ~  4Y -.b. k n o e a ~ e d b ~ o ,  cm&~ Az JranaeTclr 

= A121 + Azza + . . . +&z, m- oKroraxOH npo a mops b Ha m ~ r r p o c r p ~ ~ ~ ~ ~  L(A), noP"meHBoe 
(a. 9.5) -opa i~ ~a npoclpm- L(A) A, a geKTo~ z B C T ~  nc-AoPmeeae a'- 
% . . ., % w ~ p a q ~  A, a sex- a - opmroa-O~ 

b- n m ~  m p  2 #Oamceee 
IC K a Y L A O ~  mmPY-en*n6~9 a, MBV- A. %A 
(zt aj) = 4 j = I , & .  ..,, R. B cpopMe:urb 

A** = 0. -na, Y M H O x m  paseEcTm +z = 
A* n. 

m w  b4aTpElW A E€SaBE-7 a 
9 q%-BdCECTeMy ,,,,, & @CJIE C T ~ W  MaTPw A 

, .  . , c,- ~ * h  = ~'6 e m  o w -  - 
KmvreMe (8.73) M m o  ~ P R ~ E  T-e, am- . ,.=- madq0B MaTpw A. 3ToT md-* 

U a m ~ ~ e ~ o  ammaa, a roaeaao; mBBHRB rc , rryaR Tor,p H T- -&a, KOFA~ cTmf6- 
+P=WGI B m lire BY - YCllOBHe , ,& A*& = A*b wee* e j v n t ~ ~  P- 

, 

waToB, ayarao o w e  pmemie = A*b 
CacTe~y A*& = A*b W ~ T  C- HOP-O- Itr, - Tpe6ym EQ M K O ~  # BHiwJj!= aOp- 

~ ~ ~ u b .  o a a  s c e r ~ a  cow-. E~ nrpeA- -- mm pm, T.e. m, ~campoe i n . ~ ~  E-m- m. 
OnPeAm surTpIsrpr Q s ~ a a  G-MbI CTM~~OB =.ppx- 

m~ A. n p ~ ~ e p  8.36. l b ~ ~ c ~ e ~  

wque* ec Pem)c% u moAb60 am, asaawmcJ nceedopeule- 
H-a m w  &,= h 

rz 'aoElurebat l'#e A+ - - ~ o o 6 ~ ~ ~ ~  A 
dm o h e e  E E O P M ~ L . E ~ ~  n*BAOP-. 

b'kiuetmebf CECT- ~ o ~ ~ a ~ j -  -~d. p me a H e  C o c ~ w  a- A* AX = A*b =OpMsllbaanr 

3~ -&0 c-aoe m z e a e e  A = BC ypd,  omp pa^ B A~EEOM meeT 
A. Tova A+ = C ' ( & * ) - l ( ~ * ~ ) - l ~ r  

A*A(A+b) =C*B*BCC*(CC*)-~(B*B)-I~*~ = . 









I 

.cD1 8. m ~ l b l  a '~mebr M~TOAOY a-- me- m a p w e  m a -  
408 

- - 
CmorDdwa e , + ~ ,  e,+2, . . . , e,  uampuuu P e cunawp-  

no.u pwuo;~~~enuu A = QXP*, coomeemcmemue nyde- 
. - . -. . - - -. . - r -7- 

@~da.menma.aawyw cucmewy peurenuzS 
xul A?: = 0.  

- - 
3~0t.q o6u4ee nceedope~exue cucmeww Az = b w o x w  
aanucama e eude 

206m = z0 + a,+le,+l + ar+zer+z + . -. + anen, 

ade nepeue r tcoq§@uyuenmoe uuewm @ucceupoeannve 
~nauenur, onpede.aernue $5owyuorcu (&SO), a ocmnna- 
nue leoa@@uque~mu npumwawm npowecMamue onaue- 
Hun 

@opqxa (8.82) y,qo6aa A R ~  nonpeqm n p o e d  ncea,qe 
p a d  Ha no,ippompa~m~a, nopox,qemme up- c m y -  
nap- Bemopam el, ez, . .. , en MaTpm A. n p o e ~ q ~ ~  Ha 
noAnponpacTBo, nopoxAemoe Bemopam el, . . . , ek, upx k < r 
M O ~ O  TaKXe U-T~ m cooTrromem (8.79) arra, w o  m xe  



a 4  - I I P o E W m o e  I I O C T o ~ o e .  

x n)-~a~pxqeii C pama r = m, m x E(XBT~ 5 B H A ~  
x(') =ale1 +am = (13, -11, 1, 3)T, 

2(3) - -@lei + m e 2  +a3e3 = (3, -5, 3, I)', 

,(4) = miel + ffzez +ages + aqeq = 
Q4 

= (3, -5, 3, I)'+-(1, 1, 1, =mow.  2 

~ T H  P a Y a T a T b I  M o m 0  rtchym~k c I I O M O ~ ~  @ o p M y e  

(8>83), ~ C Y A ~ H H O ~ .  a : w e p e  8.26 cmynapHoe 
noxeme: 

1' . ' .. 

np-fi- pmAe& dm*,  TO 3TOT CIIOCO~ pas- 
Ho- -enem @~pr,4ynbl q4 = A+b AJIS O T W C K ~  HOP 

, . . :  : , .  noas~~oi i  cpop~yaa (8.67). 

n p a  M e p 8.41. H&E ~ ~ p b a n a o e  penike C E ~ ~ M H  

p em e EX e. B upmepe 4.6 ,qm araTpRsbt A PaccmTPk-+ 
MOG m T e w  6- a&&o qemx2io8 p a $ a d m ,  . , . memu mO*HO caecmu r~ peutexuto odwozl aeye cue- . ,  , . 

me* c wee~p0*~4xubutu .uampuqyu. fl&cTBamo, - Ama c o ~ e m m  h i  HeCOBMeCTH&s a&TeMa. B> = b 











p-bxe BeKTopme E ~ a ~ p ~ 4 8 b 1 e  BOP-. 
. . HpepimrBRTea, m o  ae T(YHKO MaTpma A, EO t~ BO~MY- 

~ a ~ p ~ a  A + EA ae~b~poxqe-. @Ca3bL~ae~m, m o  
BmMynreZiHaa MaTpHqa A + &A 6y,qe~ H ~ B ~ ~ O X , ~ B H H O &  npa Bcex 
BO3medKRX E A ,  YfldBkeTB6PIWIQEx YWIOBm 

1 -1 I l ~ ~ l l  < [ [A-  11 : (8.92) I 



I , .  , 

, ~ O C K ~ K ~  C O ~ C T B ~ B A ~ I ~  3Ha¶eEES h6&TpHq A . E , A:' B3aaMaO 

dapa~-e, nonywy: 
r ; .  , , 











MamKx 3mseKfUIx nomo- 

Iure Am npBaaMaMT I I O P ~ A K ~  M ~ O r O  , , 3 ~  (8.83) ) pe111a3.m ~ C T -  
Y ~ O ~ e ~ O M Y  Ha n. B u h p  rpaaaqbI onpqmeT, KaKym 

Ha nOAnPoCTPwCTBa CEEPYXSPJ~WX B ~ K ~ P O B  -b t .  

OCHOBy? - 6 ~ ,  H C ~ W Y X  ee, crpomz o6see g I -' 

me- cacTe- AX = b (car. WPMY~~I  (8.83) E (8.99) ). zkk -  am, noc~poe- m a  k U ~ P B ~  C T P w a  

JraroT W m I s H M  O ~ P ~ O M .  BCIIKO~ uj, 6arrqlnee, 3~ 5q b ~ (  C T O ~ ~ I ~ K  M a T P U I M  C, Ii 83 EUX BblfiaPaTb Iiaadwae 

cYETm n~uem, ~i m C U C T ~ M ~ I  (8.106) H - ~ ~  C O O T B ~ ~ ~ ~ .  perwe. B moM COCTOHT co~w-e w ~ f n a p  

c T B ~ ~  eMy 23 ==j/ff,. Jh%oe cj, ~e~brnee, WM 7, c - ~  -a (CM. p a & ,  8.25 a [5]). noRPo6me P*vm 
weHe6pex~o M U  H CoOTBeTcT~yro~qe~y e ~ y  zj qEAarogl ,ynap~m aaarar~y MO-O E&E B [18], * xe A- 
WmBMaHOe 3~aqeme. Mw~m no npa~mmec~otdy V Y  3 a A a T  MeToAoM 

M- m p a m B .  
pmCPBai = V*X H m A H T W I  o6see nce~~opememe xdq =3 Ha r r p ~ ~ m c e  upuB@pEd& M W A  OK=-- He E ~ O r O  

= (51, xz, -.. , xn)+ c a m w  Ax = b no +opMYm ~ p y ~ m ,  n e ~  ~ p y r ~ e .  ,OWU a-0 nPmmme He 

.Irpe6ym nepsoga K U i m M e  IiOPMaJIb- nm* Ti .rapaa- 
z~~ = VZC$~CJ(. THPYeT BMcom ~ i a f i e ~ H O C T b  U ~ o s a o ~ ~ b  II- pem- 

(- CdeAYeT EEJ -x= ~ ~ b ~ l l ~ e  pe3yJIbTaTOB, m. PmA.  
J3 g-EocTE, n p ~  2 = z0 = (21, ... , .t+, 0, ... , o)+ nOsmd KPOW mm, u p m M e M e  m n a p ~ o r o  A= 
HoPMaJIbHOe pememe carnew .& = b: , a- h ~z b ge* K c u m  UEVLx = 

zz = d. B yrax awmdax m m c o  npqCTBBarb ce6e CTPYI(Tfly 
x0 = vzO. Am, ysc-b ~ ~ H u I  HeKOppeKTHOCT~ mew p*eTbm- 

ee pew-.  A ~ Y F ~ M H  CllOBB,m, W ~ ~ - Y ~ E O -  
no-ICY %5rn = z0 + (0, .. . , 0, C,, . . . , TO +op~yny ro pa3wxeRAg U O 3 B W e T  Ham?,4m q O B 0 q T b  fl- 

(8.107) MOZHO nepermca~~ B BmAe sw-memo mmapo~~m a~cnepm-, n p m d  
,-* y p w ~ d .  A&cTB-~, BHAY cmTe- 

T xo~o6sl= vz" + V(0,  . . . , 0, C1, . . . , = zz = d, memmir BRA (8.106), c P a Y  m e w M ,  ee 

= x0 + e ~ ~ r + ~  + 02%+2 + . . . + c,-,vn, (8.109) co~ecmocra  ~eo6x0.1pMO u noeram.lao P-CTB" Wrn Beex 
4 npEi=r+ l , . . . ,m .  Y ~ M ~ W ~ ~ T ~ ~ C J I ~ ~ ~ ~ ~  

rAe ',+I> vr +2, . . . , vn - CT&W ~ a ~ p u q b ~  V, C O O T ~ T C ~ ~ ~ ~  TW 6 y & e ~  I~OJE.U& t36~WppeKl'HOCTb C E S C T a  Cz = dl a 
qm c m Y d l I P ~  'IUOIilM M a T p H W  A. &v3n69ar ~ O B a T e J b H O ,  H CUCTeMbl h = = b. nwOx-' 

9 + 2 1  .. , r V n  w m ~ ~ m ~ o ~  + y q q a t & e a ~ a ~ ~ b ~  cECTew pem-fi 09eBum~, H ~ X H O  noma- TZU( O p r ~ ~ 0 ~  wBMeBT 
O A ~ O P O A ~ O ~ ~  ~ C T ~ M ~ I  h = o (CM. pa3A. 8.21). ,, TZU( n ~ ~ ~ ~ b  ero M ~ T ~ M ~ T H P ~ ~ Y I O  WA-, W m m r o  

Am w H s e c r c w  4wii 0 6 ~ ~ ~ 0  -Am pe- CE-Me me- 9 ~ 0 6 1 ~  y K B ? w  H m P w  

IUeHEe XO - ~ * J I U ~ O  k ~ o e  K sew g a c ~ ~ o e  pememe, Hoc~b n a y  C E ~ T ~ M  IIO K&H& Mepe p v a c b -  



K&K 3T0 WCJIO PaBao 01 /m8, rqe ul 
,# - mw 

Rmmmuee CHHIYwme -cna MaTpw A = 0 1900 a 1970 @l!d3KH K =*oa 3aBHCHM0(71?l' 

06~moanerraacTn WTPH4bI A cqaTam.~ P&B- 6eCKm 
"4. ~ Q R ~ ~ M  - m a  4H-a 06y~oanmmocTH MaTP 683m +- H TW c- m*e 
yrccuDaeT * To? ~ ~ T ~ M ~ T E Y ~ C K W  ~0~~~ pp & q , ~ .  Bmmo CayBlaraH (8.110) MOXEO 
K c u k e  'h ='b, ae k ~ n a e ~ m  yAak,j& E- paccM 

B ~ H P ~ T ~  ~~ P,&qopw o~p- M=oeTb 
To%i0CTib M-o~ &~E@M=, f i c n ~ O B a T h  

uc*AoPern6 Ha n o ~ n p o c ~ p ~ ~ ~ a : ~ ~ ~ ~ ~  -yew. 
TOPOB, T-e. IWBOAHTb CKWPYJUI~IB~~~  omm0 Ha* 
aJM- ~aTeMaTHgec~cyro warn, npwm.K 

CHCTeMe 

@grtkW% ~ ~ W O l ~ e i i .  w e m e  ,peayaTaTH 
dh5 (T&. 8~2). , . , . , . . . .. 

, . 

cmnap- 
A, B MOW (8.111) 6yWT 

-a,u1 = 0,684,~104, = 0;m3 1 0 ~ ~  03 0,199. LO, :a w- 

,, = 0,185 - 10. %m & i y ~ n ~ ~ ~ ~ ~ ~  rt/ff3 3Tm 
coo-o pilBHbl i3,575.104 -E 10,T. , IIo-AHee 

. . . . . 1 . ' . oBPcm,BIIe~acTB ~ ~ w .  H e w :  
~ w W  wmmrnaa 

IIO ~pmaemm c 
MOA- (8.112) 6- mA* np 
,,-m (8.111) 8 0m6ewo no epaSHm 

MOg-m (8'110)s 
*& .- .MO%cFIO 

I I ~ E  K O R C T W ~ ~ ~ ,  B- 

Tarrxe -Tb C'l%II&&b 'mOmwrr, 'IP 
e ~ ~ m w m m e r o .  W 
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c i > O ,  i = 1 , 2  ,..., T,  

KOToPOM nmO)=-e m a r w e  npepCT+T oTpaqa- 
T-HbIM (3T0 YmBne MOXeT 6b1Tb Bbm-eao rneM Bu~Opa 

CooTBeTCT*YIonlero nopama nepe~en-) . B ~ ~ &  AonoJrm2 
TeabHoe JIRE€+iEoe npe06pa3o~aa~e nepeMeAwD( 

puwame,aanbz&u re6adpamWUl 
@ -~T.TH-C @OpM HMeeT MeCTO C J I ~ A J R ~ ~  3are0n 

B peaymTa~e -aApamwrur + o p ~ a  npeo6paayym BuAy T op e a a 9.2. yucueno noiroxumenbxbcz ~eadpamos, ~5 
2 2 2 2 f ( z l , ~ ~ r * . . , ~ n )  = z ~  + z 2  +...+% -q+l -... -Zn, v w o  oppuqamemnbuT xeaapamos, e m 6 0 ~  . n ~ ~ ~ u ~ e c m o &  

TaKOii BHA -APaTu=o6 @OPW H 8 3 m a K ) ~  ee nop&mbx- 
eedo&. 

. . 
B n p e ~ e ~  npmepe KBamaTaPBaR a o p ~ a  

p nyc+-a~~'l~aa , *opm f  wee^ ~ ~ ~ ~ e ~ ~ ~ f i  

2 f(xl,x2,23) = 2 2 1 ~ 2 + 2 2 ~ 2 ~  - 6x2z3 2 2 
2 

f (sl,xz,. . . ,z,) = c*z1+ czx, + . . . + cpxp - cptli;+l- . . . - ~ x r  
. , 

n p m e E a  K K ~ O E E ¶ ~ C K O M ~  

1 1  f (tl,tz,ta) = -tf - -tz +6t:. 
2 2 2 

f:(yllyz,. . . ,?in) = dlx? ++d; ++'. e+dkzE - d ~ + 1 4 + i  - s:*i-,&sr 

a, fjamce ,dl, d2, . . . , e: ( ~ A ~ C B  di+i~ ,  i = 13 2, . . . , v). Ofiaee 
FmqecTBO map am^ B R B ~  KamrnPe- BnAa O A E I H m B O  

C O B n ~ ~  c -OM ~ ~ ~ ~ ~ T B = o % : @ o I P M ~ I :  

flowma, ¶TO m m o .  ~ O J I Q X X T ~  B neP 
nqwM E " ~ M ~ ~ d  BE& K B w p a ~ ~ p ~ o s  @oPm f: . - Ka0-e~- . q e  6owmei, sex so. VPOMT T.& 9 > k t  

pmmm --OM ~ ~ O C T ~ B H C ' S B ~  . U O A W ~ C ~  
= 

' ..., e ; ) .  7hm = (el, ez, ...I G) a Lz = (e'k+~, %+w 
pa3MepuocTe~ p + (n - k) = n + @ - k) 3THX nOt4nPO~P~CTB 



c=PaacTBa, TO sHaq<.+qq Ei 9 . 6 . 3 u a K ~ -  
# ('1. Qe~-~ek=o,. , , ,:.-t st' 2 . e p e c ~ ~ y e ~ .  E-ym~oii EmTOp x, 
HOBPeMeEEo fr Ej:, ,: L~ Ela yW1OBaa 

KII~R~~W--*P-' 

w3mwwmie  , . KBa~pa~- (POPW f (XI, $2, . . ., Emm*T nOrOO- 

umenbno (ompuqame~ano) onpeaaennoa - noaxu- 
+aien+i.. +'ap%, . , . '  brio ( O m p U a m ~ b ~ )  3 ~ a f e o n o c m 0 ~ ~ ~ 0 %  OHa 

a m F a y c n o B I u I * E L ~ - - ~ w ~ & g a p ~ e  ,< M ae~yneBoM BeKTOpe IqmmfmeT nOJrOXET-Hoe ("~pm* 
oe) sHa-ieAHe, T.e. e m  

. ,  , 5' P$++L+j +pi>zeg+, '+ . . . + pne;l ' ' - :? 

XT&> 0 ( x T h  LZ 0) up= x#O. 
113 nqmro -O-~KOr0 BEAB a A p a ~ m ~ i  *oPMIP B-I 
er,.rlM. 6 .  . 

, I  : , .. . - ,  K B a n p a T ~ ~ ~  q m p ~ a  iia 4 0 ~  m m m M  BeK*pe 

f(x)=cla:+czai+ ...+4>0,' $-= aeO~pmil-~~e (~enmoxmeabaoe) 3=a-e9 T.e* 

a rn BTOPO~O - . , xTAx>/ 0 ( x T h  00) n P  x#'> 
' , 

f ='-dk+~t? '2dk;2gE+2 - . . . .L drip; < 0. . , , kC1, ,,, , . 
, . , ,  , 

&yxe=e WQTW.QP.~W IIOKWWB~T, nwAmnie.a 
IJ > ueBePA~. *o r o w  no T ~ M  s e  npmHaJa,,aeBepaO npeA- nGxeme k P. C n e ~ o ~ a ~ e - n ~ o ,  g, = k 

KanrryecTBo 
o ~ ~ ~ 5 ~ a  B ~ ~ y i  K ~ L H o & + ~ C ~  Bhax 

kBaApaTmo2 QOPMU cosna~ae~.. - s~atwnepe.wnnd. 
E- w a r n a n  @opMa.f (~~,xz~: . . ,~n)  nWmeabHo 

qawzo nWIoBLBTarrawnt *aflpaToB B K W O H E Y ~ C K ~ ~  
KBe 

onpeAmeman, n, -ApaTanrap a o p ~ a  -f ( x I , ~ z , . . . T ~ ~ )  OTprr- 
~ a ~ O g f b ~ ~ ~  WUUIWOT ee noaoxum-n- uxdewoa S~TTO onpe~ene~8aa.. = 0 6 ~ ~ a ~ ~ ~  pspm i+; SH- OTPWaTenaBhM K&a- 
APaTOE 

H"PM-~o~ m ~ e  x ~ a g p a q ~ o g  *OP- Hmm ee ~ ~ a ~ p a ~ a x  nepe~e- O W ~ A ~ ~ P T -  ee MaTp-' BCe 

-puqame~bnm uwdemom uxepqau a b603aa- neiea xap-ep=cmmecrm W C A ~  MBTP- ~Q~IOZH-. '-. OYe~~*oZ =TO cyma I I W I O X E T ~ H O ~ O  ,, oTPYrqaT~aOro npase8= pa n p m a a ~ a  a a n a m ~ ~ ~ o ~  ( m ~ q ~ - ~ ~ ~ )  
oqqeneasocTE ~ s a x p a T w  WPM. 

PasaooTb n m ~ ~ ~ O I ' ~ " ~  . Q ~ ~ T ~ ~ ~ ~ ~  mRemX,e 
wep dJc3 m080 u m ~ ~  ~ e a d p i m u u n ~  & o P * o ~ ~  n nee 

a'4- - i- --T CYeHMOlwofl- ~ ~ ~ D m , U u X o ~  g o P ~ w  pe*exHslz bwo noAoxumerran~ [ ~ n i p u ~ f f l u b n o )  O W e -  
. . deJcenxod, Heo(jzo&~ u d ~ c m ~ m o u u o ,  Ona W"- 
I- '-A-T@,~ P- r ; r y t ~ p a ~ . w o g i c g ~ ~  r,= i+ + i-, , ee f e  #o~nuqecncucy euby c n ~ * ~ ~ ~ ~ ~ ~ ~ ~ ~  
C m H B . T ~ a  $74 -a,. H w ~ ~ z v ~ ,  

p- H- ( o m p u w m ~ b x ~ u )  (CBa&Jom-. aaTpa a-maTe~6   POP^, TO BS  COO^^& 7. =-i+ + i-, 
a = (  + '  2. Kpumepu& Gu,maecmpa. 

moZO .tmobar 
I- o ~ A - ~ ~  art~erccu xaepqa~ i+ ,=. i-, , , pamu=- Popwa om n nepencenx~a 6-a nofioXu-- 



a40 9. Kaaupazm.eme Ipop-.. 

no onpede-aenuoil, neo6zodusto u docmamwno, u m o b ~  
ece yznmwe:-W ee ncampuqw A 6wu no&oarcumeab. 
MU, m.p, u w 6 w  

,, 2 ..; 8 

b 

&~ I ,  A all ala ( > o ,  
aai .*a 

all ali a18 P ' \ 7  
I . , T . . ,  

a s  = "a1 uzz aas > 0,  ,..., A, = IAI > 0. 
as1 aaa a s  i ,~ 

A- mozo uho6m rceodpamuunar (&aa f (ol ,  z ~ , .  . . , z,) . 
6~4.w 0mpuyomW.Ho ~npedaaewno% xe~63toduuo u ao- 
cmamwno, urnoodslsxomr fladaawz uunopoe wmpuqw A 
rceadpomuunotl @ o p m  uepedoeaauca, HOYUH(LL co 3uam 
aunyc. 

- .A-0 ~ ' q 3 ' a . T . d ~ b  c T 30. fiQf1B0 r 0 ' IIp H 3  H,a K a .  IIyc~b 
mam-~oprn f B x&Koha-m60'icwo~mrse~~0~ 6 ~ ~ c e  el, 
eat . . . , en ,meeT BRA: 

# ( .  . ~ ( Y ~ , Y ~ , : . . . , Y ~ ) . = Q Y X + C ~ Y ~ . + . . .  ++&. 
Emu ma,qpamman cpop~a nanoza~wiIo oii&,&&&, TO & 
n h r o  &~dpa ,x  $; o E h e e ~  f ( ~ ) >  0. B qacmomn, f ( e i )  =a > 

. .  < 0,'X ='1,'2;. ..,n. . , 

b B JrrcWWEOM KBHOJDiTeCKOM BEAe BCe -~BPH 
4 t i o j i ~ ~ b & ,  TO. jp &bro ~ + ~ ~ o r ; o  &Tipa z 

, . xobp-~a~ir y = (y,, j/2, . . . , &) 110i.y~- 
I 

, ,  , . . " . 
f (a) =el$ f qy: + .,.. + ony';4 > 0, 

TF, ", B C ~  cnyaeye ~ & p m a ~ ~ ,  HO MTn. 6~ o m  
~ y ~ o e  -,qa ~qw+: a * 1  % .~ ~ 

A o = a i h a ; ~ e n a c ~ ~ o . .  K p s . T . e p ~ s ~ ~  C ~ n b ~ e c ~ p a .  Kpa- 
~epHir, h w m p a . n b m e ~ w  r n ~  CBD~~CTB . .=~pa~asaof a o p w ,  
~ ~ c c ~ a ' r p a s a e ~ o f  B pm- 110dnpom- Aaxmoro w- 
fR?&mro qocTpaECrB&. Caa- OOTaSoBma .Ha ,& UQncb- 

~ e n b E 0  0rne~remok  lees~pamwoii * M ~ L  

- 

9 . 6 . 3 ~ ~ 0 0 1 p ~ w ~ = e  m a -  W- 
m 

3omeuanue. 0 - m ~ ~  laaTpW XIWWTB~~G Wpm B 

#M 6amee mew o m  R TO* xe aum. %aqe FOBOW, rn H- 
~ W O M  nu~eimoss npe06paaosa9aa ~ a ~ p ~ q a  --O% @PW 
emrpame~ 3- mew om-. 3~(ur e m u  M O ~ O  c.4- 
3s paBeiicma (9.12), B KOTO~OM o n p e m  IQI Maw- EWN* 

wesixor0 mweI~oro n p e 0 6 p o m  n e p e y a  OTJUX9eH OT WIUI. 
B yacmoc~sx, y nanacarermao oupeuanewo3 1rea~pa~m80% @opW 
B ~11060~ 687uce OIIpeAeWTeRb M a w  IIMo'~(BT~X~H, T&K KaK B CO- 

c ~ ~ B B K O A I   TO B E . U L ~ W  B =o-e- 

- 
. , ,  . + , t ,  

iua~p~qa ~ a m . 6 5  ,+o~w' fir CacTOaT E? W M e f " o B  MtL- 

T ~ -  A K B a A p a ~ ~ ~ ~  10pi-d~ P, pa~nolloxekmb B epsb~m k 
wpoRax E nep& IE  cTonCiaax, a onpeu-a, ~ a T p w  ICB& J.: , ? ' L  

A p a ~ ~ o f ' + P i &  fh npeAcT-m c060k k-ii ~ ~ B O H  m p  
Maw- A. Kisaapa~- a o p m  fk ~&o)ga&~ o~$~A-H- 

E&E, T S  K W  B IIO~pOCTpWCTBe Lk U p m m T  Te Xe 3Ha9-7 
.mu, H v m  (POPMB f .  D O ~ T O M ~ ~  0nPeA-S -APa- 
~ r n i o i r  @OW j k ,  Ts.  k-ii ~ n o ~ i i  m o p ,  ~01101giff~e~reB.,. . 

0 6 p a ~ ~ e . ' ~ p ~ g a a e  meM ~rna3-q ~ ~ T O ~ T O M  m~em- 
-c~oit witygrnn~ np P~~WPHOCTH ~ ~ Q F O  II~OWCT- 
,IJ,JLS ~ T ~ ' I H ~ M  @OPM B OJWO&~HOM m w e h m  i rpdpm-  
crse ymepai,qme KpmTepm oneBHJW0, Tap K W  ILBBAPaTapHsa 
,$wpm m op~oii r tepe~moii  mem BHR f (31) = 0114, a ee ao- 

onpe~enepoc~b pa~~I0CUilb~ YcnOBBH) al l  > 0, Tee. 
n ~ m ~ ~ ~ ~  f@ECPBwEOrO Y T J I D B O ~  mops. 



1 

n-1 

f(yl,y2,. . .ryn) = C [ ( y i + b , n ~ n ) ~ b ? n ~ I t I  +briny:= 
i=l n-1 

2 
= C ( y i  + b i n ~ n ) ~  + CnnYnr 

I ,  i= 1 

rAe %, = b,, - b ~ ,  - ... - T~KHM 06pa30~1 B PaysTaE 
, . 

n e B b I P ~ ~ A e ~ ~ ~ $  3itMeRbI nePeMenWM 
I 

C?CT-w 83 BCeX CnarwMbD(, He &qe~&m Z;~ 
I 

KBWPaTH- rP0PMa rp W e A m m e ~  co606 c y x m e  . . . . . . . . . .  . .  THSHo' (Pop- f ~ O A I I P O C T ~ ~ A C T B O  = (el, . . . , 
MaTpHsa n-or 83 MaTPHqbI A K B ~ A ~ ~ T H s B o ~ ~  

+op- f B=- 
I 

m o m m e t i  -Om H 110wqpepo ~ ~ 6 ~ ~ .  I 

BamOl 
WMBm MHHOPhI MaTpHIPJ xq~a-06 aOPW I 

'P xe BPe- Y r J l O B w  m o p -  MaTPw A. 
3na-9 O - n Q n O x n ~ w .  B C0aT-m C npeAIIQIIOmBAeM 
MaTeMaTuxecKo6 ~ K W E  a w n a e ~ ,  

KmmaTH9H88 +OP OnpeflewT- M a T p w  ~sa~pa-06 +OP- B wO-eCKOM 

BnRe paBex npo&mBeAeAAw, K03++arPreHToB qn KBaApaTw' 

A-OM 
%,. HO onpeg-~m M~*P& K B ~ A P ~ T ~ ~ O '  

*OPMhl 
n e p a o A e  K HOBOMY 6 8 3 ~ ~ ~  cOXP-eT 3HaK' n03T0MY 

%, T~~ x e  3 n a ~ ,  =TO H o n p e A - T a  = l A l  MaTpnrlH 

KBaApaTE14AOjl +OP- B ECXO#~OM 683~ce, T.e. k n  > O. no 

IIepBOMY ,qmnaXJr K B a A p a T K ' M m  
KaBOmSeCKnM BHAOM 

(9.18) JranaeTcs r I O J I O X E T ~ H 0  o n ~ ~ f l ~ ~ ~ ~ ~  

nTaK, no~m-, =TO, BOIIePBbM, 0 6 ~ a ~ n O e  yTBePxAe- 

me KpuTepm C-wc~pa BepH0 AJIX o~noMeP= WOCTpmGrB~ 

BO+,TOPm, e- ono Bepno ~m (n - l)-~ep- w ~ ~ * ~ ~ ~ ~ '  
TO OHO Bepno ANI n - ~ e p ~ b ~ (  npoc~pmCTB cOOTBe*TBHH 

MeToAoM M a T e ~ a ~ ~ e ~ ~ ~ %  H~A- 38fUM)9aRM7 
KpmepHEi 

C-wcTpa wpeH Am d m  KonePaOMeP- IrPOCTPmcTB. 
nepejlAeM K cnygm O T p ~ a T - H O  O U P ~ A W ~ ~ ~ '  

TH.nro$ 
E- ~~aApam.nrm +opMa f o ~ p m ~ ~ - ~ ~  

, 

























AOE 83 BBx paw, ucm 
Tem-i~ w = m = i i  ~ U B I L C  a a e p q ~ ~  msaTypy., 

~ " P ~ A W O C T M  .KBaApa~~labar.+~~~ MaTpaseir: 

9.10, npmm K . ~ ~ ~ ~ e ~ ~  BEAY ~P-QBY -UPa- 
@opf,$y a yKa3aTb HeBbIpOXAeAHOe n~e06~&30-e ne- 

I . . . " .  . " 

1) = (Z+i)xlE+ (2-i)x2v+ j q ~ - i x ~ E + i ~ 2 % l i ~ 3 5 ;  
2) f = (2+ i )x l s+  (2 - ' i ) z 2 ~ + i x 1 ~  - ) Z ~ ~ + ~ T Z % - ( X ~ ~  
3) j = $,q+ ((1 +i)s13j+ (1 - i ) & q +  i x lZ-  issqi  

' 4) j r p l ~ + x Z ~ + ~ 3 ~ +  (1 +d)~~g+ (! - i ) x s E + i x ~ S ~ -  

Qa~parnna0ir wpm; , ' 

1) f = 3x16-  i z 1 ~ + i i z T i + 3 ~ 2 2 1 + ~ 3 E i  " 
' ' 

2) j = 3 x 1 z +  (2 - i)a1=+ (Ti- i)z@i +7ZzE+ k3Ei 

3) f = ix15j - dz25 'r 2x25 + b 3 5 .  

9.12. H & T ~  p=mipaoe rrpeo6pm-e nePeMeHH-9 
Wgmee 3pEdJiTOBy K B ~ , T ~ T ~ W ~  WPW f ~ a - ~ ~ ~ ~ ~ y  

6) f - 3 ~ , 5 +  (2+ Zi).qlR+,(2 r 2i)Q?$ 5x@+x@ 
Mew W w e e  o u q  .a3 dwarn- -+OPM 

7) f = 3 x , q +  (2- z i ) & ~ +  (2+ 2$)323+ + O X ~ ~ + ~ ? B . ,  ,. . 

mpMaabBOw BEm9 a mpym - K K ~ L H O E E % ~ K ~ M ~  =qy: 



m1. MezoA m e p d  
-9 

cUmw (10.2) BW~IB&~OT npuaedennod p m  werno- 

aonc nocnedosame&bnw2 npu6.auxenud. 38 HYneBOe mn- 
m - e  n p n ~ ~ ~ a x , ~  K~KO%--60 BeKTOP 

MmoClbl PEWEHHa 'r 

CHCTEM J ~ H H E ~ H ~ u ( .  
x(0) = (%?), xi0), ... , sf)) . 

YPABHEHHH H~ nPaKTHKe 4-0 3a nyneBoe ~~~~~e 6 e p P  cm6ea  
p3060~4- glIeHOB CUCTeMbl (10.2). IIOAm= X'O) BMeCN) ' 

e m  (10.2), n w w T  nePBOe npmmeme 

" ., C - UOCTYnm ~ T X ~ ~ ~ ~  a 
m.1. MeTom mapcnWl 

n ~ "  6onbmo~ ¶me ~ e m ~ e c ~ w n t  mCTeMe rime- YPa& 
x ( k + + ' ) = ~ x ( k ) + ~ ,  k=Orlr2,  ... (10.3) 

qHMeHeme MeTOAa ray~ca u Rpyrm M ~ ~ o ~ ~ ~ ,  Am- 
pemeEne, C T ~ O B U T W I  BeCbMa 3aTpyH~u-~u~. B Ta- 

B ~e3ymTaTe nonysam nocrre,qoBaTmbnoCTb npumeH- KUX qgagX pe4Ie= CElCTeMbI MOrYT OKa3aTb- 6mee ~ ~ 0 6  

npn6-eme MeToLy. P~CCMOT~UM ~ e m o d  umepaqu8 p e m d  

n o c a e a o e a m e n b x ~ ~  npubnu;ueenu8). pemeHue cat- s("), %(I), . . . , ~ ( ~ 1 ,  ... 
TeMu IIPE MeTOAe noJrysaeTwr K ~ K  npeAez nomeAoBaTejrb- 
*OcTn q E h x e m -  peme~uti, ~ o ~ o p b ~ e  Ha~oflfl~c2~I noMowH) E~ 3 ~ a  noc11e~oBBTeJmR0CTb W+P“ EeKoToporo e@Ho06pa3~oro npoqecca, ~ a r l - ~ ~ ~ ~  npoyec- 
c0.u umepayud. 

2 = lim x ( ~ ) ,  
npuaqan nocTpOeHm UTePaLtUOHHOro npoqecca COCTOUT B k400 

mAya~eM. ~ Y C T ~  A%a KBaApaTHM CuCTeMa 
n, yroT -- pememeM cucTem (10.21, a cneAoBa- 

Ax = b -HO, 
C u C T e ~  (10.1). IIpoqecc U T ~ P ~  6umPo cxomcay I a 

(10.1) AaarOH-me ~ ~ e a ~ b l  all, (122, . . ., ann uyO*OE 
CHCTem 3-pB-xo n p e o 6 n a ~ m  no Benwaae 

HeBqox~emof M ~ T P U P ~ ~  A n-ro nopuAKa. npeAcTaBm 3TY 1 

CHCTeMy B BEAe HaR oCTam ee m&x$H9aeHTBMH, =I 
To xe 

KmweBPb; qj mcT- (10.2) AOCTBTO=O no dco- 

X = B X + C ,  (10.2) ~ O T H O %  --e. 
Bmee TO-0 3TOT (PBKT @ o p ~ ~ y e T c a  cneb- 06'* 

rRe = X2' . ,. 7 C = ( ~ 1 ,  CZ, . . , , B - K B ~ ~ ~ ~ ~ ~  
30M. 

MaTpHsa noPam n. K Tmw B U D  CnCTem M O ~ O  npSTW, T ,,, a 10.1. npouecc umepavud 13.4.~ eucmem nu- 
H q w l e p *  B (XcTeMe (10.1) nep~oe y p a ~ ~ e m e  pajpemm xeanblz ypaaxenu~ (10.2) ~ o d ~ m e ~ r  n edum6en*oW ee pew- 
oTHocUTe~o XI, BTOPOe - o ~ l t o m w ~ o  s2 u T . ~ .  nuro, e,u Kascur-nu60 nopjwa wampuvM 3moa CucmeA6ta &exawe 





&IYPEIM XTeP-0- MeTOROM PeIIIe- CHCTeM J I E K ~  

ypas~e~nii  m m m  MeTq 3eifim. OH npe,qc-r-e~ co6oir 
HeKoTopHe suAoaaMeneHaa Mem,qa mepard. B a e m  npn EM- 

mwemin (k + 1)-ro npu6mxemn E ~ ~ B ~ C T H O ~  x, ~ c n o ~ m y ~ o ~ w r  
yare ~~~e ~HB=I~HHB (k + 1)-ro ~ U € U I E ~ ~ H E , I  p a m -  
~emnbrx XI, x2, . . . , x,-1. ECIIH ,q.m npme,qemo& m m e w  

( 4  (k) ( k )  yxe Hai,qe~~o k-e npu6.nuxeme x1 , x2 , . . . , xn , TO ee (k + 1)-e 
npnhxeme  onpeAenrreTca @opnaynam 

mm 

p e m e it ae. Pa3pe1nE~ nepwe ypaaa?HBe 0 m O -  
, 0x1, 

aToPOe mBoCuT&%~~ x2, -.- ~ O C H + ~ = H O  Z3, aPw- 
. .  4.. 

. . 

x ~ ~ = l + 0 , 1 . ~ 8 - 0 , 1 ~ 0 , 9 = 0 , 9 9 , .  .. 

, ,  , ,  

x$=~+o,~.0,971-0,1~~,9952=0,9976, 

- 0 8 -&I. 0,9976 +0,3 -0,9952 = 0,9989, 2 - 9  

. . E ?&. P - B T ~ P  B w  
mm, oqyrne- 80 

T a 6 a ~ ~ ~  1O.2 A ~ T J -  3 H W B .  n-;3q- 
mi,%, q,mefi- ; T&. 10.2. 

,IIpoaecc owagomea, TarC 

rcarc B 3Ea=ieEEu% ~ a x g d  E m -  
=-&, &, zzr x3 tmfm.&m- 
pow* no *Tqe ,qe- 

Hbnr. -2. 3 a  



. 
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raam ID.  lT~epana-~ -Oml U).$ nPmw- c r r ~ ~ w  K BW, yxo6=ow W J W ~ P ~ &  495 

I . . 
, . ,  , 

fiPyr- WT~MK. Kanpmep, B cny.rae CSTe-  Ax = -- 
MeTpu4eCKO& ~ - w ~ e n b a O  o n p e ~ ~ m ~ i r  M ~ T P ~ G  A 
oT mcTeMbI & = b  n e p e x ~ ~ s ~  K ~ X B E J ~ F I J E E T H ~ ~  eii cumeMe 

= ~ b ,  3&TeM nonamT T A  = E - E + 7A S5 nepmnT 
TeMe 

Edaa B ~ ~ i ~ o & ' c a d h f e  AX = I ,  G~~ 6a a-Topme -o- x = ( E  - rA)x + ~ b .  (10.9) 
E ~ m e  X-WTH He npeo%mT no a c h H o g  -- 
WBe =A Om- ~ ? + + ~ q a e ~ ~ w &  TO, ~0?.46-~~ *a& O c ~ a e + ~  nofl06paTb MHWETW 'T Tax, 9~06bI KaK&T-* 

3T0s mCTq, C'WPyOTWI ?a&fe~~p& e e  3maraO~ 
MaTPH9hI B = E - 7 A  6-a ~enhme ~UU-. 

=CTeMori3 K o T ~ ~ ~ %  BCe qSfa$'o-e 
xo@+wearM yxe 65" nanomTb 2 

nYT , O G a ~ a m  , q- CBO~C~TBOM. TW, CYICTeMe ,-=- (10.10) 
X i  + X P '  

5x1 +9xa - 1 0 ~ ~  = 10, ,fie 1, =. X~ - a&m&ee B ~ame~fbmee  xapdePBCTBsemBe 
5x1 - 8x2 + 9x3 = 20, ~ T P -  A, TO CIIeKTp&J%H&9 BOPm Maqmm = 

3x1 + 2x2 + 102, = 30 W C T ~ M ~ I  (10*9), T.e. \ l B \ l =  -, pW- 
Ee 

Fm-mfd ~ e a r ~ ' ~ r p e & ~ ~ ~ ~  no acaaroTaoii (10.11) 

. , 
XJW nepBoe a 'TOPO~ YPW- H Pe3YJlbTaT 3-eM nePBblM 
YWE-~M~~;' ikj! ~ . r c ~ ~ ~ ~  :m&ekaa 6yAw ~ - e  qqampx. 3mm AoCTaTosao Am wropMoc? 

' ' TPeTM, H pay* 
npoqewa n~epa@, npwleIIseMoro K WTWe (10.9). . , 

B G.y T ~ ~ ~ ~ - O ~ T U  B H ~ W R H B  xap=~ep=c=*e- =- 
m ~ p m p x  A BMeCTO @OpMym (10.10) Ha. IIPaXTme 

nonmyIoTm @ O P M Y ~ ~  
2 ,-=- (10.12) 
0' 

. ' h 
B, R O ~ ~ O B  yxe  be q i m d a a e k e  KwH4neRTbT AOMEIHaWKIT rAe 3a G e p y ~  --, 6olramee nrotioir m n e r ~ o  ~m=j~-e- 
no, b c 6 a m d i  a d  a$onaursw, oT moG CacTeMbl HOPM, HaIIpKMeP, HopM 
06- n ~ ~ e k  W E X O ~  earnme 

I L  . - , ,  8 , .  1 ,  

, , ((A((, =rnaxClaiil, l l ~ l l ~ =  ~ C I & J [ .  
I .  . . .. XI " 3 - 0,122 + Q,lzi, i i 
. . . 8 , ,  B o 6 ~ e ~  cnyyae, KOrAa H ~ B X J ~ O X A ~ U ~  MaTPwa A cEcTeMbT 
, . .  . , , = b  He -eTcR c - e ~ ~ u s e m i  E B me% He BCe AHm* 

YW YACJ&T~& JWI H T ~ P ~ .  . , m e M - ~  npeo&raqawrr no a6co~aoT~o~  B--e "fi 
nogXOA npa 6- &&Pax ~g,& I;G 

ocTanbHIJhmr 31re~eHT-, cnasma OT CUCT- AX = 6  neP=OflffT 
mrm qaeo- K 4 ~ .  H ~ o a a y  xa 06bTIH0 HwT caCTeMe  AT^ = b; u~emqeir c u ~ ~ e T p w e c K P  ~ o ~ ~ o ~ ~ ~ ~  









,. , . 

qTo6= --cb ycname lpl< 2 , 3 ~ ~  Y *pHB mP"Y- 
ne p a  sinp ~b16upm TOT M4 -0 

Y Bwasrcm5 
C-'W~WWTM 06pmw. 

cTW0 BPanleHHB 
. npn BbI-w 311e~eETb~ k i T p ~  Ak+l yigo6*0 IKXImaTIr 

@ D p M ~ X l M X  (CM* [I41 C. lB21) 

a$) si2v mcp sincp + m = 1 = 1; ' , , . .  ,,.,, % -  

' . , I ,  : , ) , .  . , , ,  

. , ,  

lmropae nonY9m'rC8 rips cpmHepso =e=m mTpW nem& 
I j 

npmg %nFr& m p m  p@HCTBa E3 (ll.2) ' ( J ~ M ~ ~ ~  % 





. , \ I 
3 ~ a a  MaTpEIW T K A, MOXHO m K O  3aUECaTb ANI  M a T P X W  A 
m o a a S e c K o e  paanoxerne A =  TAT-^ = T A P ,  xompoe onpe 
AeJUTeTCJI O~TOI'OHWHOE ~ p a a C f $ O p ~ a p y 1 0 4 &  ~ T p ~ q e 6 .  

M ~ T ~ A  f i 0 6 ~  U p a M e K a m T  B w I y ¶ a e  npommnb~oi A~%CPBH- 

T-EOIYI, a T w e  B cnyvae K O ~ U R K C K O ~  M ~ T P H ~ ~ I  (CM. [14], 
1291)- E m  A - KOMllneKCHaR M a T p H q a ,  TO B M e C M  M a T p a q b I  

(11.3) npoc'KJro B p a D T e E a  UPEMeEXKiT yHXTapHYI0 M a T p H w  

i4 ;d. cosp . . . . -e slurp. . . . i-s 
CTporra 

: 1 

1 i . . . . e-"sin9. . . . cosy . . . . j-n 
CTpOKa 

i 1 

I 
~ ~ M B T O B O %  MitTpl8lEl  A MeTOA %06E OCTM3!CU T a m  

Hce, K ~ K  H B cnysae A ~ % C T B Y I T ~ ~ ~ H O %  CEIMM~TPBS~CKO~ m ~ p ~ q b ~ ,  
a ~ M ~ F I K O ,  ARB u a K c n M a n b a o r o  y M e E b m e m a  H a  k-M mare (CM. 
[14]) CYMMbI -APaTOB M 0 w n e k  H ~ E W O E B R b H b M  MeMeHTOB Ma- 

T P K q b I  Ak HOMepa i H j Bb16Hpa~oT TaK, ~ 0 6 ~  WeMF3HT a!:' 6- 
~a~f60 l lb11IEM IIO MOAyJIH) HI?,L(HWOHaJIbIiblb4 3JIeMeHTOM M a T p R 9 b I  

Ah, a FJEI 11, H 9 H ~ X O ~ T  m COO THO^^^ 

ugj = at* = -2 = cos (-;)+isin(-:), 



u cos- -e-iff/2 
4 sinE 4 0 

4 

0 1 
0 1 

7 .. M m o ~  ~ p ~ % t % l d  XO~O~I~O p e ~ ~ ~ y e ~ c s  aa 3BM, npaSe~ Cy- 
+WTByeT 6oxwmoe xma¶emBo = m c n u ~ e ~ b ~ b ~  c x e ~  ,wa ero 
. ~ ~ ~ ~ .  IIpA d 0 f l  E3 TaKEX eXEM MeTOA B ~ ~ I I F ~  Ilpefl- 
, I q r w e T  ~060% u c w u o = m ~ o  KOM~BKTHYJO npo9e~9 ,  KOT* 
pan 0 6 e c n e w a e ~  ~ b r c o ~ y m  M ~ H O C T ~  m w d .  T~SHOCTS 
aaxos~earas co6cmerrabm 3 ~ a d  A ~ 0 6 ~ -  D L ~ P O B  

~~ MeTOROM OXB3blBaeTUI 0p-05 C -0% MWIEEXOTO 

. W o B a .  C T ~ A ~ P T ~  DpOrPaarnsbl K M e T W  1)w WAW 
x a w  rn bmornx naReTax MawmaTmecKoro 06ecneseaaa. 

B DCMOXE- 

T a n 0  0npe~WXeHE& c ~ A M M ~ T ~ H Y ~  (3~-&] MaTpSI4U MOXeT 

6HTb (cbf. pfUA. 8.18) awpamr0mdI apO@% nolIywa CSWI'yJrapEOK) 
omoxemin A = QCP* T& MaTpsma ~ o m x m m  n y m  c ml~0m.m 

C a CoOTBeTnBym UM c06cT~eaaboc BeKCQpoB - CTon64p~ WTpU; 
w P (cbf. [la], [B], [37]). B urysae npouwmmn& CHunapHlecKou 
(3~MET080~)  WiTpRUW A 3TOT npOWCC AaeT MOWW CO~CTB~E+~X 3Ea- 



I 
I "4lo 

11. B-e C O ~ C T B B ~  m a p 4  fl.2. Q R - ~ W O ~ R T M  m 
n@ f i o k a o  06- npemxano%e~aax nocrpoemaa nowAo- npeHe6pe-o M~ IIO a 6 c o ~ w ~ ~ o C  -e =CJIOM E.  

a ~ - o e ~ b  M ~ T ~ J J  CXOWTCB K ~ p e y r ( ~ l b ~ o &  m m e .  hmo- TorAa T I p - M ~ ~  An = A; n nepeyogm K ~ u u ~ a e ~ a f ~  XaPWTe- 
1 ' H ~ * ~ ~ * ~  * P ~ W E O &  ~ a ~ p m  w T c a  ee x a p a ~ ~ ~ -  p a c ~ m e c ~ o r o  g ~ m a  A,-1. 1 '  3TOM @~LKTEs~CKE p&6oTamT yxe 
I P ~ C T ~ ~ C -  ' I I (~~+E H x i l p a g ~ e p u ~ ~ ~  mO1iLMH BCeX MaTpuse& (n - 1)-ro nopxa~a, pacnonoxen~oir B mTPWe (1l.7) 

nono- MaTPW) B %THoeTE MaTPm A. = A .  ee neBoM eepxlleM ymy. IIPE  TOM 3a CF ~k TenePb K=* 

I 'm YkWP-' QR-a.!trop~~aa X@JIaTe]IbHIJ, m06u ~a K+ wHmT 3 n e ~ e a ~ ,  c ~ o m q C  B U ~ ~ W M  mXHeM YrJV Ma- 

x ~ o ~ e r o '  mare 6b1mpo @ P ~ o R R ~ ~ ~ . Q R - ~ ~ ~ ~ ~ ~  osepedaOg TP- (71 - l ) - ~  nops,qKa, c KOTOPO~ p a 6 0 ~ a ~ .  n m  ToPo KaK 

' 6 a e m ' A k .  'm more c o e ~ y e ~  amm~) u a T p q  noMOmm B H - ~ e ~ ~  An-l, aaanormno nomynam~ npn men- An-2 

OPT'Jrbs*m ' (m~iap~d~) n p e 0 6 p ~ 3 0 ~ f  f i ~ e ~ a  no- T . ~ .  E- m ~ p q a  A ~ ~ C T B E T W ~ L B ,  TO QR--OpmM Morn' 

~ 0 6 ~ 0 6  MaTpme &I = U-'AU 6onee npoc~oro B E R ~ ,  ~anp-ep, pem0BaTb B B f ? m e ~ ~ ~ e ~ ~ ~ ~  apua~eTaKe (c". [341 c. 1421). 

&om?, TpeyiWkaori . B q a  , ,  '- , T ~ ~ ~ & ~ & &  . , . . .  *oP-. 0 11 H e p 11.3. C I IOMO~E.~  QR-mopmMa ~~~ *PaK- 
W ~ A &  yaTpHsbI K no406Iid G;Tp&fe I IO~~TpeYro l lbHOrO 

' 
. . ~ e p m m s e c ~ m e  -ma MaTPW 

W a  e?a- Pee(. 8.10 B [3, C. 182-1841. .@R:anropu~~ n p m m e -  
C m  B.Ceru% npwaeHaeTc9. K>UOYTE T p e y r O n b ~  MBTPH4aM, a 
" M M ~ T P ~ V ~ C K ~ M  C-W'iW -:K ~pexpmro--~. 

A.P- EZUKEhw WHWM ycrcopeaaa QR-wpUTMa -- 
'?lW% E~OJI&?OBEXEE~ CJ(Bllr08'uk am nos$--~ cKopoeTa y6b;- 
~ ~ ' i i d ~ d d ~ o f i ' ~ ~ ~ ~  -&ma, nexm mxe maB- P em e H xe. 4db1 nOKa3aTb, KaK  BOA"^ 9- QR-an- 

HOS AH~OHLVIHI c q-10 Ha (k + l)-M ~ ~ - ~ a j , ~ % ~ ~ ~  
ropaTMa 6e3 CABma sx co C ~ S W O M ,  ~ a m e ~  c TOW ¶TO =~PB- 

wpm He P m T P W  Akr a W Mlt~pEl~b~ Ak - ckE.  E- 9- wOB&eM 6e3 C~BHTL. noo~0MY ~ Y A ~ M  CTPOxTb QR-piw- 

Ak -0kE = QkRk - nOCTpOemoe QR-p-oxeme, TO n-a- noxenxe MaTp- AO = A. CHa¶ma 3 T Y  MaTPHlWT B p m m H  

mT Ak+l = RkQh +>Q&. 'F-06 a p v  OT! Ak K A k + ~  MmaeT 
npmAeM K ~Peyr-noMy BRAY. Ha-me~ c o6ayne~m 3neMeHTa 

xapaKTepE~EseCKHx % C a ,  nOCKOJIblCy MaTp~qbl Ak no- 
f i 3 ~  = 2. ,&m =or0 COCTagEM MaTpBqy B P w e m  

AO-i ~ ~ ~ & C ~ ' B U T ~ J I ~ H O ,  . . , , 0 0 
. I _ , , ,. , '-1. 

, ' Q k l ~ k ~ ~  7 Qk (QkRk + o ~ E ~ Q ~ ' = ' R & ~  +ukE = A ~ + ~ :  
i32 '= (i 0 CmV sincp ;:;) 

Ha .nPmTaKe 0 6 m o  B ~avem&e c-a mk :TIpmm 
~~~~ ' m T P W  Ak, C T O J ~ ~ .  B ee . HagaeM Fay, H sincp xaroAn m pasmCTBa W m  'meHTa 
n ~ "  T a K o ~  ~bfhope CABEra 06ecnew~amcn mco~caa crcopocTb MaTp- T32(A1 - B) B TPeTbek CTpOKe BTOPoM c y o ~ i ~ ~ ~ r  T'e. 

IC JrapBKTepac~sfge- =r;ny A,,. $33 pmeHCTBa 
n ~ P m b ~  PVaTaTe E-OPOFO SEUIIIL.ID~~!OB QR-mOPBTMa 

nFD- K WTPW ~ a q a  fip~iny+a32cosq = 2 s i n 9 + 2 ~ 0 ~ ~ = : 0 .  
: ,!, 

OTcIOjT,a nanynaeM: tgcp = -1.  TO TO MY 

- (11.7) 1 1 1 * ... coscp = 
0 ... E A:, ,/-= 3' 

I 





mvma yxe 
w X 1 = l r  & = 4 ,  

@It c'r~m&HBEi -0 no a6-0ii ~~e c06 
CTBeEEW 3HaY- A1 M a T p W  A H COOTBeTCTByIOI9erO eMJ' 
c o b n B e ~ ~ o r o  B e t w o p a  XI = (XI, x2, ..., x,JT M O ~ B ~ O  norno- 
sa~w ene~~nonrwa meparprotrmm M~TOAOM, a m m a e m  cme- 

I 
nenrreuc. 

B m e m e  q&m u p ~ f x u z x e ~ ~ ~  K HCKCMOM~ B e K m p y  

XA 6 e p p  
n o ~ O 6 a ~ o  mpom mqn0-e ~ ~ p ~ d r r a x e ~ ~ ~ :  

I 
x('1 X(2)'- 2 (0) 

1 ,  (L) - k (0) 1 , 1 -A XI , ..., XI -A XI , ... ,(11.8) 

& ma r i o w e ~ o ~ a ~ o o n a  ~ T O ~ O B  mpes npa k -t w K 
HeKoTOPOMy BBrcMPYj TO 3 M T  BeKTOP ~ Y A ~ T  HCKOMblM C O ~ C T B ~ H -  

HblM BeKTOpOM, 1L ,IW C O O T M Z e T B ~ W  yOOpArnmT BeKTOpOB 

n O m ? A O B ~ T e R b H O W  (11.8) 6 y m  ~bm- CoOTHomemm 

f i ' X p ~ o &  uponecc O c T a R m T ,  eclrvr B A?' C T ~ ~ E L ~ E ~ U -  

p y e ~ e s  AocTaToYIiOe wcao A e c s T E s w r x  a-OB nome ~ammo5. 
E m  upoaecc o K a x e T e s  H e c x o A s m c I I  (nocne~~ee n e r K o  

s a ~ e ~ n ~ b  no CIUI~EO ,,npmax,rma~'' ~ H ~ P ~ B B B M  C o o T n o m e w  

(11.10) UpU E3MeHeEUE k), TO C.JIeAyeT a3MeHUTb H a ¶ a ~ ~ b d  

BeKTOP x?) M IIpOaeCC lIOBTOPETb 

y~06E.1 m6exa~b 4pe3MepHOFO pOCTa UO a b c O T H 0 &  BeJIU- 

¶UHe KOOpAEHaT BeKTOpOB A'X?), k = 192, . . ,, =OPAa q a c o  
06pa7~0 B e e  UX K O O p m a T h l  y h w O X a T b  H a   me-JIB60 Yl%CXa ak. 
Haupmep y n 0 6 ~ U M  gaRBeTCSI AWEHHe BWX ZCOOpAHlraT BeKT* 

pOB A'CX?' H a  MOAyJtb UX UepBSX KOOp@HaT EilE H O p m O B a H n e  

3TEX BeKTOpOB. n p H  3TOM EMeCTO UOCneAOBaWHOCTH BeKTOPOB 

(11.8) I I O U e A O ~ T ~ O C T b  BeKTOpOB 

(" - ~ ~ A ~ X Y ) ,  . . . - a l ~ ~ p ) ,  Y?) =az~'x,(0), ..., Yl - ='I - 
A.R nMJrrenm XI B ~ M M  utyqae m e m e T  6pa~b OTHO~- KC- (Cl 

(k) H Y?), a 3a BeKTOP XI - BeKTOP Yl . OpAUEaT BeKTOpOB AYl 
Boxee no~po6ab1e PeKOMeEAasHH 06 3TOM MOXEO H & T U  B [3], 
[32]. T ~ M  xe MOXHO UO3HaKOMHTbM C MOAE@HK~- 

WMEI CTeneHHOrO MeTOAa U C 0 6 p a ~ ~ h l ~  CTeUeHBbIM MeTOAOM. 

l l p a ~ e p  11.4. , @ s ~ a q w  

m e n e m  M~TOJOM H&TH aau6oxbmee no abcomo~~oir m w -  
H e  C O ~ C T B ~ E E O ~  3Ea~eme Al E C O O T B ~ T C T B ~ I O I ~ ~ I ~  eMY CO~CWWH- 

HhIEi BeKTOP XI. 
33' 





r u a  11. B-uenue C O ~ C T B ~ X ~  map& 11.3. C~emaaof  M e T o X  
el9 

aa g e ~ ~ o p  XI ]OPmeM BeKTOP 
mTm TafC8(e ~06- ~ K T O P B M H  M~TPHIPJ Al a -60poT. 

A4X(0) - Im COvBWCTBYIOIIpIe c06c~~emme ~~a-ieapur XI= - 625 1 - (1, 1, 
uacmqemeM XI, K ~ T O P O M ~  B MaTpHqe 'A1 COOTBeTCTByeT 

H Y ~ B O ~  c o 6 m ~ e ~ ~ o e  a ~ a ~ e m e .  yTObhI C 0 6 ~ ~ ~ e ~ e  3Ha-ieHXe A2 A ~06c~Be- 

H 4 o ~ ~ b n . w  aaaseaae p1 R e ~ y  n p m g m t &  dbh+seE- - TOP x2 MaTPH4bI A, caagaRa ~3 CECTem (AT - X1E)U = O - cTen-blM  mag^^ nakfie~ C O ~ C T B ~ H ~  mK*P Ul = 
Wdr ~ ~ ~ w p  K A1 (YM OIIIIT~ M O ~ ~  CT~=- 

M~TOAOM) h-&O~dSl C&TBC?T&~ CO~CT- 3 a a g e ~ ~ e ~  X2 = (1, -1, 1)' MaTp- AT, npmagnex& c 0 ~ c T B e ~ o ~  

4m = 5, A nonoxm A eMY IIPmAnexBIWM CO~CTB~PJESM B~KWPOM X2bTPHqbI A. 
A1 Mom0 nOCTynaTb ZIEEWO~H9HO A T.H. B ~ m r e  U1 = (1, -1, 1)T. m x H O  HF~%TE BCe cti6c~~emme jqilpe- ~ ' ~ b 6 ~ ~ ~ ~ ~  

P s  ~ T P +  A. n0ffmnid T B K O ~  nofixoa ~a npwaepe. . . !  . .. . 
, ,  , ,, , 3 a ~ e ~  c ~ 0 ~ c T p y H P Y e ~ ~ ~ ~ ~  11 p R M e p 11.5. &Ti MaTp- 

. , . . . .  , , , , ,  

, ... . ,., 5. -4 4 
I I 

A~ 
, -. I ~~. 

, > .... 
> . ,  . .I MaTP- Al m e n e m  M~TOAOMB&~M c06cTBeHHoe 

* E !  c a 6 c ~ ~ w e  ?na-e= a ~ 6 c ~ ~ q i q e  mKTopH.' a eMy npHaaAnexanpoi CO~CT-& XKTOP Vl. 

" ' : P e.m f? H~W: b i i f l e ~  :c=ena= 9 ~ e ~ d f l o M  Am kaqm A aToro aa SyJreBoe np~tjmxcemie ~ T O ~ O  BeKTQPa nPmeM~ =WE- 

~ ~ 6 ~ ~ 0 e  aea-ienae X I  A n p & a w x m . m 6 ; ~ * k d  Mep, BeKToP v?) = (0, I, (6pa~b 5") = (1, 1, 3flecb H* 

-P XI- k 3~01-0 38 ayneme n p h m e m e  BeKTOpa x1 npH- ms, TaX KaK maye no-~b 6b1 AIV?) = (0, 0, ~ ) ~ j  m0 
MeM$ n a n ~ m e ~ ,  =TOP O) (1, 1, l)T A n o c q o m  B ~ K T O P ~  , HeB03MOxH0 A-~eiimer~ xrpo~efi- CTenef[H?rO MeTO~a) 

A"?) Aria k = 192,394. P ~ ~ ~ T ~ T S Z  B-- B 
nOcTp~- ~ K T O P ~ I  A:%('), k = h2r 3r 4* P e 3 ~ ~ ~ T a m  Bb14H- 

Ta6.5. 11,2. . . . , n p m w m  B ~a61.  11.3. 
,:. , , . .  k a 6 h ~ q a  11.2 T a b n ~ q a  11.3 

125 625 
125 625 

.,,, , ; , ,  .~ . . , , ,  ' 

8 a n e ~ b  ~ o . ; + o p ~ n e  (11.10) npA k. =,4 Ha;soAHM , , I no +op~yne (11.10) npa k = 4 E i = 2 , 3  ~ a x o ~ k :  



:. <- 
re 11. hmncnemre c o b ~ ~ ~  ma- 11.4. M-A c ~ a n a p m  npm%'Id 6%l 

3a B ~ K W P  K w m e ~  1.;(4) = A~&(O) = (0, $1,' 8 1 ) ~ .  nmTGMy AHmmmo CJejIeAyeT nocTynaTb r aegTopm (AT)~xP'. B 
M B T P w  A2 = 3. 3a  ~ e g m p  x2 IIPPIHIITb pe3ya~a~e nonysa~cs #ee nOwreAOBaTeJIbEoc~ BeKToPoB 

y ( ~ ) = a , ~ z ( ~ ~ ,  ..., Y ( ~ = ~ ~ A % ( O ) ,  ..., 
I ,  I ' 

' ~ ~ o ~ ~ e ~ ~  m a x m e  Aa = I warp- A H*~,,, Z( l )  , B 1 ( ~ ~ ) z ( ~ ) ,  ~ ( 2 )  ,~z(AT)ZZ(O), . =&(f)k~(0) ,  ... , 
HOrneAHJr ,. , , , . . , , ' ,  , , 

h + A 2 + A s . = a l 1  + . ~ a . + a ; ( ~ ,  , x ( ~ ~ )  H ~ X O ~ ~ T  no cpop~yne 

a co6clW3fEh& BeKToP Xa = (1, 0, 
o l i p e A w ,  permra euc- 

(A - A3B)X = 0. 

C o f j - e d  BeKTOp X1 aaJro@?, KaK a q e # m e M  

cnysae, T.e, UpAAaMZIJOT 

., I' . x1 f:Akx?) + ? %  A ~ ~ ( Q )  1 - - y ( k ) .  , , 

8 y . , ,. . 

3BMeTm, y~~ ~ ( Y T  M ~ T O , ~  aHa=m*eJIbao , ~ 

BLe r e m o d o w ' e ~ o J u P ~  npoimeedenuG KOWP& coCTOHT 
MaTpHqa A b e ~ p n n e w a n ,  T'e. a A = A'.. 

=-.' ~ ~ ~ ~ ~ ~ 0 8 6 &  s&y-& Xia), GTp(r 
mp a , ~  ep. 11.6. M e ~ o g o ~ : c ~ B b D b  ~ o r n g e ~ ~ d  Ha&- 

& H9CJIWBzWemama g e ~ m p o ~  , ,. TR am6-,mee no a6con2~goii BW 006cTBt.Haoe Smme 

A, a .cooTBeTcmyroq& ensy c o 6 ~ T B e d  BeKmP 
., . , , . . 

, , 

(0)  
pemeaad.  n p m ~ a a a a q d ~ e + ~ ~ .  

(k) - k (0) 
. , , . .  CooTBe~TBp& ~ O C J & O E & ~ & T ~  BeKTOPOB Xi -A 9 

npoqecc Bcragasw9agrr k: = 1, . . . , lo ,  yxe B~~ B npe8U-M .WHMqe, BT- 
I . .  '_ 

, ~ o r ~ l a .  J?. m-.pXm AocTa- , i =-p= ( ,AT)~x{~) ,  k = l,2,3,4.: P C ? ~ Y ~ T ~ T ~ ~  h p ~ & '  . )  , 
TO-JIEW =mm 1 3-OB nome -06, a npHa,m A1 rz A?). B ~ 8 6 n .  11.4. * W I J ~ ~ ,  c ~ e n ~ + ~  Memta, 

w6exa- we3- 
Mep- ijoma no w e  wpmIlaT ~ K T O p o B  

T.86nuga 11.4, 
I j: 

q u C o 0 6 ~ ~ o ,  , xOOpAhTG y&oaTk 
_U_ "r60 a k ,  aanpmep 

8 1 

-17 -47 -129 -415 
41 139 401 





IIYCTL A ~ H O  mi~ei i~oe  n p o c r p a ~ c ~ m  X H ~ A  noneha P H neny- 
cToe To4epBOe MEOXeCTm A. MHOX~CTBO A H83bIBm a(&%- ,- UJIE moueunoselomopnswc, npocmpa%cmeox, cmaa- 
A~JM c J I E I I I ~ ~ H M  ~ ~ O C T P ~ H C T B O M  X, a ero 3neMembl. - TO-, 
e a a  B H I T ~ ~ ~ ~ ~ C I I  cwqymqze ~KCHOMW: 

1) veaxcncdo8 ynopadouenmoil nape mouea A u B wxomecmsa 
A noernaenex eo eaauncxo odno3xaqnoe coomeemcmeue eemop 
1: u3 *u~etImozo npocmpamcmsa X, obmuauaeuata s =-; 

2) d a  ~amdoil m o q ~  A AE d u ~ w d o z o  6elEmopa x E X - 
qu+emeyem ehrxcmeemnaa mows B E A, maxm, umo x = AB; 

3) d.w nw6bgx mouex A, B, C E A abmonKnemw ,,npaeudo 
mpeyzonbnuanY - - -  

AB + BC = AC. 

B ~ K T O ~ M  113 J I H H ~ ~ O F O  lTpOCTpWCTBa X Ha3bIBWT ceobod- 
x m u  sesmopcrrtu a((uactozo npocmpancmea A. Emu 
nnnehoe rrpocrpaac.reo X n-~epme, TO n M m u o e  npoerpaa- 
CTBO A ~WBZUOT n - ~ e p u m  a(&nn(~(  npocmpawcmeorc. 

~ P F I M ~ ~ ~ M E  KOHe¶HOMep~ @@HH~DL JIPOCTPaHCTB CJIy- 
%aT oiporaepaoe, ,ipyMepHoe H TpexMepxoe n p o c ~ p m c ~ ~ a ,  my- 
¶aI?We B ~ J I ~ X & % T H I ~ C K O ~  reOMeTpKE. I I p w e M  & O m  IIPU- 
Mep a@@moro npocrpaama. Ijy,qe~ HaJmam Bewrop;uw 
CTPOKE (alr 9, ..., a,,, 0). a, E P, a Towam - CTPOKEI 



12.2. K ~ p ~ m a m  B ~ W ~ ~ E O Y  n p w -  srl 

E 3an~~hl8&10~ A(%, a*, . . . , a")B. ,&~m e  06u-z~o ow-, 
e m  an, He B ~ T J ~  ~ T W .  

I I y c ~ b  B MEHEOM npoc~paHcmeA p TO- A(a1, . . . , an) 
a B(a, .. . , Pn) 3a~a1m KoopmaTahw a cacTeaae mopmaT 

I+ ...+Pne,=e 0 
- - -  

a m npaBma TpeyrOIIhmxa O A  + AB = OB n q w ~  COOTHO- 

- - -  
AB = O B  - O A  = e (p  -.a). 

Ta~~mil06pa30~, I(OOP+- 21, . . . x,, newOpa As B 683xm e 
~ ~ c r  no *opllry- 

X I = & - a t ,  ..., in=&-an, 

T.e. p m  p a a ~ o c r a ~  m q m ~ ~ ~ y r n o n p o :  . K W R ~ ~ T  xowa. a 
Haws -Topa. 

@X'b B &@HEOM IIpOCTPaCTBe d AaabI A* CECT- KG- 

o p ~ k i i a ~  (0, e), me 0 E A, e ='(el! ...', %) - 6a3uc B X, a 
(0, el),' r,qe 0' E A, d = (e;,' . . . , eh) - 6 8 1 ~ ~  B X: ~ Y C T ~  m- 
Beclgbl KOOP-TH MSKH 0' B &mt?~e i d o p m a ~  (O, e),  T.e. 

9, . . . , Y;)~, E ~aTpma'nQexo,$ . . .T = (tij)l:m 6a3aca e B 

6 a 3 ~ ~  d. B - m ,  K 8 S  K O O ~ @ ~ ~ A ( & ~  %, . . . > en), 
nporn-HOG TO- I A  E d B m c ~ e ~ e  K O O ~ R ~ T  (0, e) c ee KO- 
op,qmaTam A(a:, a, ..., .&Jy i$'w*we KoopAHHaT (O', 4. 

B mm-e r-OOPAraraT 

I ,  I - 
OO1='ylel+ ...+ ynen=q, . . 

rAe 7 = ('yl, . . . , %)'. Ham I L ~  K O O ~ A H B ~ T  TOW A B o6ew 
cEcTeMax xoop-~ nmy~aene ew A B ~ ~ ~ C T B B  

- I 1  O f A = a i e t + . . . + a ; e , = e a ,  



Y ~ T U B ~  HeBqoxnemocrb MaTpaqu T, 113 (12.1) MOXHO no- 
n m  Apyroe cooTiiomeHHe, paapememoe O T H O C U T ~ ~ ~ H O  a': 

12i3. IJJIOCXOC~ B -OM npocTpasczge sm - - 
rite r = O M ,  ro = OMo, H ~ ~ I B ~ I O T  k-ncepnoQ woc%ocmbw, 
npoxoflmeii yepea mwy Mo B HanpamHHyI no!WpompaaCTea 

L. Toqrq MO ~ E X B ~ I O T  UQUMLHO¶% mou~ott wocleocmu, 
~ o w y  M - mexycced mouxo8 Mocxocmu, no@pOcTpmm- 

BO L - ManptmmmqtMI nodnpo~mpaucmao~~ wocnocmu 
B+ ~ M ~ P H W  U & C R ~ C T ~  B -OM irpOCTpWCm d 

CaMa -aeTcR a@$EEHHM ~o'cT~&HCTBOM pa7ndep80~~~ k. 
Ypas~eme (12.3) U O K ~ B ~ T ,  TM .paccMaTpmae~a~ moc- 

~ o m a  nonJr4aemX naplwwrenaww nepexocoa no@pocTpWcTBa 

L ad BeKTOP TO. 0 4 e ~ I f 0 ,  ¶TO HyJIbMepW MOCKOcTb COCTCP 

KT mma m 0 ~ ~ 0 %  TO= MO. IIOBTOMY m x ~ p  ~ o m y  a+ 
@HIiorO lIpOCTpESCTBa MOXHO p%CMaTp-Tb KaK IIymMepm 
wk3Y~omb. C a h a ~ ' ~ ~ ~ ~ o e ~ n p o c r p : & c ~ B o  srmeTCR n - ~ a p ~ o i i  
IUIOCKOCTI.X). OpoakepE@J MocKoerb 6 6 b F 1 E f f ~ m W  riW. 
~ 0 2 1 ,  (n - l ) - ~ e p H p  MOCKOCT~ - ~ 2 i m e ~ o t ~ u c m b w .  ' '' 

B onpepemre irno&ocm ~ ~ q w a  ee m a d i s  Toma. B 
~ I ? ~ T B H T ~ O C T H  BCe TO& &~KOCTH P&BH&$&B=, 'lbX K~ 

B K a ~ e c ~ ~ e  H & P ~ . ~ E o &  TO* ~ & C T X  ~oarab"'B3am M m  
TOW moii WIOCKOCTH. more WyeT,  4 h  dae n*roCk& 
cmu, arewque odxy obwyw m o ~ y  u o&o u mo ace 
xanpaerrnorne nodnpocmpnxcmsq eoanadawm. 

~ Y C T ~  B @EHHoM EPOCTwCTBe d ~ b I 6 p ~ a  CECTeMa K O O p  

AUH~T (0, e), rge 0 E A, e = (el, ez, . . . , en) - 6 m ~ c  rmaeii~oro 
np0CTpdTBa C~060~E& B&TO~O*, H fld ] C k e p ~ ~ n  I W O C ~ O C ~  

r = L + ro, npox~fimw sepa  TOW MO (z:, s!; . . . , 41, na- 
pa me^& no~npoc+aicriy L = (a i ,  az, . . . ; &) tBC2~0pi;l 01, 

02, . . . , JIEWe&XO Ifm&&&l6,'~& I ~ & ' ~ o ~ o ~ T ~ ~ ~ ~ T B o  L 
k-MepHoe). Tor~a PaCCMaTpHaaRMyrO IYIOCKOCTb MOXHO 3mCaTb 

B BnAe 

r =tlal+ ...+ tkakfro,,  
. ,  : 

(12.4) 
,, , 



B cucTeMe ypwsezd (12.8) -Roe o ~ ~ w a o e  ypwseaae 
MOXHO paceMaTpasaTb Kaxc ypannenue rmepmacomH, a ~ c r o  
CECT~MY y p m ~ d  - K ~ K  onpqwmxe k - ~ e p ~ o l  UJIOCKOCTE 

nepece4eHEeM k  rmepmoc~oc~&.  TO HBTJ~AHO ~ ~ u l ~ o c ~ y p y -  
eTcn s a  qmepe n p f f ~ b m  B ~ p e x ~ e p ~ o ~  npoc~pane~~e ,  Tax K ~ K  

mo6aa T ~ K ~ E  np- MoxeT paCCMaTpHBaTbca nepeceseme 
n~yx nnoacoc~eir 

II0q-m~ ypmnemm n p m  H nnoc~oc~eir B @I(HHOM np* 
crpancTBe, M O ~ O  pema~b ace BOII~OCU a g a m ~ ~ ~ g e c ~ o k  reom- 
TpEE O T l i O C H ~ E O  XIpsMba E W O C K O C d  B yroM IIPWTlW5WBer 
T.e. sonporn omocmena~o up- H ~9ercppe&, m, e~masi- 
m e  c rnMepemeiii + H y r q ~ .  B Y ~ T W C T ~ ,  ~ e c a  M O ~ O  

Pa3BHTb TeOpEIIO BbmY- MBOXCeCTB H MHOTOrPa- 
HEKOB, qmqm mtnekioro IrporpamiwpcaaBBB. 

rAe a ,  = a,i, i, j = 1 ,2 ,  . . . , n, n87bIBaro.r zpmepnoeepzxocmbw 
emopozo nopadsea, aw rreadpu~ob 
B @yh(epHOM ~@@D~oM IIpOC;TPaBCTBe K B W H K H  Ha3-T 

fiuxua.uu emopozo nopsdhPa Kax a B mammwec~(ok reow+ 
q m  P;NI d E no~epxxoc~eir m o p m . n o p s ~ ,  afiecb p w s -  
q ~ ~ a r o ~  (CM. [2], [28]) B3aBMHoe pacri-@me nps~& a KB& 
A ~ H K H ,  aCaMlITOTaseGKse n a u p m ~ ~ ~ ,  qemp, pmeTpaJIbme 



ma raw 12.3.le~earsr t~-~epnoii as-& reoYeTPm 1e4. ~ P I T ~ ~ P - ~ ~  mM ma 
mcKocWf a AHBMeTPH K&~APEK, a T-e BORPOC~I, ~ ~ m l e  y p E e m  (12.12)r XWEW~ - Peme 

YWO4emeM YPam& m a p m i  EI ID( a@@~~~lo ir  -cH@BR:~- 
I -6. Mu OCTBBOBLib%n y n p o ~ e ~  ypaae&t  

k & e + 2  aj i l+b=o,  (12.13) H =a aqxj~~[ggoH I C I ~ U : C E @ ~ K ~ ,  
~l ~ = r f  1 

M3m-0, m-0 CyqeCTByeT (m. P ~ A .  9.4) aeBwOay(-HOe 
fim*oe npe06pwo~a~~e  n e p e ~ m  pacmoTP~  BO~MO-e ' 0 3 ~ -  

n * b B ypagse- (12.13). 
Ecw K w w e a T u  a: ~ymse, a b # 0, TO nBBBeBae Z*=C~,~VB, i=1 ,2  ,..., n, 

k=l (12.13) MOBLHO aamraTb B *Re 

R "  

a xz. K -me- WE~f lWee  -@- @OPV C C ,> , , 
, r=12=1 
C AiY?, w e  7 - rn~yparb~oe  P B ~ ,  He m- 
r=l 

u q e e  n. 
n ~ e o d ~ o ~  neP~~~Haboc (12.11) W A ~ M  paC-Tp-~b 

Kmc * P W ~  11~e06pa30~- KOOPAER~T. ~IOACT~BHB BW~W[- 

-W& (12.11) JEBYXO s a ~ r b  ypaa~ema (12.10), n p e m  
3TO m e m e  K BUJW 

m q e e  -erne n p m R m  Bum 
r 

r=1 Ckx: = 1, 
(12.14) 

i=l 
1=1 

A* # 0, TO BUAWZEeM nMHOro -pa% no y, H ne- 
r R e , = i ~ ~ ~ < ~ < n .  

P ~ O C O M  Hapanit KOOPAEH~T B ma- (12.12) MOmo YBA- 
1 

Ecmr yp&BHeHBA (12.13) Bce a$ =O PI b= O, *! ICwarae 
-x- -a ~GY, .  A e r i c ~ ~ m ~ x o ,  B WOM clrysae C Y ~  

LY? + 2 ~ ~ :  M m O  Ve#CTaBATb B BHAe 

c, 2 LY? + Z G V ~ =  A, (y, + --) - 
A, A * 

~p-eme (12.13) np=ReM K BaAy n m a a  
c. C 5% = 9% + - ZJ = yJ npa j # i, xi'  &x; = 0, (12.15) 

a=l 
I C V ,  Y P - = e ~  (12.12) K-BT OCTB- 
aeTW &, - c nepmG cnem~bm Zi ncsmlie~ a mMe- rAe I.', = &I, o < r < n. 3 ~ 0  Y P ~ -  o w a e T  rtonww 
mi- -. n ~ o ~ e n a ~  T ~ K  co ~ c e ~ a  n e p e ~ e m  ( r a - r ) - e e p ~ ~ x O ~  



ssil lb- 12. 3~1e~enm.1 n-M~PEOP m ~ a s e m ~ i  12.4. ~ k m ~ p n o ~ e p x a ~ e ~ ~   mop^ 
ypmnenm (12.13) c p a  ~ w l n p l e m ~ ~  a$ e n b  

5)  = n.- 1 ypmuame ((12.17) o a p e ~ e ~ m ~  napa60- 
OTJIH-e O T  Hym, TO, naoa-rn 

mu* 

Xir i f  r + l ;  
6 )  n p ~  T c n ypamenae (12.14) onpeA== 3rrnunmuue=fffle 

xi = ur zunep60~weccrue ~ $ u u U ~ P U  B 3BBaePIMOCTH OT W ~ O I  ORIk 
b (12.16) H&~me payme marcH y KW@@We~oB PI, ;. . r Pri 

7) rrPE < n - 1 ypameme (12.17) onpen-e~ nopa6oau- 

JrpmEeune (12.13) n p z m e ~ e ~ . ~  BOW '4 ~ e c w u e  q w u n d p ~ .  

r 3 m m u e .  n e p ~ u e  m b  w d  K ~ C O B  n ~ ~ a c a ~ ~  
C~ix,? - ZX,+~ = 0, 

4 ocaoBm~; a c ~ m e c u  A B ~  - n o ~ ~ o p m  
(12.17) n o ~ ~ O c q m ~ ~ ~  ~ w m e i i  pa~~epeaeml  Bmee n o A a 0 6 ~ ~  -- 

i=l 
c x m -  KB&A~BK B n-~epnoM UpOOVpWCTW m m  [2aii' Ela) 

rAe r - H a ~ y p a m ~ o e  wmo, M e m e e  n. no~rp- PeJymTaToB E ~ U O C P W C T ~ ~  B6fTeXW3T 

Ypmne- (12.14), (12.15), (12.17) 0 n p e ~ e ~ u w ~  mewwe cB+mw rn- B M p O r O  IIOpBW9.9. 8& 'IUI(1CsC%% 'm ' n o w o C T B H  
-e maccb~ nsanpm a A: m p o r o  n o p n ~ a  B n ~ o c ~ P m m .  

,:, 

B Y P a a e m  (12.14) r = n o Bee fii = 1, To oEo 
OnPeA-eT amuncoud p a M e p 12.1. B '~;p..Mep=o~ IIPW~TB~ 

, . A 3 q m a # s p ~ p k i K a p w t ~ e M . .  . ,  , ,  L * :  

x:+ ...+ X;=I; x ~ + 2 x ~ + ~ x ~ - 2 s 1 x 2 , + ~ ~ ~ 3 + 2 ~ ~  -452+4~3-17=0. 

2) B W H ~ E E I ~ ~  (12.14) r = n a Bee pi = -1, To OEO 
OnPeAenseT M%wtwtl a u u n c o u d  ynp0c~ETb .ypW- 'mwQm$ Y C T ~ ~ ! O B E I % ' % ! S ~ ~  

,,c, yxmaTb * o p ~ y m  nepexona K HOE& emcTegae%~P&-T, 

x:+ ...+ x;=-l; KoopmaTbI HOBOTO H a W a  . , xH0BblX < ,  . K O O P A ~ ~ ~  BeKTOPOB' 
, .. 

p e m e H a e. Ha-nie~ c npHBeA- 1 ( ~ a ~ p a ~ H n 6 0 6  %0paaar 
3, em B Jrp8Baex-m (12.14) r = a o pi peJ- 

Mep* = ... = pk = 1, =. .. = p, = -1, TO oHO owe4meT , . f ( ~ ~ . , x ~ , ~ ~ ) = q ~ + + ~ + h ~ ~ - 2 ~ 1 ~ + ~ 2 ~ 3 .  ~ 

aunep6oaoud 
/ :  , , . I' 

I .  . . ,  

M~TQAOM JIarpmxa K ~agqm*eercDw qm. b 3;;.0~0; 
, , 

=eji Bw& ~f-b~e r p q p a ~ w  . , no nepeye- $1, $7, 23. 
,. , ,,,. ,, 

4, YPmlr-e (12.15) onpe,qemeT ao%ycw TorAa nony-nm 

PIX:  +. . . +,,xi = 0, f (xlrx2,x3) = (x: - 2~1x2) +2~:+5~: +&2$3 = 

Pi = * 1, c ~oyemoi i  a e p m o i i  n p ~  = n (n - )-BepmrraOk , I ' .  , . . ' , ,. , , . ' i 

npa < n, a f i 1 ,  . . . r /bn UMeIOT O ~ ~ ~ b l e  B B ~ A ~ M  HO- =epeM&, =cuIwaa =&-Q?,W=XZ +2z~l  
"O *na-wmrY woxyc; e m  g1, . . . , p, wm pa3&e 113 = x3, rn COOTBeTCTBYeT 3 ~ w e  u e p e ~ a  = y l +  m - 
T O  ~ Y X W  dei lcrnsurne .m~~t l  wonye; - 2rn, zz = a - 2y3, x3 = y3. .B BaBbM ,mPeM'3QEbD~Pm* 



me r m l 2 . 3 ~ ~ e n . r ~  n-uepd B H ~ W ( O ~ ~  r e o ~ b ~ p m  

' W h m  KBadpawmiiw Qiop~a ~ ~ H H H M ~ ~ T  Kmomsecrarf BEA 
yf + yg + y,2. 3 ~ m  xe I I ~ ~ o ~ ~ ~ J O B ~ ~ ? M  uepeMe- y p a m e e .  
~ ~ % ~ p ~ ~ ~ ~ 1 p n p e o 6 p a a y e z ~  B Y p a t l H W e  

. . ,, ' i ,,, . . . 

? ii ' 

~ K B U B ~ E ~ H T H O ~  y p a m m m  
* 

, , .. Y ? + Y ~ + Y ~ ~ ~ + ~ V ~ - ~ Y ~ + ~ Y ~ + I ~ = O .  
. .  . 

I 8 , .  ,. Bbli~wmz. B~JI~FQH STH 3~0 ro  ypmne- uawble W p a T u  

n& n m ~ e m x w  yl , m. M, a8rmtue~ ero B ~ a ~ e  

. , 

I "  B~eiear nowe nepeaaeme zl = yl + 1, zz = y2 - 1, d3 = M + 4, 
c d 6 ~ ~ f ~ $ i d 1 q j f e ~ 5 & e ~ e  . u epeMeh  yl zr - 1, yz = z,j + 1, 
y3 = 23 - 4. B HOB~M uepeMe- ypak,neme :bag- meeT 
BE#: 

~ ~ + z 2 ~ + 2 3 2 = 1 . '  
' I '  PW$hmpymq& npeo6pa3o~aaae a w e -  aMeeT BI~A 
_, .. , ',,,' ., . . . , ,  , ,  

: : :  . ,  

%kEM 0 6 p Z 3 0 ~ ;  CH&& KOOPAHaaT EM&& B&-O 

9,. 9) H K'JOPW&T- BeKTOpbI 4 =,.(I, 0, OJT, 
4 0, 1, 0) ?,$ = (;il -2; 'l)T'., B mati c a c ~ e A 8 ~ b o p ~ a ~  
P ~ C C M ~ T P H B & ~ M ~ ~ ~  m e e ~  ypaa~e~ae" 

g+z;tzy32=1. 

II-OMY ?Ha T e T C I I  ZUIEUCOH&OM. 

I1 p M e p 12.2. B Tp%?xMepEOM &$J@EEOM 'lZpOCTpa9CTBe 

fCBaApX&a . . yp&ne&& I .  . .  . . . 
,.,!', , '  . , , 

Z X ~  + . 5 ~ ; + 2 ~ $ ~ 2 2 1 9  - k 1 2 2  f 2X2X3 -2X1 ?. ' h2 2 . 2 2 ~ ~  +3 = 0. 

F d  mace. 

P e m  e H H e. C~a=iana MeToAoM JIarpaaxa npsmeAeM manpa- 
T W r ~ i y i O  a o p ~ y ,  B X O & m  B flaBHeHRe KBaApEKE, K KILHOHR4e- 

CKOMy BEAY. 3TOI'O B H A W  B J3& uOJIJ~~I& KBaAPaT IIO 21. 
Tor~a I I q W M  



$a 12.6. Tbqenso-ee~mprioe e8x.@+?oeo npomp Cl%o , m 
EOJIO- gmee ul = 21, uz = -22 - &3 - I, uus = 23, $To COOT- 

BeTcTayeT 3itMese n e p e w e m  a1 = uJ, a = 2az -.5u3 - 1, 23 = ~ 3 .  

Tor,+ ypaaneme KBaApmn npwreT + o m e d  =A , 

I u: = 221.2. 

ltcxo,qs m xcaRom=ecmro m~il  mad- mmo~aeha ,  ¶TO p z -  
cMaTpABaeMarr ~ a a ~ p ~ ~ a  r m m  na@jomsec~~an .~ -mow. . 

. . 
. . 

-*npoerpwmo 
AMEBH0e npocTPaacTB0 

eawaudoeb?a ~ ~ o c ~ ~ a ~ c  
pawrngoJc, ecnrr CB 
M e ! !  eBKJIEAOBtW 
PaCcMaTpABBTb 
T.e. TaKHe TO¶e¶ElO%eKTOp~e 

m&e¶fI-&~op~Oe 

, : ,  
reoMeTpm. 

JIroboe KosemoMepnoe actwpmoo$ ~ O C T P W C T B O  M O ~ O  npe- 

OPTOBOPMHPO ,. r .  1' _I 

~ D o p w m  ( 1 2 . 1 ~ 6 ~ 8 3 0 ~ &  ~ 0 0 ~ - T  T v F ,  &p 
-TW. npa y r o ~  e m  e o w p m d  nepexaA OT oboir npwao- 
yr-HOG cmcTe- KoopmaF K ~pYt.03 npa~oyr0~fb~oG CacTeMe 



- 
#O rnam 12. 3uea~ar n-~epn06 a n a a m m d  reoaaeppror 

~ 0 0 p , q m a ~ ,  m M a T p w a  T B n a x  + o p ~ y m x  6 y ~ e ~  o p T o r e  

H ~ J I ~ H O ~ .  Hanpmep, rn nrrocmmu (pwepnoe e B m R o B o  npo- 
CTPBHCTBO) WE UOBOpOTe OC& KOOpJ(UEaT Ea YrOJI C2 @opMj'JIU 

I I ~ ~ O ~ ~ ~ ~ O B Z ~ E C U I  npm%Oy~OJIhEm KOOp#iKaT 6ypp EMeTb BE&: 

a: = x 'coscx-g ' s ina+x0 ,  

g=~~sina+y'eoscv+~o. 

~ O C K O X ~ W  T O ¶ e ~ K T O p H O e  ~BIOIHAOBO l7pOcTpaaCTEO .Ui- 

IS- B TO xe apehul I a#mmm npocrprncm&, TO B HW 

COXpZWBeTF l Y O W T p m  n p m ,  I I J I O C K ~ C T ~ ~  A KBiL-. npE 
3TOM nOSBZrIeS3I BWMOXHOCTb PaCCMaTPHBBTb we BOlIpOCbI, 

cm-e c wepenurn *E H y r m B .  B CBR~E c 3- reoMe- 

TpUA B n-Mf:pEOM TO¶e¶E-MPHOM eBKilUAOBOM lIPOCTPaIiCTBe 

B T O ~ O C T H  nmo-T my-mqm panee m a W T n y e c x y l O  reo- 
MeTparo, a B wy~ae p y x  a ~ p e x  m ~ e p e d  c o B n a A a m  c ne6. 
TaK, Hanpmep, ~ M H ~ H B  cxa.uxp~o mcmpaoe ypameme m- 
n e p m c t c o c T a  

rAe d = - (n, TO). T- 06pa70~, K ~ K  A nnoc~ocm B w- 
mrranec~oii reoMeTps iu ,  ~ o ~ u q u e w r a m  npa nepeMeAAbnr B 

0 6 ~ ~  YpaBHeHHB ruuep-OCTE B npmoyrwbrioii CacTeeMe 

KOOPAHaaT WmT KOOpAUSiaTtJ. OpTO~OH&IbHOI'O K 3~0s PEIIep- 

IUOCKOCTH BeKTOpa. 
' 

Y p a ~ g e ~ ~ e  r m e p l l o D c K m  (12.20), xax a ypamieme nnoc~o- 
CTE B ~ F I U U T R [ ~ C K O &  FeOMeTpYIH, MOXHO qPYIBeCTU K HOPM&IIk 

=ow mAY 



'-2 1*..3a~~m= la-nrep~06 a a & ~ s r ~ i r r e ~ & ~ p  12.6. wpnogeprsm 24-0 n o ~ a  B e w 0 m M  ' ~ T ~ c T B e  M a  
reoMeTpHe 

n3Bec.rao (a+ 9.81, YTO CmecTByeT Pan:~~o.rpxM ~03MClXKibIe opToroa-oe 
oT=oCET-EO K@@+-~- 

npeo6pa30~ame nepwe- TOB a: B yp8BaeHaE (12.26). 

n E- a$ = 0, TO r n e ~  n p a ~ e ~ m o e  YPmB-e 

x<=Cqikyk, i = 1 , 2  ,..., n, 
k=1 (12.27) 

n n i= I 
npllBOmee m f l P a T m  @ o p ~  Q.ii~j$j ~Ba&p- K 

r i=l j=l cpeAYr Ko3mHqaemo~ a> B Y P ~ H ~ -  (12.26) enb 
JLBBomev~ BxAY k g : .  ~ p e 0 6 p a s 0 1 j a ~ & ~ ~ ~ ~ ~ ~ ~  

. . %=I ~eayneBue, TO, mmrE@: 
(l2.Z3) 6yAeM PaccMaTPHeaTb KaK npeo6paso- . - K O O P A ~ ~ ~ T  eBmAOBOM IIPOCTPmCTBe. noAcTw m- 'a = xl, 
Pw- ++%i &a (12.24) B -;YIO S a C T b  ypaaae- (12.23), . . . . . . . . . . . . . . . - . .  
nPHee&eM Wo ypmiieme K B V ~  s =xr ,  

r 
F .  . n 

C.Jiy;  + 2Ci& +a a 0. (12.28) 

, . i=l i=l 

-'Xi f 09 TO =ue.mmm.i UOIIHO~O mama~a rno nepeMen- zj+z = yr+z,lX1 + . . . + 7r+l,nXnt 
~ 0 %  ~i a nepe=ocoM aagarra ILOOPARHaT YHBPT-Tb . . . . . . : . . . : . . . . . '. : 
yp-e- (12.25) wen c n e p ~ o i  c~enem,o 3~0c  nepaeHHO%. 
fleiimmm~?, B 3TOM mY%ie CYMMy Xi$  + 2qyi  (i~oacno npeR- 
CT&BHTh B BEAe 

I 
, , (12.29) 

xi= ~i + Y / & ,  ~j = yj npx j # i, =any-, .Pro i=l 

ypm~e* (12.25) =*&~BT ripn X,Z 0-e- p m  xi, 
ne@mii cmneEbm Xi E C ¶ e J E e T  H EJMeHnT- C ~ O M  

¶jiek ' ~ P O U W  co Bcem nepeM-~ maerrem (12.251, 
WnBeAeM @ma&e d B E ~  

, . ,  . ., Kaodpum emoposo pod@. 
r 9, B cpop~ynax (12.28) npeo6pa3o=m n~~~~~~~ mop 

.;, . C X ~ X ! + ~  a i ~ ; . + b = ~ ,  RrnraT K*e-yij* i = r + 2 , ~ + 3 ,  ..., n, j = 1 7 2 , . . . ~ n ,  
i=l j=r+l BdHPm -, 6~ ~a-a morn n p e 0 6 P m O ~  *O0p 

r ~ e  - *w-oe Y~CJIO, me n p e m m q e e  n ,  RAHaT 6ma o p ~ r ~ a ~ ~ i i i i  3 ~ 0  pmmEo AonOWeRBK, 



- 
6, x: = 2 ~ x 2  - napa6w7 

I 7. s? - a2 = 0 - napa ~ e % c ~ ~ a m b H b a :  n a p m - m  UPS- 
1 . ,  -; 

8. r: + = 0 - uapa MEEM- napam-- n P a ;  

9. x:=O - napa COBUW- n p m .  



; .- ' r w  12 .3@~ea~r .1  n-nrepxoi -TII~%& oriNerpaR 2-po nopr,$~a B esi01~80mM npWrneTBe ,M7 
2 2 

12.0. Itmepno~P==- 
10.2+Y=- 

a2 62 Ee xaparcTepacm4d ~ ~ o r n s l r e a  (A - AEI = X(A - -* 
2 2 eT Kopm X~ = Xz = A3 = 9, & = 0. KaW"'o co6cT-0r0 

11. %-%=I  - r~ep6ommecrcRir maa~p;, aHa4eHBB X~ nocrpom + p , q a M m m  c a c ~ e ~ Y  pe*e- 'A- d# b2 

x2 12.1-2=0 mpoRaG CHCTm ypaBH-zi (A - L E ) ~  = 0  E OPTOHOPMWY~~ 
a' ff 

llpa = 9 ~ C T - B  ( A  - = 0 meeT BE& 
0: = 13. -+?=o 
aa ff - mPa MBHMbfX.  n e p e c e ~ ~ ~  

FCT~~;; .  
14. = 2pzz < '  - na-erairir WmEJp; 
15 , s~ -a2=0  

Ee p a e m e  z = (zl, xz ffi8, -252 + 2 ~ 3 ) ~  mee' TE CBC~ 

16. x:+o2=0 
-‘ "&pa m b ~ [  nap-- -- eoR- p-BecT-, a @CP COCTOET Eo Tpec -pa- 

CT&; 
f?.sf=O .- 

C O B n a B m a x . ~ & .  - BeKTOPM bl, bz, b3 or(aaa~~Ecb UOaPHo 
ocrwTca ,- ~ P M H ~ O B B T ~  II0C.m ~OPWOB-uaay.nraa 

I1p 'me p 12.4: qeTbrpeafepim~ e~~~~~~ npoCT&H- 
I[P--oii c u k e  ~ o o p ~ ~ ~  -- 3aAaa 

YP-pmeM 
8 .  . 

=IiEe 
YK-ZI. fIPe06p830~asi~e K ~ ~ P ~ T ,  oc.e- 

'-miee TTaKoe ynponreme ypwmeam --, ycTaao- 
B l r ~ b  ee ~ e ~ p k e ~ &  

emne. np-nex KBqpam.rayro cpopw 

93 t $52" t 5x2 d:: 8 4  + 8z2z3 - hZx4 + +qZ3xil 
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656 r- ' 2  ~ . x e m ~ s u  n-lrepaoir reoMeTpsM np~noxe~~e. 
~ b l W ~ ~ n m  

v- X A P A K T E ~ C K O ~ O  
l2.l' llpmcTm EOP-O~ BHM ypa=ase KBaAPaRa, ~ H O f f l E m  

ycTarrOBarb ee BEiA9 m m T b  (POpMya npe06p83~~- 
O P m T ?  ~ O P ~ T ~  HOWPO Haqana a KoopAaw- XaparcTep&fc~pieCKEM ~ o r o w ~ o M  xaTPHmJ A -eTca BercTOpoB O T B O C ~ ~ a O  map06 CECT- KOOPAmaT: onpea-- IA - ),El xap~~epLi~~E¶e~K0f  MaTPm A - XE. 

xf-2x1xzczf ++XI - 5 ~ 0 ;  
Heuocpefic~~e~Oe ~wacneme 3 ~ 0 ~ 0  o*~A- @ 

2, 3x: f lOxlx2 + 32; + 2x1 + - 53 = 0; 
8 -GYAb B ~ C O X O ~ O  lIOpHJ(lCa MBTPBW ~PoM03ag0 TPYAo- 

3) ~ : + k 1 ~ 2 + + ~ $ - ~ ~ - 2 ~ ~ - 2 = 0 ;  nmMy pmpa6oraEbI cneqprmm Mm"W 
4, ~ $ 8  + 8x3' - 2x122 - 6 x 1 ~ ~  + bZx3 + zX1 + b2 + b3 - 

sagRa onpeA-m ~ a p ~ ~ e p E i c ~ ' y e c d  ~ T P - ,  
Tpe*ro- 

-14=0; 
me ,, x e u ~ p e ~ ~ r o  ~ C R ~ B B R  ( ~ e ~ o A a r  KpbUrO- 

5, x:+2xi + + ~ 3 "  - 2x122 - 2x1x2 -zxl + Bx3 - 6 = 0; *, A.M. A-O~O, h e p b e ,  A-K. ~ a ~ a e m a ,  mm- 
6, &?f 6 ~ 8 + 5 ~ $ + & ~ ~ ~ - 8 ~ ~ - & ~ + 3 = 0 ;  
7, x l x ~ + ~ a ~ a  +~3x4  +x4x1 +2x1 - + lox3 + &+ + = 0. KpaT~o -XRM HeKOTOPHe RJ MeTOAOB. 

+ % + 4 2 3 - 8 ~ ~  =o; 1. M ~ T O A  A . H .  KpanoBa .  I1ywa 
2 '1 '1 + 2x1x2 + x i  - 2x3' - 4 x 3 ~ ~  - 2x2 + hl - gz, + &, - An +plXn-~+pz~n-2+.  .. +pn-1X+%) (12.1) 
- 10x4 + 10 = 0. _ xapmTepaC-& M E O ~ O ~ ~ E  M a T w  A n-ro noPAK& 

B CyUIy ~~~~w 5.9 ( r a m z b ~ o ~ a  - K-) 6 y ~ a - ~ ~ :  
g I L B H O m 9 e ~ ~  B ~ A Y  YP-eme wagA, a-cam npeo6pa- Am + p l ~ n - l  +rn~"-'+ ... +pn-1Af pnE =0. 
30-e g O O P m a ~ ~  m o p m a =  EOBOPO ma- a HoBbar KOOp- 
maTBbD( mTOpoB O T ~ o - m o  napoii acre- KoopAarrar: ymosm sacTa m r o  paBenma CUP= 

n p o ~ 3 - d  

5x:+&i~2+5g-18z1-18~2+g10;  WKTOP x(O), nany-: 
2) ~ ~ - ~ ~ 1 ~ ~ + ~ ~ + + ~ - 2 ~ ~ - ~ = 0 ;  Anx(oco + p l ~ * - L x ( O c ( 0 )  +pa~n-2x(0) + .. . 
3) 3 ~ : + & 1 2 2 + ~ - & ~ - ~ = 0 ;  

. . . + pn-1 &(O) +p,x(") = 0. (12.2) 4, ~ : + 3 ~ H + ~ i - & i ~ 2 + k ~ x ~ - 1 2 ~ ~ - 6 ~ ~ + 4 = 0 ;  
5, x ~ - 2 ~ ~ + 4 + + ~ ~ ~ - ~ ~ 1 ~ ~ - 4 a : 2 x 3 + ~ 1 - 4 x 3 - ~ 1 ~ i  nOIIaraa x(k) = A ~ ~ ( o ) ,  k = 1,2, .. ., n, a ~ n a m e ~  pwcTBO (12.2) 

7' &1x2-6x1x3-6~2~4 f 2 ~ 3 ~ 4 f  4X1 -812 +8x3 -4x4 -9 = 
x(n) +p13C(n-1) +. . .+pn-1 2(') +Pnx(ol = 0. =o: (12.3) 
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